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Abstract : We consider a simplified model of ocean circulation. We give a mathematical
justification of a singular limit process which leads to the Sverdrup relation. This singular
limit implies the existence of boundary layers that correspond to currents intensification
near the western coast of oceans.

1 The homogeneous model.

1.1 Quasigeostrophic approximation.

Large-scaled motions for atmosphere and ocean have been recently studied
from the mathematical point of view particulary in [3] and [4]. In this papers
serie, the authors present models for global circulation phenomenas and give
mathematical theories corresponding to these models. The aim of this work
is to present the formal derivation of a simplified model of ocean circulation
and to study it mathematicaly. This model is said homogeneous since we do
not take into account the effect of stratification.

We present in this section the derivation of the homogeneous model. This
derivation is more or less a unified approach of several calculations contained
in the book of Pedlosky [6] in chapter 3,4 and 5. The ocean is represented
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by a layer of homogeneous fluid in a rotating frame. The equations are:

ut + uux + vuy + wuz − (f0 + β0y)v = −1

ρ
px +AV uzz +AH(uxx + uyy), (1)

vt + uvx + vvy + wvz + (f0 + β0y)u = −1

ρ
py + AV vzz + AH(vxx + vyy), (2)

wt + uwx + vwy + wwz = −1

ρ
pz − g + AVwzz + AH(wxx + wyy), (3)

ux + vy + wz = 0. (4)

(u, v, w) are the three components of the velocity of the fluid, and p is the
pressure. g is the acceleration of the gravity. AV and AH are respectively the
vertical and horizontal eddy viscosities. ρ is a constant parameter which
value is the density of the fluid. These equations are valid in the domain
(x, y, z) ∈ R2 × [−hB(x, y), h(x, y, t)] where −hB(x, y) is the elevation of the
bottom of the ocean and is a given function, while h(x, y, t) is the elevation
of the free surface of the ocean and has to be determined. Note that the
β−plane approximation has already been used: the horizontal equations of
motion have been projected on the tangent plane and the Coriolis parameter,
which is 2Ω sin θ ( where θ is the latitude) has been linearized around a mean
latitude θ0. That is f = f0 + β0y, with f0 = 2Ω sin θ0 and β0 = 2Ω

r0
cos θ0, r0

being the earth’s radius. In order to complete the equations, we assume that

(u, v, w) = 0 at z = −hB(x, y), (5)

i.e. the velocity field vanishes at the bottom of the ocean.
At the free surface z = h(x, y, t), the following relations hold:

p(x, y, h(x, y, t)) = Cte, (6)

w = ht + uhx + vhy at z = h(x, y, t), (7)
τ (x) = ρAV uz + ρAHwx,
τ (y) = ρAV vz + ρAHwy,
τ (z) = ρAH(vx + uy),

(8)
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at z = h(x, y, t). Equation (6) means the continuity of the pressure since
there is no surface tension, while (7) is the usual kinematic condition for a
free surface. The set of equations (8) comes from the existence of an applied
stress on the free surface which components are (τ (x), τ (y), τ (z)). These three
functions of x, y and t are given data of the problem. (8) modelized the action
of the wind on the surface of the ocean. We now give a nondimensional form
of this system and we will introduce small parameters.

We denote with a prime the new variables and unknowns. Let{
(x, y) = L(x′, y′), z = Dz′, (u, v) = U(u′, v′),

w = UD
L
w′, t = L

U
t′, p = −ρgz + ρf0ULp

′.
(9)

L and D denote respectively the caracteristic horizontal and vertical lenght
of the motion and U is the caracteristic horizontal velocity. The scaling on w
comes from the incompressibility condition (4). The scaling on p is a choice
in order to ensure a balance between the coriolis force and the horizontal
pressure gradient.

We also rescale hB and h in the following way:

ηB = hB
f0L

DU
, h = Dh′,

and the surface stress τ is rescaled as follows:

τ = τ0τ
′.

