Semi-discretization in time for Nonlinear Zakharov Waves Equations.
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Abstract

In this paper we construct and study discretizations of a nonlinear Zakharov-wave system oc-
curring in plasma physics. These systems are generalizations of the Zakharov system that can be
recovered by taking a singular limit. We introduce two numerical schemes that take into account
this singular limit process. One of the scheme is conservative but sensible to the polarization of the
initial data while the other one is able to handle ill-prepared initial data. We prove some convergence
results and we perform some numerical tests.
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1 Introduction

1.1 Setting of the problem and motivation

The strong Langmuir turbulence phenomenon is well-known problem in plasma physics [13]. The key
mechanism of this physical phenomenon is governed by the so-called Zakharov equations. These equations
describe the slowly varying motions of the complex-valued envelope of the Langmuir electric field E° which
nonlinearly interacts with large-scale fluctuation n° through the ponderomotrice force. They read in a
dimensionless scalar form

2i0,F° + AE? = nYE°,

(1.1)

(0?2 — A)n® = 2A|E°|2.
This system can be derived from the Klein-Gordon-wave system [4] or directly from the Euler-Maxwell
system [15] using a small parameter ¢ = ﬁ where wy,e is the electronic plasma pulsation and 7" a
characteristic time of the pulse. The size of € governs the regime of evolution of the solution.
System (1.1) is only an approximation that can be sometimes not accurate enough to describe the full
physics corresponding to the large variety of plasmas created by laser pulses. In [2]|, an intermediate
system (between (1.1) and Euler-Maxwell in the hierarchy) has been introduced. It is less stiff than Euler-
Maxwell but more precise than (1.1). In particular, it takes into account more deeply the oscillations of
the electric field and allows “larger” values of €. Its range of validity is expected to be wider than that of
Zakharov. It reads, in a dimensionless form :

c02E — 2i0,€ — AE = —NE,
(1.2)
OZN — AN = 2A[€)2



endowed with the initial data
Et=0)=¢E0,0E(t=0)=&E,N({t=0) =Ny, N (t =0) =N;. (1.3)
System (1.2) is intermediate between Zakharov system (1.1) and Klein-Gordon-waves system, namely

(07 — 1A+ 5)E = —1inE,
(1.4)
(02 — A)n = A|E[%.

Indeed, because of the presence of the parameter e in (1.4), the electric field E is highly oscillatory
whereas n is low frequency. Mathematically, these oscillations can be described through the change of
function E(z,t) = E(x,t)e” = + c.c.. For the low frequency ion fluctuation we set n(x,t) = N(z,t).
By injecting (F,n) in system (1.4) and neglecting oscillatory terms in the nonlinear term of the second
equation, one obtains system (1.2). Moreover in [2], it is shown that for any initial value (o, £1, Ny, V1) €
H+2(RY) x H*(RY) x H*T1(RY) x H*(RY) with s large enough and ¢|&1| — 0 as € — 0, there exists
an unique solution to (1.2) on a maximal existence time [0,7¢[ such that 7° > 0. Furthermore, if
(E°,n°) denotes the maximal solution of Zakharov equations (1.1) with initial value (€, No, 1) defined
on [0, Tp[, then on one hand, lim._qinf 7¢ > T, and on the other hand, for any 7' < Ty, (£, N') converges
to (E°,n%) on [0,7] in C([0, T]; H*T2(R%) x HTH(RY)).

Remark 1.1. The convergence result is easier than the one established in [{]. Indeed the high frequency
term in the non-linear force A|E|* have been filtered out.

In the non-compatible case (that is when & # —£A& + & + LNpo), € oscillates, with a O(1)
amplitude, at frequency % around the value 9, E°. In the compatible case (that is when & = —%A&J +
&1+ éNogo), the quantity & — E° oscillates at frequency % and these oscillations are of order of magnitude
e. In the last section, we will consider numerically larger initial data (cases where 0, = O(1/¢) and
show how to handle them. We can divide £ into two components F' and G involving the propagators
e« (IFVI=eA)t yespectively. Analogously, we decompose A into H + I. The functions (F,G, H,I) are
solution of the split-system, namely

8tF:£(1—\/1—5A)F+ (H+I)(F +G),

1
2iv1 —eA

8,5G:§(1+\/1—5A)G— (H+I)(F +G),

1
211 —eA
1

0:H =iv—AH +
t ? \/Z

A|F +G|?,

1
01 = —i/—AI — —A|F + G|%.
t \/Z | |

The initial data for F, G, H, I are recovered from &y, &1, No, N7 (see |2] for details). Note that this splitting
is exact. Finally, system (1.2) owns the two following invariants

&% — EITI’L/ E0LE = const (1.6)
R4 R4

and

/ (a|8t5|2 +IVER + NEP + %(W’)Q + i/\ﬂ) ~ const (1.7)
Rd

where v is defined by OGN = Ag.
e Setting of the problem : It is clear that (£, ) converges to (F, '), as € — 0, while G is the oscillatory



part of £. The period of these oscillations is e while their amplitude is of order €. It implies that the
more G oscillates, the more the contribution of G in &£ is negligible. From the numerical point of view,
it means that we need a small time step in order to compute G precisely while it is not necessary since
its contribution in £ = F' 4+ G is small. However, for ¢ large enough it is essential to compute both the
average and the oscillatory parts of the solution in view of the error estimate established in [4].

e Motivation : The aim of this paper is to propose a numerical approach for solving problem (1.2)-(1.3).
In fact, we investigate a numerical scheme which is precise and not expensive for any . In particular we
study two schemes of Crank-Nicolson type for (1.2) using the splitting (1.5) for the associated discrete
operators. We show that the non-centered in time scheme (called S7) owns dissipative and polarization
properties contrary to the centered in time scheme (called S3). We will precise later what is polarization.
Moreover we numerically check the error estimate established in [4] and confirm that system (1.2) compute
precisely the propagation of short or ultra-short waves through a plasma. For a precise description of
short or ultra-short waves, one can see [1].

