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Abstract : We consider a simplified model of ocean circulation. We give a mathematical
justification of a singular limit process which leads to the Sverdrup relation. This singular
limit implies the existence of boundary layers that correspond to currents intensification

near the western coast of oceans.

1 The homogeneous model.

1.1 Quasigeostrophic approximation.

Large-scaled motions for atmosphere and ocean have been recently studied
from the mathematical point of view particulary in [3] and [4]. In this papers
serie, the authors present models for global circulation phenomenas and give
mathematical theories corresponding to these models. The aim of this work
is to present the formal derivation of a simplified model of ocean circulation
and to study it mathematicaly. This model is said homogeneous since we do
not take into account the effect of stratification.

We present in this section the derivation of the homogeneous model. This
derivation is more or less a unified approach of several calculations contained
in the book of Pedlosky [6] in chapter 3,4 and 5. The ocean is represented
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by a layer of homogeneous fluid in a rotating frame. The equations are:

1

up + uty + vuy + wu, — (fo + Boy)v = - P + Avu,, + A (Ups + 1y,), (1)
1

v 4 uvy + v, + wo, + (fo + Boy)u = P + Avv., + A (ves +vy,), (2)

1
wy + uw, + vwy, + ww, = —;pz — g+ Ayw,, + Ag(Wee + wyy),  (3)

Uy + vy +w, = 0. (4)

(u,v,w) are the three components of the velocity of the fluid, and p is the
pressure. g is the acceleration of the gravity. Ay and Ag are respectively the
vertical and horizontal eddy viscosities. p is a constant parameter which
value is the density of the fluid. These equations are valid in the domain
(z,y,2) € R* x [~hp(z,y), h(z,y,t)] where —hg(x,y) is the elevation of the
bottom of the ocean and is a given function, while h(x,y,t) is the elevation
of the free surface of the ocean and has to be determined. Note that the
[—plane approximation has already been used: the horizontal equations of
motion have been projected on the tangent plane and the Coriolis parameter,
which is 2Qsin 6 ( where 6 is the latitude) has been linearized around a mean
latitude 0y. That is f = fy + Goy, with fo = 2Q2sinfy and Gy = % cos by, o
being the earth’s radius. In order to complete the equations, we assume that

(u,v,w) =0 at z = —hp(z,y), (5)

i.e. the velocity field vanishes at the bottom of the ocean.
At the free surface z = h(z,y,t), the following relations hold:

p(x,y, h(z,y,t)) = Cte, (6)
w = hy + uh, +vhy, at z = h(x,y,1t), (7)

@) = pAyu, + pApw,,
W = pAyv, + pAgw,, (8)
) = pAg(v, + Uy),
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at z = h(z,y,t). Equation (6) means the continuity of the pressure since
there is no surface tension, while (7) is the usual kinematic condition for a
free surface. The set of equations (8) comes from the existence of an applied
stress on the free surface which components are (7(*), 7®) 7)) These three
functions of x, y and ¢ are given data of the problem. (8) modelized the action
of the wind on the surface of the ocean. We now give a nondimensional form
of this system and we will introduce small parameters.
We denote with a prime the new variables and unknowns. Let

(‘ray) = L(xlvy,)v z = DZ,? (U,U) = U(ul7vl)7 (9)
w=""Lw,  t=%t p=—pgz+pfULp.

L and D denote respectively the caracteristic horizontal and vertical lenght
of the motion and U is the caracteristic horizontal velocity. The scaling on w
comes from the incompressibility condition (4). The scaling on p is a choice
in order to ensure a balance between the coriolis force and the horizontal
pressure gradient.

We also rescale hg and h in the following way:

foL

h = DN
DU: )

nB = hp
and the surface stress 7 is rescaled as follows:

/
T = ToT .