Putting these new functions and variables in (1)-(8) and omiting the prime
leads to :

ε(ut+uux+vuy+wuz)−(1+εβy)v = −px+
1

2
EV uzz+

1

2
EH(uxx+uyy), (10)

ε(vt+uvx+vvy+wvz)+(1+εβy)u = −py+
1

2
EV vzz+

1

2
EH(vxx+vyy), (11)

εδ2(wt + uwx + vwy + wwz) = −pz + δ2(
1

2
EVwzz +

1

2
EH(wxx + wyy)), (12)
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ux + vy + wz = 0. (13)

(u, v, w) = 0 at z = εηB, (14)

w = ht + uhx + vhy at z = h, (15)


Dτ0
ρAV U

τ (x) = uz + EH

EV
wx,

Dτ0
ρAV U

τ (y) = vz + EH

EV
wy,

Dτ0
ρAHU

1
δ
τ (z) = (vx + uy),

(16)

at z = h. The parameters are given by:
ε = U

f0L
is the Rossby number, δ = D

L
is the aspect ratio, EV = 2AV

f0D2 and

EH = 2AH

f0L2 are respectively the vertical and horizontal Ekman numbers and

β = β0L2

U
. The four numbers ε, δ, EV and EH are small parameters while β

is O(1). We impose moreover the following relationships:

EH
ε

=
2

Re

, (17)

where Re is the Reynolds number which is O(1) and

E
1/2
V

ε
= 2r, (18)

where r is O(1) also.
We now perform the asymptotic expansion. We introduce the following

ansatz:

u = u0 + εu1 + ..., v = v0 + εv1 + ..., w = w0 + εw1 + ..., p = p0 + εp1 + ...

The order 0 terms in (10)-(13) satisfy

u0 = −p0y, (19)

v0 = p0x, (20)
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0 = p0z, (21)

u0x + v0y + w0z = 0. (22)

This set of equations shows that the order 0 solution is independent of
z. That means that we can not use the boundary conditions on (u0, v0, w0)
unless accepting the identicaly vanishing solution. Let us now compute the
equations satisfied by the order 1 terms:

u0t + u0u0x + v0u0y − βyv0 − v1 = −p1x +
1

Re

(u0xx + u0yy), (23)

v0t + u0v0x + v0v0y + βyu0 + u1 = −p1y +
1

Re

(v0xx + v0yy), (24)

p1z = 0, (25)

u1x + v1y + w1z = 0. (26)

We now eliminate p1 between (23) and (24) by cross differentiation and
we get

−ζ0t − u0ζ0x − v0ζ0y = (u1x + v1y)−
1

Re

(ζ0xx + ζ0yy) + βv0,

where
ζ0 = v0x − u0y.

Using (26), we obtain:

d

dt
(ζ0 + βy) =

∂w1

∂z
+

1

Re

∆ζ0, (27)

where
d

dt
=

∂

∂t
+ u0

∂

∂x
+ v0

∂

∂y
,

and ∆ = ∂2

∂x2 + ∂2

∂y2
. Integrating (27) from εηB to h

D
we get at leading order

d

dt
(ζ0 + βy) = w1(x, y,

h

D
, t)− w1(x, y, εηB, t) +

1

Re

∆ζ0. (28)
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We still have to determine accurate boundary conditions for w1. Because
of the relation (18), this asymptotic expansion on w correspond to a zero
viscosity limit. Therefore, in order to obtain the ”correct” boundary con-
ditions on w1, we have to compute the boundary layer and to apply the
matching principle (see [6] chap. 4 or [8]). In the context of rotating fluids,
this boundary layer take the name of Ekman layer.
i) Ekman layer at the bottom of the ocean:
We treat here the case of a flat bottom i.e. the case when hB ≡ 0 and
we introduce l ≡ the thickness of the Ekman layer and ζ = z

l
denotes the

vertical coordinate inside the boundary layer. Denoting by ũ, ṽ, w̃, p̃ the
fonctions inside the boundary layer, equations (10)-(13) read as follows.