1.2 Numerical schemes

We recall that the Crank-Nicolson scheme for (1.1) has been introduced by Glassey [6]. It reads

EmtL_ pm
2i—— L+ (D+D,(

Em+1+Em m—+1 m m—+1 m
f))f (7 ) (BT 4 BT,

1
4

npmtt _opm 4o pml npmtl 4 pm-t
P (N i e

where EJ" ~ E°(t = mdt, x = x;),n}* = n°(t = mdt,x = x;) and Dy, D_ are the forward and backward
non-centered finite difference operators respectively. Several authors have studied numerical schemes for
the Zakharov system (see for example [3], [14] and recently [7]). Analogously, we introduce the two
following schemes for (1.2) :

* the non-centered in time scheme

gm-i—l _ 28m + gm—l ) gm-i—l _ gm gm-i—l + gm . gm+1 + gm
() (=) e () - (555)
m+1 _ m m—1 m-+1 m—1
N DN AN pop (AMENTTN _oppojemp,
ot 2
50 _ 5—1 0 _ —1
gozfai :ngO:J\/bvu :Nla

ot ot

* the centered in time scheme

m+1_2 m m—1 m+1l _ em—1 m—+1 m—1 m+1 m—1
E(s ;2+5 )_i<5 &5 >_D+D<5 ;5 >__Nm<8 ;5 >
m+1_2 m 'm—1 m—+1 m—1
N é\; + N - D,D_ (J\%) =2D,D_|E™?,
gV g1 gV — g1 NO— N1
2 :fu 5t :guNOZNf)aT:Nl'

The aim of this paper is to provide some mathematical results for semi-discretized version of these
schemes, that is when D D_ is replaced by the Laplace operator A. The schemes then read :



* the non-centered in time scheme (S7)

gm+1 _ 26771 + gm—l ' gm+1 _ (c/’m gm-i—l + gm . gm+1 + gm
() (=) (=) - (=)
m+1 _ m m—1 m—+1 m—1
(51) N 2?; AL A(%) — 2AlEm 2,
50 _ g—l NO _N—l
0 _ _— = 0 = —_— =
&= f7 5t gaN NO) 5t Nla

* the centered in time scheme (S2)

m+1 m m—1 m+1 _ em—1 m—+1 m—1 m—+1 m—1
E(E 26m + & >_i<5 & )_A<5 +& )__Nm<5 +& )

ot St 2 2
m+1 m m—1 m-+1 m—1
(S2) N 2N'2 TN A<w> — 2A[E™2,
ot 2
gpet g0 gt . NO — N1
2 _fu 5t _g7N _N07T_Nl'

We prove existence, uniqueness and convergence of the discrete sequences (€™, N™) for both schemes
for fixed €. We show that scheme (Sz) is conservative while scheme (S7) is dissipative. Moreover scheme
(S1) polarizes the solution whatever the initial data we take. We will precise later on what we mean by
polarize.

The aim of this paper is to investigate the effect of the dissipation and the polarization phenomenon on
the discrete solution given by (S1).

The paper is organized as follows. In section 2, we state existence, uniqueness and convergence re-
sults of the discrete solution given by both schemes. We introduce the splitting of schemes (S7) and (S2).
Then we give some details of the proof of theorem 2.1, that is related to scheme (S7). For scheme (S5)
we just check the key points of theorem 2.2.

In section 3, we discuss the behavior of the discrete solution given by both schemes. We study dissipative
and polarization phenomenon of scheme (S7). We compare the solution of (1.2) given by both schemes
with the solution of Zakharov system (1.1). At the end we illustrate the transparency property [11] of
system (1.4) established in [4].

Our mathematical result mainly depend on the study of the linear part of the schemes. Therefore a lot of
technical tools are imported from [5]. The main difference between this paper and [5] is the well known
loss of derivative involve in the Zakharov system. This loss of derivative give rise to weaker convergence
and stability results than in [5].

2 Theoretical results

Following [2] in the continuous case, we introduce an exact splitting for our schemes. Using these splitting,
we prove existence, uniqueness and convergence results for the discrete solution for fixed e.

2.1 Splitting of the schemes

We recall that in the continuous case, one divides £ into two components F' and G' having the modes of
propagation ez (1 FV1I=eA)t regpectively. Analogously, we write N' = H + I. The functions (F, G, H,I) are



solution of the split system (1.5). One can see that G contains all the oscillatory part of the solution and
the order of magnitude is of order |G(0)|. Moreover (F, ') converges to the solution of (1.1) with the
suitable initial data. The aim of this section is to present a similar splitting for (S7) and (S3) which will
have the same behavior like the continuous case. In analogy with [5], we look for a splitting for (S7) and
(S2) of the form £™ = F™ + G™ and N™ = H™ + [™ such that

pmtl _ pm . pmtl 4 pm Y1 a0t

5 =l +§(1+Z 5 yfmr
Gmtl —gm Gmtl 4 gm Y2 ot
- = — . - = 1z 1 m-‘rl
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where f™*1 h™ denote the right-hand side of (S7) or (S2). For the initial data of (2.1) we refer to

2i(1-X;) 2i(1-Y;
5;(1+X; B = 5;(1+YJ§ where X;,Y; are the roots of the

characteristic equations of (S1) and (Ss) for j = 1,2. The nature of the operators «; and 3; give us some
information on the behavior of the schemes. We investigate the properties of each scheme separately.

[5]. The operators «, §; are given by a; =

e Splitting for (S7) : One gets the following result (see [5] for details) :

Proposition 2.1. It is equivalent to solve (S1) with £y, E1,No, N1 given or to solve

Fel = XgF™ Xy

G = XoG™ -y X f

H™ = YiH™ +vYih"™, .
I = YoI™ — vYoh™

with EM = ™M + Gm,Nm - H™ + Im,ferl — —(Hm +Im)(Fm+1+Gm+21+Fm+Gm)7hm — 2|Fm +
Gm|2 and the suitable initial values. Operators (X1, X2,Y1,Ya) are solution of the characteristic

equations
2i A 2 21 A €
- E-D) (i)
52 o 2) U TR T 2) T T

(- $)+r () + (- $) -0

They are given by

; A+ /A2 + 482
X192 = <—< 2 +%—é):|:< ot
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and

A26t* Ast*\
Vio=(1+i — AP ) (1 - :
’ 4 2
Finally operators v and v are given by

1 A1

v = (5_ - — = —)71(X1 —Xo) andv = (5? — 5)

(Y1 -Y2)'A.