Putting these new functions and variables in (1)-(8) and omiting the prime
leads to :

1 1
e(ug +uuy +vuy,+wu,) — (1+efy)v = —px+§ Vuzz+§EH(um—|—uyy), (10)

1 1
(v +uvy +vvy+wv,) + (1+efy)u = —p, + iEvvzz—l—iEH(vm—l—vyy), (11)

1 1
562(wt + uw, + vw, +ww,) = —p, + 52(§vazz + §EH(wm + wy,)), (12)
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Uy + vy +w, = 0. (13)

(u,v,w) =0 at z = enp, (14)
w = hy + uh, +vh, at z = h, (15)
D T E
AT = B,
A e 19
vAnvsT = (V2 + uy),
at z = h. The parameters are given by:
€= foLL is the Rossby number, § = % is the aspect ratio, By = ?(f‘gz and
By = fc;“;g are respectively the vertical and horizontal Ekman numbers and
0= ﬁOULZ. The four numbers €, §, By and Ey are small parameters while (3
is O(1). We impose moreover the following relationships:
Ey 2
=== 17
- TR (17)
where R, is the Reynolds number which is O(1) and
52
=2, (18)
€

where r is O(1) also.
We now perform the asymptotic expansion. We introduce the following
ansatz:

U=Uy+EUL + ..., VU=V +EV] + ..., W =W+ EW1 + ..., p = Po + EP1 + ...

The order 0 terms in (10)-(13) satisfy

Uo = —Poy; (19>

Vo = Poxs (20)



0 = Poz; (21>

Uy + Voy + wo, = 0. (22)

This set of equations shows that the order 0 solution is independent of
z. That means that we can not use the boundary conditions on (ug, vg, wp)
unless accepting the identicaly vanishing solution. Let us now compute the
equations satisfied by the order 1 terms:

1
Uot + UoUoy + VolUoy — BYvo — V1 = —Pig + ﬁ(uom + Uoyy), (23)
1
Vot + Uz + Voloy + BYug + U1 = —piy + E(U[)x:p + Voyy), (24)
plZ = OJ (25)
Uiy + U1y + Wy, = 0. (26)

We now eliminate p; between (23) and (24) by cross differentiation and
we get

1
—Cot — uoCoz — Voloy = (U1z + V1y) — ﬁ(COxw + Coyy) + Bo,

€
where
Co = Vog — Uy -

Using (26), we obtain:

ow
(co +By) =7+ ﬁACO, (27)
where
d Q+ 0 o 0
at ot Par " oy
and A = 83:2 + W Integrating (27) from enp to + we get at leading order
(ot By) = wrley. o)~ wi (oo )+ AG.(28)
dt 0 Yy) = wi\x,y, D, wi T, Y, ENB, Re 0-
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We still have to determine accurate boundary conditions for w;. Because
of the relation (18), this asymptotic expansion on w correspond to a zero
viscosity limit. Therefore, in order to obtain the ”correct” boundary con-
ditions on w;, we have to compute the boundary layer and to apply the
matching principle (see [6] chap. 4 or [8]). In the context of rotating fluids,
this boundary layer take the name of Ekman layer.

i) Ekman layer at the bottom of the ocean:

We treat here the case of a flat bottom i.e. the case when hy = 0 and
we introduce [ = the thickness of the Ekman layer and ¢ = 5 denotes the
vertical coordinate inside the boundary layer. Denoting by u,v,w,p the
fonctions inside the boundary layer, equations (10)-(13) read as follows.

W N Ey 1
8(ut+uu:c+vuy+7uC)_(1+€ﬁy)v = —pz+ 5 ZQ‘/UCC—'— QEH(uxa:"'uyy) (29)
W N . 1Ey, 1
s(vt+uvx+vvy+jvg)+(l +efy)i = —py+ = 5 pvvgg-i— QEH(Ux$+Uyy> (30)
W 1 (52 E 52
By + Wi, + 0, + i) = — 7B + 33 5 Wcc + 5 B+ Byy), (31)
R
Uy + Dy + 70 = 0, (32)
(@, 3,%) = 0 at ¢ = 0. (33)

We now impose [ = Exl,/ ? in order to take into account the bounadary
layer (see [6] p. 200 for more details) and according to (32) we rescale @ in
w=~F /2w0 + .... Denoting by g, 99, po the zero order limit of g, v, po as
goes to zero we obtain the following set of equation:

N . 1.
—Ug = —Poz t+ 5”0({7 (34>

. 1.
—Poy + 5l0cc (35)
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0 = —poc, (36)

Wo¢ = —(Uoz + Toy)- (37)

The matching principle consists in saying that for any unknown f, if we
denote by f its value inside the boundary layer, we impose:

Jim f(¢) = lim £(2).