ε(ũt+ũũx+ṽũy+
w̃

l
ũζ)−(1+εβy)ṽ = −p̃x+

1

2

EV
l2
ũζζ+

1

2
EH(ũxx+ũyy), (29)

ε(ṽt+ ũṽx+ ṽṽy+
w̃

l
ṽζ)+(1+εβy)ũ = −p̃y+

1

2

EV
l2
ṽζζ+

1

2
EH(ṽxx+ ṽyy), (30)

δ2ε(w̃t + ũw̃x + ṽw̃y +
w̃

l
w̃ζ) = −1

l
p̃ζ +

δ2

l2
EV
2
w̃ζζ +

δ2

2
EH(w̃xx + w̃yy), (31)

ũx + ṽy +
1

l
w̃ζ = 0, (32)

(ũ, ṽ, w̃) = 0 at ζ = 0. (33)

We now impose l = E
1/2
V in order to take into account the bounadary

layer (see [6] p. 200 for more details) and according to (32) we rescale w̃ in

w̃ = E
1/2
V w̃0 + .... Denoting by ũ0, ṽ0, p̃0 the zero order limit of ũ0, ṽ0, p̃0 as ε

goes to zero we obtain the following set of equation:

−ṽ0 = −p̃0x +
1

2
ũ0ζζ , (34)

ũ0 = −p̃0y +
1

2
ṽ0ζζ , (35)
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0 = −p̃0ζ , (36)

w̃0ζ = −(ũ0x + ṽ0y). (37)

The matching principle consists in saying that for any unknown f , if we
denote by f̃ its value inside the boundary layer, we impose:

lim
ζ→∞

f̃(ζ) = lim
z→0

f(z).

Applying this principle in our case, since p̃0 is independent of ζ, we obtain:

p̃0x = p0x = v0,

p̃0y = p0y = −u0,

and 
1
2
ũ0ζζ + ṽ0 = v0,

1
2
ṽ0ζζ − ũ0 = −u0,

w̃0ζ = −(ũ0x + ṽ0v).

We can solve this set of equation and we get

w̃0(x, y, ζ, t) = −1

2
(v0x − u0y)e

−ζ(cos ζ + sin ζ) + C(x, y, t).

The boundary condition w̃0(ζ = 0) = 0 enables us to calculate the constant
C(x, y, t) and we finally obtain

w̃0(x, y, ζ, t) =
1

2
(v0x − u0y)(1− e−ζ(cos ζ + sin ζ)).

It follows that

lim
ζ→∞

w̃0(x, y, ζ, t) =
1

2
ζ0.

Hence using (18), we get

w1(x, y, 0, t) =
r

2
ζ0.
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In [6] p. 219, the case of a bottom with a constant slope in treated analyticaly
and one find that the contribution of the slope is

(u0
∂

∂x
+ v0

∂

∂y
)ηB.

The author assume that this condition can be used even with a non-constant
slope, and therefore the boundary condition that we take for w1 is

w1(x, y, εηB, t) =
r

2
ζ0 + (u0

∂

∂x
+ v0

∂

∂y
)ηB. (38)

ii) Ekman layer at the free boundary.
The calculation follows the same lines as the preeceding one (see [6] p. 228-
229) and one obtains:

w1(x, y,
h

D
, t) =

d

dt
(
h

εD
) +

τ0
ερf0UD

k.curlτ, (39)

where k is the vertical unitary vector and τ denotes the vector (τ (x), τ (y), τ (z))
which is given. We still have to determine the value of h

εD
. Note that (9)

applied at the free surface and using (6) leads to:

ρf0Up0x =
ρgD

L
hx,

ρf0Up0y =
ρgD

L
hy.

It follows that
d

dt
(
h

εD
) =

f 2
0L

2

gD

d

dt
p0.

Introducing F =
f2
0L

2

gD
, we obtain the following boundary condition on w1:

w1(x, y,
h

D
, t) =

d

dt
(Fp0) +

τ0
ερf0UD

k.curlτ. (40)

Again, these calculation are done in [6] in the case of a flat free surface (which
gives the term τ0

ερf0UD
k.curlτ ) while in the case of a non flat free surface the

kinematic condition (7) leads to introduce the term d
dt

( h
εD

).
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Now, equations (28), (38), (40) lead to:
d
dt

(ζ0 + βy − Fp0 + ηB) = τ0
ερf0UD

k.curlτ − r
2
ζ0 + 1

Re
∆ζ0,

u0 = −p0y, v0 = p0x, ζ0 = v0x − u0y = ∆p0,
d
dt

= ∂
∂t

+ u0
∂
∂x

+ v0
∂
∂y
.