The proof is the same than the one of proposition 4.1. in [5]. We omit it. Moreover it is clear that
the Crank-Nicolson scheme (S7) satisfies the two following approximate conservation laws :

1

m+l _ om . m B ok gk
e (£ (B - St [ 355 ()
= [1p e [(£(5555)) @9

and

gm+l _gm m k1 Afk—1 m k112 _ |gk|2
[T e e [ St (T [ o ()

1 m+3\2 1 m+1\2 A2 2/’” Skl _9gk 4 gh—1 2
+4/(W )+8/((N )%+ (N™)?) +edt kz_;‘ — ’

_s/\¥‘2+/lvso|2+i/(w%>2+%/((N°)2+(N1>2) (24)

m+1 _ m
where Awm"’_% = j\% for m Z 0.

Splitting for (S2) : We have a similar result for (S2). The function f™*! becomes f™*! = —(H™ +
Im)(Fm+l+Gm+l+mel+Gmfl)
2

. However, the operators (X7, X2), which are solution of the following
characteristic equation

(3 M) i3

are different from the previous scheme. They read
N Adt? -
X (e 20 s o) (o= B2
The discrete conservative quantities corresponding to (1.6) and (1.7) read

ey fanE ()
=y fuet e e [m@(55) e
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Remark 2.2. Operators X1 and Xo are unitary. It implies that icy and ias are skew-adjoint and
generate unitary groups on any H®. Of course, it is not the case for (Sy).

We are now able to state the main theoretical results of this paper.

2.2 Existence and convergence

We give the two following results related to (S7) and (S2) respectively.
For (S7) one gets :

Theorem 2.1. o Let (F°,G° H°,1°) € (H*(R%))* x (H*"'(RY))*(s > ¢ +1) and ¢ fized in ]0,1[. There
exists 0t1 > 0 depending on initial data and & such that for any 6t < dty there exists T > 0 and a unique
solution (E™,N™) of (S1) belonging to 1°°({0..M}; H*(RY) x H*~1(R%)), where T = Mt.

o Let (FO GO HO I%) be the piecewise constant functions which value at time t € [mdt, (m + 1)dt]
is (F™,G™, H™ I™)and (F,G,H,I) be the solution of (1.5) with the initial data F(0) = F° G(0) =
GY, H(0) = H° 1(0) = I° and T its existence time, then for € fived in 10,1[ and for all T < Tw, (with
T = Mst),

(Fot, GO HO 1% — (F,G, H,I) in L>=([0,T]; (H*(R%))? x (H*~*(R%))2) when 6t — 0.

For (Sz2), one gets :

Theorem 2.2. o Let (FO,G° HY,I°) € (H*(R?))? x (H*"'(R"))?(s > 4 +1). There exists oty > 0
depending on the initial data such that for any 0t < 0ty and € > 0 there exists an unique solution
(E™, N™) of (S3) belonging to 1°°([0, T); H*(R?) x H*~Y(R%)) with T = Mét.

o Let (F,G,H,I) be the solution of (1.5) with the initial conditions F(0) = F°,G(0) = G°, H(0) =
HO I(0) = I° and T its existence time. For ¢ fized in |0, 1], one gets for all T < Tw,

(Fo, GO HO I — (F,G, H,I) in L>=([0,T]; (H*(R%))? x (H*~(R%))2) when 6t — 0
where (F°, GO H, I%) are the piecewise constant functions which value at time t € [mét, (m + 1)5t[ is
(F™ G™ H™ I™).
Remark 2.3. Note that these results are not “uniform” with respect to €. This means that one can not
perform a priori both limit € — 0,8t — 0 contrary to the result of [5]. This is certainly linked to the fact

that, using the same kind of method in [2], the authors where not able to perform the limit w — oo and
¢ — 00 in the Klein-Gordon-Wave system, namely

(507 —2i0, — A)E = nE,
(=07 — A)n = A(EP).

Note that this problem has been solved in [12] using transparency type properties also used in [4]. The
transposition of such kind of properties in a semi-discrete framework is out of the scope of this paper.



2.3 Proof of theorems 2.1 and 2.2

We will give some details for the proof of theorem 2.1 related to (S1). For theorem 2.2, we will just check
the main steps.

Proof. of theorem 2.1. e We first prove existence and uniqueness of the discrete solution given by (S1).
We will use a fixed point procedure as in the continuous case. We write a Duhamel formula (2.8)-(2.9)
with the four groups U5", U, V3!, Vit generated by the discrete equivalent of —£(1F V1 — £A), Fiv—A
and defined below. The main point is to obtain uniform estimates with respect to dt.

We denote by (US!(t), U (t), V3E(t), VPt(t)) the piecewise constant operator value functions which value
on [mét, (m + 1)8t] is (X7, X5, Y™, Ya") and (E%¢(t), N%(t)) the piecewise constant functions which
value on [mdt, (m + 1)dt[ is (€™, N™). One has

1-X,

X = X85 (mdt) — 5

St (mét) and X7 = X585 (mdt) — S2t(mét) (2.7)

1-X;
ot

where S3t(mdt)f is the solution of

m+1 _ m m—1 m+1 _ em m—+1 m
E(s 2"+ € )_22_(5 £ )_A<8 +¢& >_07
ot ot 2
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(1) oo
e -¢&-
0 = _——
£ =0, 5 g.
The equivalent of (2.7) is
1-Y 1-Y;
Vi = YT (mdt) — 5 LT (mét) and V" = YoTS (mdt) — 5 279 (mit)

where T2t (mét)p is the solution of

Nm+1 _ 2Nm +Nm—1 Nm+1 +Nm—1

5 A ———— ) =0,
ot 2
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0 = _——

and TP*(mdt)q the one of
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In view of these notations, the discrete Duhamel formulation for (S7) reads