Applying this principle in our case, since py is independent of (, we obtain:

Poxz = Poz = o,

Poy = Poy = —Uo,
and L .
?uogg +v9 = g,
sUo¢¢ — Up = —Ug,
Woe = —(Tog + Dow)-

We can solve this set of equation and we get

wo(z,y,(,t) = —;(Uom — uoy)e_c(cosc +sin¢) + C(x,y,t).

The boundary condition wy(¢ = 0) = 0 enables us to calculate the constant
C(z,y,t) and we finally obtain

(2,1, G, 1) = ;(vogg —ugy)(1 — e$(cos ¢ +sin ).

It follows that ]
Ch—{go Tffo(xa Y, C> t) = §C0

Hence using (18), we get

r
wl(l’, Y, 07 t) = §CO



In [6] p. 219, the case of a bottom with a constant slope in treated analyticaly
and one find that the contribution of the slope is

The author assume that this condition can be used even with a non-constant
slope, and therefore the boundary condition that we take for w is

0 0
wl(% y7€773’t) = géo =+ (UO* + Uo*)nB- (38)

ox Jy
i1) Ekman layer at the free boundary.
The calculation follows the same lines as the preeceding one (see [6] p. 228-
229) and one obtains:

h d, h 70

—.t) = —(— £ TTD
wl(ZE,C%D’ ) dt(gD)+5pf0UD

k.curlr, (39)
where k is the vertical unitary vector and 7 denotes the vector (7(*), 7 7))
which is given. We still have to determine the value of J5. Note that (9)
applied at the free surface and using (6) leads to:

D

pfOUp093 - %hm
gD

pfOUPOy - pThy

It follows that

d, 6 h feL* d
S =1
dt eD gD dt
Introducing F' = I glL)Q, we obtain the following boundary condition on w;:
g
h d T0
—,t) = —(F ——k.curlr. 40

Again, these calculation are done in [6] in the case of a flat free surface (which

gives the term —r%—=k.curlr ) while in the case of a non flat free surface the
pfoUD
d(h

kinematic condition (7) leads to introduce the term % (5).
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Now, equations (28), (38), (40) lead to:

LG+ By—Fpo+np) =  —Eokewrlr — 50+ A,
Uy = _pOgg Vo = Pozx, %J = UO:Ea_ Ugy ? Apo, (41)
i = En + U0, + aniy'

The system (41) is the homogeneous model of ocean circulation. Note that
this derivation is far away from being justified. Let us note that there exists
a rigourous justification of the derivation of the quasigeostrophic model on
all R® (or with periodic boundary conditions) in Chemin [1]. The main
difference with what we present here is that Chemin takes into account the
variation of the density (i.e. p in equations (1)-(3) is not constant) so that
the limit equation are three dimensionals ones.

1.2 Boundary conditions and the Sverdrup relation.

We now choose the velocity scaling U such that the coefficient of k.curlr is
equal to 1 in order to ensure a balance between the wind-stress curl and the
B—term. Rewriting (41) in terms of ) = py leads to

1.0 0 0 r 1
g(a_%%*%iy)(A¢—F¢+”B>+% = k-CW’lT—BA?N‘BRe

If we restrict ourself to a bounded open set €2, the natural boundary condi-
tions are

A%, (42)

Y, Vip =0 on 0N.
1 r 1

Physically, 5 50 FR, can be considered as being small parameters (for in-

stance, a typical value for 5 is 100), so that (42) can be approximated by
v, = k.curlr (43)

which is the Sverdrup relation. For a detailled discussion of this relation, see
[6] p. 264. The limit process from (42) to (43) is singular and a boundary
layer exists for ¢). This boundary layer may be interpreted as an intensifica-
tion of the currents in the western coast of the oceans ([6] p. 278).