(41)

The system (41) is the homogeneous model of ocean circulation. Note that
this derivation is far away from being justified. Let us note that there exists
a rigourous justification of the derivation of the quasigeostrophic model on
all R3 (or with periodic boundary conditions) in Chemin [1]. The main
difference with what we present here is that Chemin takes into account the
variation of the density (i.e. ρ in equations (1)-(3) is not constant) so that
the limit equation are three dimensionals ones.

1.2 Boundary conditions and the Sverdrup relation.

We now choose the velocity scaling U such that the coefficient of k.curlτ is
equal to 1 in order to ensure a balance between the wind-stress curl and the
β−term. Rewriting (41) in terms of ψ = p0 leads to

1

β
(
∂

∂t
−ψy

∂

∂x
+ψx

∂

∂y
)(∆ψ−Fψ+ηB)+ψx = k.curlτ− r

β
∆ψ+

1

βRe

∆2ψ. (42)

If we restrict ourself to a bounded open set Ω, the natural boundary condi-
tions are

ψ, ∇ψ = 0 on ∂Ω.

Physically, 1
β
, r
β
, 1
βRe

can be considered as being small parameters (for in-

stance, a typical value for β is 100), so that (42) can be approximated by

ψx = k.curlτ (43)

which is the Sverdrup relation. For a detailled discussion of this relation, see
[6] p. 264. The limit process from (42) to (43) is singular and a boundary
layer exists for ψ. This boundary layer may be interpreted as an intensifica-
tion of the currents in the western coast of the oceans ([6] p. 278).

In the remaining of this paper we give a mathematical justification of the
limit process leading from (42) to (43).
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Let us mention that a mathematical theory of the stationnary problem
corresponding to (43) has been done in [2] in the case where 1

βRe
= 0. The

authors construct approximate solutions satisfying (43) and let 1
βRe

tend to

0 using uniform in 1
βRe

estimates.

2 A rapid theory for the evolution equation.

Equation (42) is very similar to the bidimensional Navier-Stokes equations
and the Cauchy problem theory is a straightforward application of the Galerkin
method. We therefore only sketch the proof. We introduce the following
functions space

H2
0 = {ψ ∈ H2, ψ, ∇ψ = 0 sur ∂Ω}.

We then write a variational formulation of (42), multiplying it by v ∈ C∞0 (Ω) :

−∂t(
∫
Ω∇ψ.∇v + Fψv) +

∫
Ω J(ψ,∆ψ)v +

∫
Ω J(ψ, ηB)v + β

∫
Ω ψxv

− r
2

∫
Ω∇ψ.∇v − 1

Re

∫
Ω ∆ψ∆v =

∫
Ω βk.curlτ,

(44)

where J(f, g) denotes the Jacobian of the two functions f and g.
We then remark that

∀ψ, v ∈ H2
0 ∩ C∞(Ω̄),

∫
Ω
J(ψ,∆ψ)v =

∫
Ω
J(v, ψ)∆ψ, (45)

so that (44) can be rewritten under the form

−∂t(
∫
Ω∇ψ.∇v + Fψv) +

∫
Ω J(v, ψ)∆ψ +

∫
Ω J(ψ, ηB)v + β

∫
Ω ψxv

− r
2

∫
Ω∇ψ.∇v − 1

Re

∫
Ω ∆ψ∆v =

∫
Ω βk.curlτ .

(46)

The variational problem that we consider reads as follows :

(P1) Find ψ ∈ L∞(0, T,H1
0 ) ∩ L2(0, T,H2

0 ) such that

∂t(
∫
Ω
∇ψ.∇v + Fψv)−

∫
Ω
J(v, ψ)∆ψ −

∫
Ω
J(ψ, ηB)v − β

∫
Ω
ψxv

+
r

2

∫
Ω
∇ψ.∇v +

1

Re

∫
Ω

∆ψ∆v = −
∫
Ω
βk.curlτ, ∀v ∈ D(Ω)

and ψ(x, 0) = ψ0(x).

The result that we obtain is
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Proposition 1 Let us suppose that k.curlτ ∈ L2(0, T, L2), ∀T > 0.
There exists a unique global solution to (P1), and moreover

ψt ∈ L4/3(0, T, L2), ∀T > 0.