E((m—+1)0t) = US ((m+1)6t) F° + Ut ((m+1)6t)G° + 6t i[ugt((k +1)6t) — Ut ((k+ 1)5t)]%fm+1*k,
= (2.8)
N ((m+1)8t) = V§' (m+1)5t) + VI (m+1)6t) 10 +6t > [VEH((k+1)5t) = V' ((k+1)dt)] %hm—’“ (2.9)

k=0
m+1—k m—k
with fmti=k = —J\/m*ki and h~F = 2|&m—F|2,
We introduce the spaces X7 = [°°({0..M}; H5(R%)), Y7 = [1°°({0..M}; H5~1(R%)) and Bpg the ball of
radius R in X7 X Yp defined by :

Br = {(u,v) € X1 x Y/|(u,0) | xrxvy = (Julk, +[v[3,)? < R}

with R = (6¢(K)(|F°|%. +]G°%.) +6(|/HO|%. 1 +]1°%,_1))? where ¢(K) is a constant to be determined
later on. The time T is given by T' = M{t, so that for fixed T', 6t — 0 is equivalent to M — +oo. For
(E™ Y o<menr—1 and (N™ )<, < a1 we construct the two following series (7 (€™, N™ 1)) o< m<nr—1
and (S(E™TH N™ ) o< < -1, namely

T(E™HLN™H) = X RO 4+ XG0 4+ 0t Y (X - X S,
k=0

S(5m+1,Nm+l) _ }/lm-i-lHO + }/2m+110 + 5t Z(}/lk-‘rl _ nk-‘rl)%hmfk.
k=0

Finally we define the application

H:HS(RY) x H'(RY)  —  H3(RY) x H'(R)
(EN) —  (T(E,N),S(E,N)).

In view of the fixed point theorem, we will show that H is a contraction on Bg.

In order to perform these estimate, we need to control the norm of the following operators :
e X" and X7"*! . see propositions 2.4, 2.5;

oY and Y"1 see proposition 2.7;

oy (XM — Xy and vy (YT — V)" ¢ see lemma 2.1.

The first steps are recalled from [5] :

Proposition 2.4. Operators X1, Xy are bounded uniformly with respect to & and 6t in H®(R?).
Proposition 2.5. Let K such that 5t?e~* < K. There exists a constant ¢(K) such that

(X7 + X5 < oK),
Remark 2.6. If St(mdt)f is a solution of (Slf), it implies that for all o and any regular function f,
9lo1S3t (mdt) f is a solution of (ST) too.

For operators Y, and ;"™ we have the following result :

Proposition 2.7. Operators Y1 et Yo are unitary in H*~*(R9).

Proof.: We recall that operators Y; and Y5 are given by

25,4 2
Yip = <1j:z' Aft —A6t2> (1— Agt




Computation of |}A/172|2 leads to the result of proposition 2.7. O

For operators 1 (X" — X7™1) and v (Y™ — YJ"*1) corresponding to the nonlinear terms of (2.8)-
(2.9), one gets :

Lemma 2.1. Let f € H*"}(RY) and g € H*(RY). One has

i) Ve > 0 3c(e) such that |y (X" — XY f

Hs(Rd) < C(€)5t|f|Hsfl(Rd),

i) (Y = Y gl e may < Ot|g| e ey

Proof.

i) We recall that the operator v, (X" — XJ") is given in the Fourier space by

R e I O R O JRC TR R EERE o
(-2~ &) F(Stmar) + (5 — 20+ —'5'2‘”)_1f(8‘”(m5t))
52 5t 2 0 ot 2 1
P+Q

thanks to relation (2.7).
e Estimate of P: We get

2 2 |€|2 -1
(PP = AT o) (o + S + =)

IN

S F(SE (md)) (1 -+ <lef?)
26¢%((1 +¢l€2) 72+ (1 +¢l¢2)7Y)
< AP+ )+ JEP) 7 + 2R+ D)1+ )

IN

and so [P flgs < 2(1+ 2)8t[f |2 + V2(1 + 2 )5t|f|H 1.
e Estimate of () : One has

QP = 17 o) (5 + S 4y

2 St 2_—2
5 5 0t7|F (St (mdt))|%e

<
< StP(14el¢?)!
< S+ LHa+gH!

1
me < 6t(1+ $)|f|HH.

1 1
By getting c(e) = 2(1 + g) +(1+V2)(1 + 7) we establish the result 7) of lemma 2.1.
5

i) We first give the relationship between Y™ "! et Yy"* and Vi, Ys, TS, TPt where Tg(mdt)p and
Tft(m5t)q are the groups corresponding to H + I introduced in section 1. As above, one gets

and therefore |Q f

-Y
5

-Y
5

Y = YT (mét) — TP (mdt) and Yy = YT (mdt) — TP (mdt).

In view of these previous formulas, operator i, (Ylm"’l — }72"”'1) is given by

P (T = YY) = PRI (m 5t>><5—+ﬁ> — &P F (T (mét))( t+'5'25t> 1

10



So we get

o ormAl | ormel 2 st 2 &20t* 2 st €20t*
|21 (Y YOl = JEPIF(ITE (md))[6t7(1 + =) 7" + [€7[F (T3 (mdt))|ot(1 + )
95,2 [ €268
< o+ B gm0
<

lst( L + 1)

thanks to the expression of F(TS!(mét)) and F(T{*(mét)). This leads to result i) of lemma 2.1.

In view of the fixed point procedure and the previous estimates of the operators that occur in
the Duhamel formulation (2.8)-(2.9), the local existence of the solution of (S7) in Bp is straight-
forward. Note the well-known loss of derivative encountered in the Zakharov system is handled by
i) of lemma 2.1. The consequence is a loss of uniformity with respect to e.