In the remaining of this paper we give a mathematical justification of the
limit process leading from (42) to (43).



Let us mention that a mathematical theory of the stationnary problem

corresponding to (43) has been done in [2] in the case where ﬁ = 0. The

authors construct approximate solutions satisfying (43) and let ﬁ tend to

0 using uniform in ﬁ% estimates.
€

2 A rapid theory for the evolution equation.

Equation (42) is very similar to the bidimensional Navier-Stokes equations
and the Cauchy problem theory is a straightforward application of the Galerkin
method. We therefore only sketch the proof. We introduce the following
functions space

H} ={y € H? 1, Vi =0 sur 09}.
We then write a variational formulation of (42), multiplying it by v € C3°(Q2) :
—0(Jo VY.V + Fyv) + [o J(b, Ap)v + Jo J (¥, np)v + B o ¢uv

—I Jo VY.V — R% Jo A Av = [, Bk.curlr,

where J(f, g) denotes the Jacobian of the two functions f and g.
We then remark that

e BENC=(Q), [ Jw.avp = [ Jwe)ay,  (45)
so that (44) can be rewritten under the form

—0(fo VI.Nv + Fypv) + [ J(v, 0)AY + [o J (Y, ne)v + B Jq v

—5 Ja V. Vv — R%; Jo AvAv = [, fk.curlr .
The variational problem that we consider reads as follows :

(P1) Find v € L>(0,T, Hy) N L*(0, T, H) such that
o[ Vv + Fiw) = [ Jw.0)80 = [ J@.nm)o =3 [ v

1
—|—%/QV¢.VU+ Re/QAl/JAv = —/Qﬂk.curlT, Vv € D(Q)
and 1(x,0) = o(x).

The result that we obtain is

(44)

(46)
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Proposition 1 Let us suppose that k.curlr € L*(0,T,L?), VT > 0.
There exists a unique global solution to (P1), and moreover

Y, € LY3(0,T,L%), VT > 0.

Proof : We apply the Galerkin method with the following a priori estimate
T ror 1
VIR + FlP)T) + [ CIVeP + - |auf?
(f 1ver+ FP@) + [ [ GIVor + o avp)
T
Sc/ /|k.curl7|2+/ IVabo|? + F ol
0o Jo Q

In order to conclude, we apply a compactness result. |

3 Stationary problem and Sverdrup relation.

Let us recall equation (42) in the time-independent case :

Srgy = g (B0 + 1) + v = kecurlr — DAY+ A% (4D

&) 26 BR.
In order to obtain the limit expression of (47), we will work on the following
domain: (z,y) € [0,1] x S' with the following boundary conditions :

Y, Vi =0 on {0} x S' and {1} x S*.

The particular choice of this domain does not have any importance from
mathematical point of view for the results that we prove. We choose it only
in order to be "near” the reality. However, this particular choice would be
important if we want to find a corrector for this singular limit (see the final
remark). One can prove, as for time-independent Navier-Stokes equations
(see [7]), that there exists at least one solution to (47). We now write (47)
under the form
2

Ji ds 63,
ﬁJ(l/% AY +np) + 1, = k.curlt — wa + ﬁA2¢

and d7, dg, 0y << L. We will work in the case of the Munk layer which
correspond to the asumption 0, >> d7, Jdg (see [6]). From now on, all
convergence processes will correspond to the limit %, %S, ‘% — 0.

Our first result reads as follows :
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Proposition 2 Let us suppose that % and %S have the same order of mag-
nitude and that %’ << (%‘4)3/2. There exists a constant C independant of
07, Og, On such that

Jvr+ ‘Sf/ww T (52”)3/|A¢|2 <c

Moreover 1 — 1y in L*(Q2) weakly, where 1y is a solution to

o

— = k.curlr.

ox

Proof : the method that we use is exposed in [5]. Here, we have to deal
with two other terms, namely the jacobian and the term At. The first step
consists in multiplying (47) by ¢ and integrating over (2 :

_ s 2 (O3 2
O—/k.curlT@/)—l— L/|V@/}| +(L) /|A¢| ,
this yields
Os 2 On 3 2
= IR+ (7 [ 16 < flceurtrzaf e (48)