Proof : We apply the Galerkin method with the following a priori estimate

(
∫
Ω
|∇ψ|2 + F |ψ|2)(T ) +

∫ T

0

∫
Ω
(
r

2
|∇ψ|2 +

1

Re

|∆ψ|2)

≤ c
∫ T

0

∫
Ω
|k.curlτ |2 +

∫
Ω
|∇ψ0|2 + F |ψ0|2.

In order to conclude, we apply a compactness result.

3 Stationary problem and Sverdrup relation.

Let us recall equation (42) in the time-independent case :

1

β
(ψx

∂

∂y
− ψy

∂

∂x
)(∆ψ + ηB) + ψx = k.curlτ − r

2β
∆ψ +

1

βRe

∆2ψ. (47)

In order to obtain the limit expression of (47), we will work on the following
domain: (x, y) ∈ [0, 1]× S1 with the following boundary conditions :

ψ, ∇ψ = 0 on {0} × S1 and {1} × S1.

The particular choice of this domain does not have any importance from
mathematical point of view for the results that we prove. We choose it only
in order to be ”near” the reality. However, this particular choice would be
important if we want to find a corrector for this singular limit (see the final
remark). One can prove, as for time-independent Navier-Stokes equations
(see [7]), that there exists at least one solution to (47). We now write (47)
under the form

δ2
I

L2
J(ψ,∆ψ + ηB) + ψx = k.curlτ − δS

L
∆ψ +

δ3
M

L3
∆2ψ

and δI , δS, δM << L. We will work in the case of the Munk layer which
correspond to the asumption δM >> δI , δS (see [6]). From now on, all
convergence processes will correspond to the limit δI

L
, δS

L
, δM

L
→ 0.

Our first result reads as follows :
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Proposition 2 Let us suppose that δI
L

and δS
L

have the same order of mag-

nitude and that δI
L
<< ( δM

L
)3/2. There exists a constant C independant of

δI , δS, δM such that∫
ψ2 +

δS
L

∫
|∇ψ|2 + (

δM
L

)3
∫
|∆ψ|2 ≤ C.

Moreover ψ ⇀ ψ0 in L2(Ω) weakly, where ψ0 is a solution to

∂ψ0

∂x
= k.curlτ.

Proof : the method that we use is exposed in [5]. Here, we have to deal
with two other terms, namely the jacobian and the term ∆ψ. The first step
consists in multiplying (47) by ψ and integrating over Ω :

0 =
∫

k.curlτψ +
δS
L

∫
|∇ψ|2 + (

δM
L

)3
∫
|∆ψ|2,

this yields

δS
L

∫
|∇ψ|2 + (

δM
L

)3
∫
|∆ψ|2 ≤ |k.curlτ |L2|ψ|L2 . (48)

In a second step we find estimates with a weight. More precisely, one multi-
plies (47) by exψ and integrates over Ω. Let us estimate each term.
i) The term given by ψx : ∫

ψxe
xψ = −1

2

∫
ψ2. (49)

ii) The term given by ∆ψ :∫
∆ψexψ = −

∫
|ψx|2ex −

∫
ψxψe

x −
∫
|ψy|2ex,

it follows that ∫
∆ψexψ = −

∫
|∇ψ|2ex +

1

2

∫
|ψ|2ex. (50)

iii) The calculation for the bilaplacian term is technicaly more difficult :∫
∆2ψψex = −

∫
(∆ψ)xe

xψx −
∫

(∆ψ)xe
xψ +

∫
∆ψψyye

x,
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=
∫

∆ψexψxx + 2
∫

∆ψψxe
x +

∫
∆ψψyye

x +
∫

∆ψexψ.

We then obtain∫
∆2ψψex =

∫
|∆ψ|2 + 2

∫
∆ψψxe

x +
∫

∆ψexψ. (51)

Moreover ∫
∆ψψxe

x = −1

2

∫
|ψx|2ex +

1

2

∫
|ψy|2ex.

Equation (51) used with (50) leads to∫
∆2ψψex =

∫
|∆ψ|2ex −

∫
|ψx|2ex +

∫
|ψy|2ex −

∫
|∇ψ|2ex +

1

2

∫
ψ2ex.