For the convergence of the solution of (S7) towards the continuous solution of (1.2)-(1.3), we write
the Duhamel formula for (€(¢), N(¢)) solution of (1.2)-(1.3) between 0 and (m + 1)dt :

E((m 4 1)6t) = Up((m + 1)5t)F° + Uy ((m + 1)5t)G°

- /(m+1)5t [Uo((m +1)0t —7) — U ((m + 1)dt — T)]N(T)S(T)dT (2.10)
0

2iv1 —eA

and

N((m +1)6t) = Vo((m + 1)6t)H® + Vi ((m + 1)6t)1°

(m+1)8t Vo((m +1)dt — 1) — Vi((m + 1)5t — 7)] 2
. 2/0 Don AlE(r)Pdr. (2.11)

Substracting these identities from (2.8)-(2.9) respectively and taking the H* and H*~! norms leads
to

IE(m+1)5t) — E%((m+1)0t) |- < |[Uo((m + 1)t) — US((m + 1)6t)] F°

Hs

+ |t ((m + 1)8t) — Ut ((m + 1)68)]G°

Hs

T D (4 1)6t — 7) — Uy ((m + 1)8t — 7)

(k+1)5t ~
- / [Ugt((m + 1)0t — kdt) — U ((m + 1)6t — kdt) 5—1/\/‘”@&)
kot

E((k + 1)6t) + £ (kdt) 0

2 e

11



and

IN((m +1)6t) — N ((m+1)6t)| o1 < |[Vo((m +1)5t) — V3H((m + 1)6t)] HO| o

+  WVi((m 4 1)6t) — V2 ((m 4+ 1)68)]I°| s

m
+ 2
k=0

A|5(T)|2d7'

/(k+1>6t Vo((m + 1)6t — 1) = Vi((m + 1)dt — 7)
kot 2iV-A

(k+1)5t ”
- / D@«m+¢wp—mw—V?mn+n&—k&ﬂgw“wﬁmm—
k

ot Hs—1

(2.13)

In order to control the r.h.s. of (2.12), we decompose the integral into three terms, namely

/(k+1>6t (Llo((m + 1)t — kot) — Uy ((m + 1)t — kot)
i 211 —eA

ot

E((k + 1)6t) + £ (két) 0

2 e

—a@%mr+nﬁ—k&)—u?wn+nﬁ—k&n%>N“@&)

/<k+1>6t (uo((m +1)6t — 1) — Uy ((m + 1)t — 7)
k

" 5t 2iy/1 — eA
Up((m + 1)dt — kdt) — Uy ((m + 1)t — kot)
_ T )./\/(T)E(T)dT .
(K13 0 ((m 4 1)8t — k6t) — Uy ((m + 1)5t — kdt)
+ /Mt NGRS <./\/(7')8(7')
_Nm@&fW«k+nﬁy+ﬁ%Mw)ﬁ
Hs

= I I T

12



We decompose the integral term of (2.13) into three similar terms as

A

/<k+1>6t (Vo((m + 1)dt — kdt) — Vi((m + 1)t — kdt)
. 2iv—A

ot

— (W3 ((m 4 1)t — kdt) — V2 ((m + 1)t — két))%) |E%t (k6t)|?dr

Hs—1

+

/(k+1>6t <Vo((m +1)5t —7) = Vi((m + 1)6t — 1)
k

st 2iv/—A
Vo((m + 1)0t — kdt) — Vi((m + 1)dt — kdt)
— A >A|5(T)|2d7' .
KDY (m + 1)8t — kSt) — V1 ((m + 1)t — kbt) ) . )
- /w ST A<|E(T)| — |E% (k)| >dT

= Jpm g gy gk

In view of these previous notations, inequalities (2.12) and (2.13) are bounded by

Hs—1

1€ = &% xr < |Uo = UG FO xp + | —UNG xp + sup D I A LTI (2.14)

me{0..M~1} ;9

and

N =Ny < (Vo =V H vz + 1V = VDIl 42 sup Y JP™ 0™+ J3™. (2.15)

me{0..M~1} ;73
Since Uy — Up,1 and V' — Vo1, one has
Jim |2y — UHFO|x, =0, Jim |26 — UHGO|x, = 0as 6t — 0

and
Jim (Vo — VSHH )y, =0, Jim (Vi — VII0y, =0 as 6t — 0.

1 v
In the same way, as n !

A
_ d — — —
5t 2ivI—en U T 2iVoA

, one gets

m m

sup ZIf’m — 0 and sup Z JE™ 0 as 6t — 0.
me{0.M—1} ;79 me{0..M~1} ;7

On the other hand, as the groups Up 1 and Vy 1 are strongly continuous,

m

sup Zlf’m—ﬂ)and sup ZJg’m—»Oas 5t — 0.
me{0.M—1} ;9 me{0..M-1} ;73

For I¥™ JEm et
k +1)8t) + E(kot)
2

[E(T)|* = |E(kot)* + Rak(7)

N(T)E(T) = N(két)g(( + Ry k(7),

13
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(2.17)

(2.18)

(2.19)



so that

E((k +1)6t) + E(kdt) E((k +1)6t) + £ (kdt)

1
™ < (1+ g)&‘./\/'(k&) 5 — N (kot) 5
Hs—1
+(1+ 1)515]\42_:1 s | Ry (7)] (2.20)

- up k(T gs—1, .
€ 0 TElkSE,(k+1)5t] bk "
M—1

Jhm < 5t‘|5(k5t)|2 - |5‘5t(k5t)|2’H\ +6t>  sup  |Rew(n)lue (2.21)

o TEkSt,(k+1)5t]
d
Moreover, (£, N) lies in C([0,T]; H*(R%)) x C([0, T]; H*~*(R%)) for s > 5T 1, therefore
M-1 M—1

(1+=)ét Z sup |R1,5(7)|frs—1 — 0 and 0t Z sup |R2,k(T)| = — 0 as 6t — 0.
€ k—0 TE[RSL,(k+1)dt] 0 TE[RL,(k+1)51]

For the first terms in the r.h.s. of (2.20) and (2.21), we write

‘N(kat)f((k-i—l)&;)-i-g(két) —J\/‘”(k:ét) E‘”((k—i—l)é;)-i—g‘”(kzit)