In a second step we find estimates with a weight. More precisely, one multi-
plies (47) by e"1) and integrates over ). Let us estimate each term.
i) The term given by 1, :

1
[vuew =5 [, (49)
i7) The term given by A :

[avery == [aper = [waver = [ 16,2

it follows that ]
[ avery = — [ 1wy + 5 [ e, (50)
i7i) The calculation for the bilaplacian term is technicaly more difficult :

[ a2vver == [(Av)erv - [(Avhev+ [ Avyer,
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= [ 2gemie 42 [ Apwne + [ Adye + [ Avery.
We then obtain

/A%lpew :/|A¢|2+2/A¢¢zeﬂﬂ+/me%. (51)

Moreover

1 1
/AW%@I = _i/ywx‘2€x+§/|¢y‘2€x'
Equation (51) used with (50) leads to
1
/A2w,¢6x :/’AwPe:p_/’wx‘Qex_‘_/‘wyF x_/‘vw|2€x+§/w2ex
Finally .
[ atvuer = [1avier -2 [ e + 5 [ver (52)

iv) Let us now estimate the term containing the jacobian :
[ W, avper = = [ avve = [vaap,er

+ [ mvver + [vave + [o,Aupe,
hence

[ I avwer = [, a0pe (53)
On the other hand

[onavve = [wpne + [vupe.

= _/¢xy¢x¢€z _/¢y|¢x|2 . —/%% e’ — = ¢3 .
Together with (53), this inequality leads to

[ 3w, avper = 3 [, Vuper — [ vpe (54)
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Making use of (49), (50), (51) and (52) in (47), we get

(523 +’_7)f¢2 *
5 T IVOPe + P [ |AYPer

4/ Wz|26m — [ k.curlrpe” — 2L2 f¢y|vw‘2€ — 12 f?lfywz?/}em - 2L2 fwanye

(55)
We now estimate the right-hand side of (55).
Let us first recall the interpolation estimate
[Vl < CILE 1AV,
we then obtain
6%4 2 x 5?\4
Ol [ g er < 2 AvfEs + O (56)

Therefore equation (55) with (56) leads to

(38 + 1~ 8 —C% — O — 1) [yPe® + 52 [ |Vp2e” + 236 [|AplPe”
< K — o ([ | VOPPe" +2 [ dyne”).

(57)
We still have to estimate the two terms of the right-hand side of (57). We

first have
| [owver < C(f o) ([ w2,
L? 62
< @/Wwfg/wiwj,

<& v ol [1ver [ 1aur
Thanks to (48), we obtain
62 L L3
et| < / 2, 777/ 2
| vwter < g [0+ Ogh g 5 [v
which leads to

L? 52 L3
|/¢y¢x¢€x| < (@ "‘Cﬁéfﬁ /1/12- (58)
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On the other hand, we have

(52
55| [ wuier < 2 [ 9oy [ 19ur

<% [igyp ol = [t

< 28 2 2
l;/ﬁvw|—kclA5 JIver [1ave,
54 L LI
2, o L L L
<% fIverrof o [v
thanks to (48). We therefore obtained

5? 2 2
et < =
1 uvee < [1vof - ok [ (59)
Equations (58) and (59) give in (57) :
1 1 8L )y 2o O )
- - _ T T <
63 05253 5353 ) [+ 57 [ I9oFe + 555 [IavPe < K.

If 6; and dg are of the same order of magnitude, then

0L 8L
0%0% oY

and
5 o
6503, " Vo

)°.
We then impose (;23
to 2L < €(22)3/2, and this leads to the estimate of proposition 2.

We deduce that 1) — 9 in L? weakly. We still have to determine the
equation satisfied by 1. The only problem is the nonlinear term. Let ¢ be
a test function. We have

< ¢, € fixed and sufficiently small, which is equivalent

55 [ atw.av)o = -2 [ Jw.6)A0.
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But [A¢]2 < C(55)%? and [Vi]2 < O(§)"?, that leads to

52 L L .0

o1 Aol < O 372 (L1

7l [ 1. 80)9] < OVl () 7.
L. 52 5

< O()* V0| (72)2% = O(-)*2| V6| 1 — 0,

the convergence toward 0 follows from the hypothesis of proposition 2. W

We still have to find a boundary condition on vy in order to characterize
this function.