Finally ∫
∆2ψψex =

∫
|∆ψ|2ex − 2

∫
|ψx|2ex +

1

2

∫
ψ2ex. (52)

iv) Let us now estimate the term containing the jacobian :∫
J(ψ,∆ψ)ψex = −

∫
ψxy∆ψψe

x −
∫
ψx∆ψψye

x

+
∫
ψxy∆ψψe

x +
∫
ψx∆ψψye

x +
∫
ψy∆ψψe

x,

hence ∫
J(ψ,∆ψ)ψex =

∫
ψy∆ψψe

x. (53)

On the other hand∫
ψy∆ψψe

x =
∫
ψyψxxψe

x +
∫
ψyψyyψe

x,

= −
∫
ψxyψxψe

x −
∫
ψy|ψx|2ex −

∫
ψyψxψe

x − 1

2

∫
ψ3
ye
x.

Together with (53), this inequality leads to∫
J(ψ,∆ψ)ψex = −1

2

∫
ψy|∇ψ|2ex −

∫
ψyψxψe

x. (54)
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Making use of (49), (50), (51) and (52) in (47), we get

(
δ3M
2L3 + 1

2
− δS

2L
)
∫
ψ2ex

+ δS
L

∫
|∇ψ|2ex +

δ3M
L3

∫
|∆ψ|2ex

= 2
δ3M
L3

∫
|ψx|2ex −

∫
k.curlτψex − δ2I

2L2

∫
ψy|∇ψ|2ex −

δ2I
L2

∫
ψyψxψe

x − δ2I
2L2

∫
ψ2ηBye

x.
(55)

We now estimate the right-hand side of (55).
Let us first recall the interpolation estimate

|ψ|H1
0
≤ C|ψ|1/2L2 |∆ψ|1/2L2 ,

we then obtain

2
δ3
M

L3

∫
|ψx|2ex ≤ 2

δ3
M

L3
|∆ψ|2L2 + C

δ3
M

L3
|ψ|2L2 . (56)

Therefore equation (55) with (56) leads to

(
δ3M
2L3 + 1

2
− δS

2L
− C

δ3M
L3 − C

δ2I
2L2 − 1

4
)
∫
ψ2ex + δS

L

∫
|∇ψ|2ex +

δ3M
2L3

∫
|∆ψ|2ex

≤ K − δ2I
2L2 (

∫
ψy|∇ψ|2ex + 2

∫
ψyψxψe

x).
(57)

We still have to estimate the two terms of the right-hand side of (57). We
first have

|
∫
ψyψxψe

x| ≤ C(
∫
ψ2)1/2(

∫
ψ2
xψ

2
y)

1/2,

≤ L2

8δ2
I

∫
ψ2 + C

δ2
I

L2

∫
ψ2
xψ

2
y ,

≤ L2

8δ2
I

∫
ψ2 + C

δ2
I

L2

∫
|∇ψ|2

∫
|∆ψ|2.

Thanks to (48), we obtain

|
∫
ψyψxψe

x| ≤ L2

8δ2
I

∫
ψ2 + C

δ2
I

L2

L

δS

L3

δ3
M

∫
ψ2,

which leads to

|
∫
ψyψxψe

x| ≤ (
L2

8δ2
I

+ C
δ2
I

L2

L

δS

L3

δ3
M

)
∫
ψ2. (58)
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On the other hand, we have

δ2
I

L2
|
∫
ψy|∇ψ|2ex| ≤

δ2
I

L2
(
∫
|∇ψ|2)1/2(

∫
|∇ψ|4)1/2,

≤ δS
L

∫
|∇ψ|2 + C

δ4
I

L4

L

δS

∫
|∇ψ|4,

≤ δS
L

∫
|∇ψ|2 + C

δ4
I

L4

L

δS

∫
|∇ψ|2

∫
|∆ψ|2,

≤ δS
L

∫
|∇ψ|2 + C

δ4
I

L4

L

δS

L

δS

L3

δ3
M

∫
ψ2

thanks to (48). We therefore obtained

δ2
I

L2
|
∫
ψy|∇ψ|2ex| ≤

δS
L

∫
|∇ψ|2 + C

δ4
IL

δ2
Sδ

3
M

∫
ψ2. (59)

Equations (58) and (59) give in (57) :

(
1

6
− 1

8
− C

δ4
IL

δ2
Sδ

3
M

− C
δ4
I

δSδ3
M

)
∫
ψ2 +

δS
2L

∫
|∇ψ|2ex +

δ3
M

2L3

∫
|∆ψ|2ex ≤ K.