. _ ’(J\/(két) _N&t(k5t))5((k+1)5§)+€(k6t)
E((k+1)at) + E(kat)  E%((k +1)dt) + 65t(k5t))
2 2

+ N (kot)(

Hsfl
and

[1£(kot) 2 — £ (o)

- ‘(5(/«%) — % (kot))E(ROE) + £ (kot) (E(kot) — £ (kot))

2‘
Hs Hs

We recall that H*~!(R?) and H*(R?) are algebras for s > g + 1. Now according to the uniform
estimates of (£,€%) and (N, N°) on [0, Mdt], one has
V™ < (14 1OtV — Ny, + (1 + 1)Cot[E — €%, + o(1),
JE™ < OMBC|E — €% x, +0(1) .
Finally, inequalities (2.14)-(2.15) lead to
1€ = E%|xp + N = Ny, < o(1) + C(e) MSt(|E — E%|xp + [N = N|y,)

with C(e) = 2(1 + 1)C. Taking 0 < 5ty < (C(e)M) ™" leads to
e

€ = E%|xp + N = Ny, < o(1).

It is clear that (£, N%*) belong to L>=([0, T]; H*(R%)) x L>=([0, T]; H*~(R%)) with T' = M§t. This
finish the proof of theorem 2.1.

O
For scheme (S3), in view of the previous results, the proof of the first point of theorem 2.2 is based on
the following proposition :

Proposition 2.8. Operators X, and Xy corresponding to scheme (Sa) are unitary on H*®(R?).

il z
Proof. Thanks to the formulas of X; and X», it is clear that the groups X" and X3* are bounded
uniformly with respect to dt and e. O

3 T (13vI=eA 1
For the convergence result of theorem 2.2, one has X, — < (1FVI=24) and T — RV ot — 0.
The same arguments than the ones used for theorem 2.1 conclude the proof. O
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3 Numerical results and comments

3.1 Diffusion and oscillations

The aim of this part is to investigate numerically the behavior for the Zakharov-wave system. We study
the behavior of the solution of each scheme (S7) and (S2) when ¢ is small enough. Let us first recall the
splitting for the continuous problem (1.5) (we do not rewrite the two last equations which do not depend
one):

; 1

OF =2(1-VI—eA)F + ——— (H+I)(F+G),
€ 2iv/1 —eA
; 1

G =21+ VI—eA)G — ———(H + I)(F +G).
€ 2iv/1 — eA

It is clear that
et (1—VI=el) _ AT, SOHVIZeA)E _ o2 0=i% ) when e — 0.

It implies that (F, H + I) converge to the solution of Zakharov system (1.1) whereas G is an oscillatory
part of &, solution of (1.2). Moreover the amplitude of these oscillations are of order |G(0)|gs while the
frequency is % The question is : how the discrete solution of each scheme behaves? To answer this
question, we recall the discrete splitting of each scheme (2.1) (we rewrite only the two first equations)

pmtl _ pm . vl pm Y1 10t

— L 1 m+l
5t o 2 AT
(3.1)
Gmtl — g™ Gt G™ vy ot
- = — . - = e 1 m+1
5t lap———— 5]
where a; = % for 7 = 1,2. We do the asymptotic expansion of operators X; and X5. We investigate

the discrete solution given by (S7) for two values of €. If §¢ is small enough with respect to e, for example
e = 0t'/2, one gets at the first order, when §t — 0,

AN
X; =1+ 0(6t) and Xp = 1 + 20/t — 45t — ’7& +O(6t2).
It follows that the leading part of G™ can be written as GM = ¢* e~ 2" e 4'G(0) at time T = Mét. It
means that G™ oscillates at frequency 2 < and the amplitude of these oscillations damped exponentially
in time for regular initial data G(0).
On the other hand, if §t is "large" with respect to €, for example when ¢ = §¢, one has

1424

Xl =1+ O(ét) and X2 == + O(ét)

T

The leading part of G™ becomes GM = /5 ¢ arcmn@)%G(O) at time T = M{dt. The amplitude of
oscillations of G™ are damped in exponentially in time even if their frequency is not the good one. In
summary, when ¢ — 0, the discrete solution of (S7) behaves like the continuous one.

For scheme (52), one has estimates for the linear part that are independent of ¢ see [5]. If we take as in
the preceding case € = dt, one gets 1 — X1 2, 1+ X, 2 as 0t — 0 with X1 2= lq:z\/l + |€]%0t + Igwt )(1—
i+ 1€ ‘St) and so

€17 2
ap~ == e -,

2
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this means that the solution behaves like the continuous case. In other words, (F, H + I) converge to
the solution of Zakharov system (1.1) whereas G oscillates at frequency % Moreover its amplitude is of
order |G(0)| g+ which is taken small.

We do some numerical experiments in order to illustrate the previous comments. We compute solu-
tion to (S1) and (S2) in 1D and we set in the periodic case. We use a finite difference discretization
of —A. We compute on the space-time interval [—5,5] x [0,2.1073] with 1024 points in space. We take

f=4e"297" Ny =0,N; =0 and £ = 10~°. For g we choose two different values :

e the first one, compared to the compatible case (that is 0,£(0) = 4(AE(0) — N(0)£(0))), induces
g = 40f(402% — 1).

e for the second one, we choose an arbitrary value independent of ¢, for example g = e—202

In the two following figures, we represent the L? norm of £% according to time given by

e scheme (57) for two values of dt that are large with respect to e (figure 1);

e scheme (S3), in the compatible case (left curve) and in the non-compatible case (right curve) for
5t = 107° (figure 2).

2.9948 T T T 2.9948

2.9948 -

2.9947 | 1 2.9947 |

2.9947

2.9946 1 2.9946

2.9946

2.9945 4 2.9945

2.9945 -

2.9944
0

: . : 2.9944 : . :
0.0005 0.001 00015 0.002 0 0.0005 0.001 0.0015 0.002

(a) (0)

Figure 1: scheme (S1), e = 107°. (a)|&%|2(t) for 6t = 107C; (b)|E%|2(t) for 5t = 107°.