Proposition 3 Let us assume that for an € > 0, we have 3 < (%r)9/4+e,
Then
¢ — v in L, (]0,1] x S1),

and 1o =0 on {1} x S*.

Remark: The hypothesis that we make on the size of the parameters (%’ <
(%a£)9/4+€) s stronger than that made in [6] p.273, which is 6y, >> 67, ds.

Proof : We multiply (47) by 1,¢ with ¢ to be chosen later one. Let us
compute each term.

i) The term [ |1,]*¢ has already the right form.
ii) The term concerning A :

[ 2 = 2 [ 1o~ [ iayd— [0,

hence ) 1
[avis == [10aloo+ 3 [0yfor— [vyas,  (60)

iii)The term concerning A%y :
0
[ 8%0uns = [ 0a@e) - [ Moo (.0)

= [ Auaw)0+2 [ AV Vot [Avias— [ Avd ()
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since 1, is equal to zero on the boundary. Here ”%” denote the derivative
with respect to the exterior normal to €2. Hence we get

[ 82006 =~ [180P6, +2 [ Auve,. v

9, 1
+ [avnno— [ Av(w)o+s [ 180,

But on 0f2, since ¢ = 0 and V¢ = 0, we have Ay = 32715 and %1&9& = ng%f
where v, denote the z-component of the exterior normal. Here the value of
v, is + or — 1. We then obtain

fA2¢1/)m¢ + faQ |A¢|2¢Vx = _% S |Aw|2¢x

(61)
+2 [ AV, Vo + [ AN + § fon va( 5:5)%0.
iv) The term concerning the jacobian :
[ I 8006 = = [ AT, ,0). (62)

Assembling (60), (61) and (62) we obtain
— 5 [ AT (W, 000) + 55 [ T, 0p)sd + [ [0
= [keurlryd + 85 [ 0200 — 55 [ [0y 200 + %5 [1hy00uhy

2L3 f ’A¢|2¢x + 22L3 IA¢V¢I v¢ + 2L3 wa¢xA¢ 2L3 f&Q VZ‘(@,/2 )2¢
(63)
Proposition 2 implies that % f |Ap|? et % [|Vy|? are bounded and (63)
leads to

J W)ﬂcl?(b + 2L3 faQ Vm( ) ¢ < K’|¢|C2

(64)
+ [ keewrlri, + 7 [ AGJ (v, 0,0) — 75 [ J (v, 15)00.0.
Since d; and dg are of the same order of magnitude, we get
i
[ I s ns < K. (65)
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It follows that equations (64) and (65) lead to
%Y., Ui
Jror 528 [ 0 (@002 < Klglenay + 2 [ w00, 00). (60
We still have to estimate the term containing the jacobian, more precisely
we get

55 [ o av) = =2 [ A0 -4 [ A0,
It follows that
6 o7 3
01 [ wnoa . 80)| < v Vol + Tiau (@)

We then multlply (47) by a test function x and we integrate

I [ a0 - [+ 5 [ ortom)
_/k.curlTX — %/V¢-VX+ %/AQQﬁX _

this gives
O [ g < 22 )Xo,

and hence 2 I
T 6
] g2 < Kﬁ(@) -

Relation (67) then implies

62 62 L L
7ol [T (e )| < K Fh (50 (50 (68)
(66) and (68) lead to
, 03 02 62 L
J 1o 5 [ (S0 < Kldlenay + Kb ()

We now impose that ¢ > 0 and ¢ = 0 in the neighborhood of {x = 0} =
{v. < 0}. We obtain [[is|’¢ < K|¢|c2(q), the result of the proposition
follows. [

Remark : One can formally calculate a corrector for this singular limit pro-
cess, see [6]. However, in the nonlinear case, the rigorous proof of the fact
that it is a corrector is certainly very technical. In the linear case, the form
of Q that we consider is essential to compute the corrector, see [5].
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