If δI and δS are of the same order of magnitude, then

δ4
IL

δ2
Sδ

3
M

≈ δ2
IL

δ3
M

,

and
δ4
I

δSδ3
M

≈ (
δI
δM

)3.

We then impose
δ2IL

δ3M
≤ ε, ε fixed and sufficiently small, which is equivalent

to δI
L
≤ ε′( δM

L
)3/2, and this leads to the estimate of proposition 2.

We deduce that ψ ⇀ ψ0 in L2 weakly. We still have to determine the
equation satisfied by ψ0. The only problem is the nonlinear term. Let φ be
a test function. We have

δ2
I

L2

∫
J(ψ,∆ψ)φ = − δ2

I

L2

∫
J(ψ, φ)∆ψ.
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But |∆ψ|L2 ≤ C( L
δM

)3/2 and |∇ψ|L2 ≤ C( L
δS

)1/2, that leads to

δ2
I

L2
|
∫
J(ψ,∆ψ)φ| ≤ C(

L

δM
)3/2|∇φ|L∞(

L

δS
)1/2 δ

2
I

L2
,

≤ C(
L

δM
)3/2|∇φ|L∞(

δ2
I

L2
)3/2 = C(

δI
δM

)3/2|∇φ|L∞ → 0,

the convergence toward 0 follows from the hypothesis of proposition 2.

We still have to find a boundary condition on ψ0 in order to characterize
this function.

Proposition 3 Let us assume that for an ε > 0, we have δI
L
≤ ( δM

L
)9/4+ε.

Then
ψ → ψ0 in L2

loc(]0, 1]× S1),

and ψ0 = 0 on {1} × S1.

Remark: The hypothesis that we make on the size of the parameters ( δI
L
≤

( δM
L

)9/4+ε) is stronger than that made in [6] p.273, which is δM >> δI , δS.

Proof : We multiply (47) by ψxφ with φ to be chosen later one. Let us
compute each term.

i) The term
∫
|ψx|2φ has already the right form.

ii) The term concerning ∆ψ :∫
∆ψψxφ = −1

2

∫
|ψx|2φx −

∫
ψyψxyφ−

∫
ψyψxφy,

hence ∫
∆ψψxφ = −1

2

∫
|ψx|2φx +

1

2

∫
|ψy|2φx −

∫
ψyψxφy. (60)

iii)The term concerning ∆2ψ :∫
∆2ψψxφ =

∫
∆ψ∆(ψxφ)−

∫
∂Ω

∆ψ
∂

∂ν
(ψxφ),

=
∫

∆ψ(∆ψ)xφ+ 2
∫

∆ψ∇ψx.∇φ+
∫

∆ψψx∆φ−
∫
∂Ω

∆ψ
∂

∂ν
(ψx)φ
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since ψx is equal to zero on the boundary. Here ” ∂
∂ν

” denote the derivative
with respect to the exterior normal to Ω. Hence we get∫

∆2ψψxφ = −1

2

∫
|∆ψ|2φx + 2

∫
∆ψ∇ψx.∇φ

+
∫

∆ψψx∆φ−
∫
∂Ω

∆ψ
∂

∂ν
(ψx)φ+

1

2

∫
∂Ω
|∆ψ|2φνx.

But on ∂Ω, since ψ = 0 and ∇ψ = 0, we have ∆ψ = ∂2ψ
∂ν2 and ∂

∂ν
ψx = νx

∂2ψ
∂ν2

where νx denote the x-component of the exterior normal. Here the value of
νx is + or − 1. We then obtain∫

∆2ψψxφ+
∫
∂Ω |∆ψ|2φνx = −1

2

∫
|∆ψ|2φx

+2
∫

∆ψ∇ψx.∇φ+
∫

∆ψψx∆φ+ 1
2

∫
∂Ω νx(

∂2ψ
∂ν2 )2φ.