In figure 1, we notice that the oscillations are damped when the time step increases : this is the dissipative
phenomenon described above. In figure 2, the only difference between the two curves concerns the
amplitude of the oscillations. Indeed, in the non compatible case, the amplitude is of order € contrary to
the compatible case where they are much smaller.

3.2 Polarization

In this part, we are going to show that scheme (S7) is able to project the numerical solution on a
polarized functions space. More precisely, we will compute the solution of the Cauchy problem (1.2) with
“ill-prepared” initial data. Then we will show that these solutions converge, as ¢ tends to zero, to the
solution of the Cauchy problem (1.2) with polarized initial data (which is asymptotically the same than
the one of Zakharov system (1.1)). For a precise description of this type of initial data, see below.
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2.9948

2.9946598

2.9947

2.9046 i “ 2.9946597 ‘
| | |

‘ 2.9946596

2.9944 |

2.9943 2.9946595
0 0

0.0005 0.001 0.0015 0.002 0.0005 0.001 0.0015 0.002

(a) (b)

Figure 2: scheme (S3), e = 107°, 6t = 1075. (a)|E%¢| 2 (¢) : non-compatible case; (b)|E%|2(t) : compatible
case.

3.2.1 The Klein-Gordon-Wave system

We use several notions introduced in [8], [9], [10]. Let us first recall Klein-Gordon-wave system (1.4) in

1D :
O2E — 12E 4 LE= 1nE,

(0F — 07)n = OF|EP?, (3-2)

E(t == 0) = E078tE(t = 0) = E177’L(t = 0) = noﬁtn(t = 0) =ni.

Introducing ¢ = €0:E, ¢ = /e0,FE and U = (E,¢,9) such that (U,n) be a solution of the Cauchy
problem for the following system :

0U + zAo(0:)U + 22U = F(n,U),
(07 = 97)n = 0;G(U,U), (3.3)

U(t=0)=Uy,n(t=0)=ng,dn(t=0)=ng

with
0o 0 0 0 -1 0
Ag=1 0 0 -1 , Lo=|1 1 0 0 |,F(nU)=(nE,0,0)and G(U,U) = |E|?.
0o -1 0 0 0 O
Then we expand U(t,«) under the form
Ut,z) = (U(t, z) + 2U M (t,2) + O(e2))e + c.c. (3.4)
with 0 = —é and where c.c. denotes the complex conjugate. The quantity n is unchanged.

Remark 3.1. The justification of these expansion has been established in [4].
1

Then using (3.4) in (3.3), we obtain the following relation at order e~

—iU° + Lo® = 0. (3.5)
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The three eigenvalues of Ly are Ao = 0 and A+ = +i. The associated eigenvectors are generated by
eo = (0,0,1),ex = (1,Fi,0). Moreover we denote by Iy, I+ the spectral projectors corresponding
to the eigenvalues A\, Ay respectively. They are given by Iy = (Lo + i)(Lo — 4),I114 = —M.
The non-trivial solutions of (3.5) satisfy the polarization condition U4° = II,U°. If the polarization
condition is satisfied at ¢ = 0, the initial condition Uy of (3.3) is called “polarized initial condition” and
satisfies Up(z) = IITU°(t = 0,2) + c.c.. On the contrary, when Uy(x) # IITU(t = 0,z) + c.c., the
initial condition is called “ill-prepared initial condition” or “non polarized initial condition”. For example,
Uo(z) = atres +a_e_ + c.c. with (aq,a_) € C? such that |a_| # 0 is an ill-prepared initial condition.
The question is : how can we express the polarization condition on system (3.6), namely

£02E — 2i0,€ — 926 = —NE,
OEN — O2N = 202(€|?, (3.6)

E(t=0)=f,0,E(t=0) =g, N(t=0) = No, N (t = 0) = N;.

We recall that system (3.6) is obtained from (3.2) by getting E(t, ) = E(t,z)e” % + c.c. and n(t,z) =
N (t,z) (for a rigorous justification, one can see [4]). Therefore letting

U=(E,¢) = (E,e0FE, Jc0,E)

= (£,60,E —i&,\JE0,E)e E + c.c.

and

Up = (f,eqg —if,\Vedf) + c.c.

e Case of polarized initial data : one has Uy = apeq + c.c. with ap € C. It implies that, at the first
order,

ay = f,eqg=0,ve0,f =0.
In summary, any initial data which read
Et=0)=f,0£t=0)=g,N({t=0)=Ny,ON(t =0) =N,
with g bounded uniformly with respect to £ such that ;13% eg = 0 are polarized. The associated

initial condition of Zakharov system (1.1) reads
E%t=0)= f,n"(t =0) = No,on°(t = 0) = N;.
Remark 3.2. Due to the expressions of G(0) one has |G(0)|g= = O(e).

e Case of ill-prepared initial data : we choose Uy = ayeq + a_e_ + c.c. with (ay,a_) € C? such

that |o_| # 0. It implies that
o = f—i—i%g and a_ = —i%g.

In opposition with the previous case, we can impose that 111% g # 0 and in this case, the initial
E—

data is not bounded with respect to e. It induces that |G(0)|g:®) = O(1). In summary, any initial
data which read

Et=0)=f,0,E0t=0) =g N(t=0) =Ny, N (t =0) = N

with g = O(1) are ill prepared. We take for example g = z% so Up(x) = %(eJr +e_)+ cc.. The
associated initial condition of Zakharov system is

E%(t=0)= g,no(t =0) =N, gn’(t = 0) = M.

It is recovered from Up(z) = %(eJr +e_) + c.c. by getting |e_| = 0.
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We investigate the convergence of the solution of each scheme when ¢ — 0 for polarized and ill prepared
initial data.

3.2.2 Numerical experiments

We perform the computation on the space-time domain [—5,5] x [0, 1] with 2048 points in space and for
ot = 2,5.1075. We get some values of ¢ for which Zakharov model is available, that is for € small enough.
We will use the following errors involving the L? norm

J
O ba|Fr — EP)?