(61)

iv) The term concerning the jacobian :∫
J(ψ,∆ψ)ψxφ = −

∫
∆ψJ(ψ, ψxφ). (62)

Assembling (60), (61) and (62) we obtain

− δ2I
L2

∫
∆ψJ(ψ, ψxφ) +

δ2I
L2

∫
J(ψ, ηB)ψxφ+

∫
|ψx|2φ

=
∫
k.curlτψxφ+ δS

2L

∫
|ψx|2φx − δS

2L

∫
|ψy|2φx + δS

L

∫
ψyψxφy

− δ3M
2L3

∫
|∆ψ|2φx + 2

δ3M
2L3

∫
∆ψ∇ψx.∇φ+

δ3M
2L3

∫
∆ψψx∆φ−

δ3M
2L3

∫
∂Ω νx(

∂2ψ
∂ν2 )2φ.

(63)

Proposition 2 implies that
δ3M
L3

∫
|∆ψ|2 et δS

L

∫
|∇ψ|2 are bounded and (63)

leads to ∫
|ψx|2φ+

δ3M
2L3

∫
∂Ω νx(

∂2ψ
∂ν2 )2φ ≤ K|φ|C2(Ω̄)

+
∫
k.curlτψxφ+

δ2I
L2

∫
∆ψJ(ψ, ψxφ)− δ2I

L2

∫
J(ψ, ηB)ψxφ.

(64)

Since δI and δS are of the same order of magnitude, we get

δ2
I

L2

∫
J(ψ, ηB)ψxφ ≤ K. (65)
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It follows that equations (64) and (65) lead to∫
|ψx|2φ+K ′ δ

3
M

2L3

∫
∂Ω
νx(

∂2ψ

∂ν2
)2φ ≤ K|φ|C2(Ω̄) +

δ2
I

L2

∫
ψxφJ(ψ,∆ψ). (66)

We still have to estimate the term containing the jacobian, more precisely
we get

δ2
I

L2

∫
ψxφJ(ψ,∆ψ) = − δ2

I

L2

∫
∆ψJ(ψ, ψx)φ−

δ2
I

L2

∫
∆ψJ(ψ, φ)ψx.

It follows that

δ2
I

L2
|
∫
ψxφJ(ψ,∆ψ)| ≤ δ2

I

L2
|∆ψ|2L2|∇ψ|L∞ +

δ2
I

L2
|∆ψ|3L2 . (67)

We then multiply (47) by a test function χ and we integrate

− δ2
I

L2

∫
∆ψJ(ψ, χ)−

∫
ψχx +

δ2
I

L2

∫
ψJ(χ, ηB)

−
∫

k.curlτχ− δS
L

∫
∇ψ.∇χ+

δ3
M

L3

∫
∆2ψχ = 0.

this gives

|δ
3
M

L3

∫
∆2ψχ| ≤ K

δ2
I

L2
(
L

δM
)3|χ|H3/2 ,

and hence

|ψ|H5/2 ≤ K
δ2
I

L2
(
L

δM
)6.

Relation (67) then implies

δ2
I

L2
|
∫
ψxφJ(ψ,∆ψ)| ≤ Kε

δ2
I

L2
(
L

δM
)3(

L

δM
)3/2+ε. (68)

(66) and (68) lead to∫
|ψx|2φ+K ′ δ

3
M

2L3

∫
∂Ω
νx(

∂2ψ

∂ν2
)2φ ≤ K|φ|C2(Ω̄) +Kε

δ2
I

L2
(
L

δM
)9/2+ε.

We now impose that φ ≥ 0 and φ ≡ 0 in the neighborhood of {x = 0} =
{νx ≤ 0}. We obtain

∫
|ψx|2φ ≤ K|φ|C2(Ω̄), the result of the proposition

follows.

Remark : One can formally calculate a corrector for this singular limit pro-
cess, see [6]. However, in the nonlinear case, the rigorous proof of the fact
that it is a corrector is certainly very technical. In the linear case, the form
of Ω that we consider is essential to compute the corrector, see [5].
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