Jj=0

J
(> oz|E} )2
§=0

J
> aler — BIP)?
er2(t™) = =0 and e’i‘;la(tm) =

J
(> dz|EFP):
§=0

where F™ is the mean value in time of £™. Therefore ey 2(t") computes the error between the solution

of each scheme (S7) or (S2) and the one of the Zakharov system whereas e’i‘;la(tm) computes the error
between the mean value in time of the solution of each scheme (S7) or (S2) and the one of the Zakharov

system. For the four following figures, we represent ey (t) with solid lines and e?%%(t) with dotted lines.
g ng L

e Case of polarized initial data : we take f = 0,5¢ 5%, g = 5i(102% — 1)f,Ny = 0,N7 = 0. The
left curves represent the errors ej (t),e’i‘;la(t) given by scheme (S) for ¢ = 107* (figure 3) and

e = 1079 (figure 4). The right curves represent the same quantities given by scheme (Ss).
We remark that the solution of each scheme converges to the one of Zakharov system as ¢ — 0.

0.004

0.003 -

0.002 -

0.001 -

0.004

0.003 -

0.002 -

0.001 -

o 0.2 0.4 0.6 0.8 1 o 0.2 0.4 0.6 0.8 1

(a) (0)

Figure 3: ¢ = 1074, errors ey (t) (solid line), eg‘;la (t) (dotted line); (a) scheme (S1) ; (b) scheme (Sa).
This is the result established in [2] and recalled in section 1.

e Case of ill prepared initial data : we take f = 0.5¢5%" ¢ = éf, Ny = 0, N7 = 0. We choose 0t > 2.

In figures 5, 6, we represent eyz(t) (solid line) and ei‘;la(t) (dotted line) obtained by scheme (S;)
(left curves) and scheme (S3) (right curves). We get e = 10~ for figure 5 and ¢ = 1076 for figure
6. We start with two different initial conditions £(t = 0) and E°(t = 0). However solid and
dotted lines of figures 5 (a) and 6 (a) are superposed. It means that the solution of scheme (S)
converges to the discrete solution of Zakharov system 1.1 whatever initial data we take. This is
the polarization phenomenon. On the contrary only the part of F' of the solution of scheme (S5)
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0.0002 1 0.0002

0.0001 1 0.0001

0 0.2 0.4 0.6 0.8 1

(a)

Figure 4: ¢ = 1075, errors e2(t) (solid line), eﬁozla(t) (dotted line); (a) scheme (S1) ; (b) scheme (S3).

15

0.01

0.005

05 r

0 0.2 0.4 0.6 0.8 1

(b)

Figure 5: ¢ = 107%; ey2(t) (solid line) and ei‘;la(t) (dotted line); (a) scheme (Sy); (b) scheme (S2).

0.001

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

(a) (b)

Figure 6: ¢ = 1075; e72(¢) (solid line) and e’i%la(t) (dotted line); (a) scheme (S1); (b) scheme (S3).

converges to the solution of Zakharov system 1.1. We conclude that only scheme (S7) exhibits the
polarization property.
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3.2.3 Large spectrum or short waves

The aim of this section is to show that system (1.2) models the propagation of short or ultra short

waves [1] through a plasma contrary to Zakharov system (1.1). Moreover we illustrate the error estimate
established in [4]. In order to solve system (1.4) we use a finite difference method in 1D. The numerical

scheme reads
EPTt —2Em + BT pop (BT HETTNY 1 Ertt 4+ B

: 5t L 2 ;e 2

Em-l—l Em—l
- (¥> (3.7)
2
Tt —opm 4o pml m+1 m—1
J J J _ D+D_ n +n _ D+D_|Em|2
2 J J

5t?

endowed with the initial conditions
E(t = O) = Eo,atE(t = O) = El,n(t = O) = no,(?tn(t = O) =ni.

[n(t,.) — N(t,.)|2

Operators D, and D_ have been introduced in section 1. We introduce the errors in L? norm, namely

) B, - (&, .)eﬁé +c.c)la n -
nenl) = e IB ) g+ ety ™ = TaxnG o N O
|E(t, ) 3 (Eo(t, .)6715 + C.C-)|2 " k(t) _ |7’L(t, ) - no(t7 )|2
T a2 [0 l2)

ezak(t) —
We compute on the space-time interval [—5,5] x [0, 1] with 2048 points in space and §t = 2,5.1075. We
take f = 0,5¢%" g = 0,575 Ny = 0,N7 = 0 so By = 2f, By = 2g,n9 = 0,ny = 0, E°(t = 0) =
f,n(t = 0) = 0,0n°(t = 0) = 0. The following figures represent errors €new, Mnew (left curves) and
€zak, Nzak (right curves) for e = 10~ (figure 7), e = 1072 (figure 8) and £ = 10~3 (figure 9).

max(|E(t,.)|2, |[EO(t, )e™ % + c.c.|)

0.5

\
0.4

0.03 -
/ ~_
03

0.02

0.2

0.1

0.6

0.8

0 n
0.2 0.4

(a)

Figure 7: ¢ = 1071 (a)enew(t) (solid line), nye(t) (dotted line); (b)esqx(t) (solid line), n.qx(t) (dotted
line).
These results show that the Zakharov system (1.1) is not a suitable system for modeling the propa-

gation of a short or ultra short wave in a plasma. Moreover curves of figures 7 (b), 8 (b), 9 (b) validate
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Figure 8: & = 1072, (a)eénew(t) (solid line), ny,e.(t) (dotted line); (b)e,qx(t) (solid line), n.qx(t) (dotted
0.03

line).
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Figure 9: € = 1072, (a)enew(t) (solid line), nyew(t) (dotted line); (b)esq(t) (solid line), n.qx(t) (dotted

line).
the error estimate established in [4]. In particular, with figure 9 (b), we check the convergence result

established in [4] related to Klein-Gordon-wave system and Zakharov system when ¢ is small enough.
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