SPECTRAL ESTIMATES FOR RUELLE OPERATORS
WITH TWO PARAMETERS AND SHARP LARGE DEVIATIONS

VESSELIN PETKOV AND LUCHEZAR STOYANOV

ABSTRACT. We obtain spectral estimates for the iterations of Ruelle operator Ly (qtib)r+(c+id)g
with two complex parameters and Holder functions f, g generalizing the case Pr(f) = 0 studied in
[9]. As an application we prove a sharp large deviation theorem concerning exponentially shrinking
intervals which improves the result in [8].

1. INTRODUCTION

Let M be a C? complete Riemannian manifold, let ¢; : M — M (t € R) be a C? flow on M
and let ¢; : M — M be a C? weak mixing Axiom A flow ([5], [7]). Let A be a basic set for ¢y,
that is, A is a compact locally maximal invariant subset of M and ¢, is hyperbolic and transitive
on A.

As in [9], we will use a symbolic coding of the flow on A provided by a a fixed Markov family
{R;}¥_,. More precisely, we consider a Markov family of pseudo-rectangles R; = [U;, S;] = {[z, 9] :
r € U,y € S;} (see section 2 for more details). Denote by P : R = UY_ | R; — R the related
Poincaré map, by 7(z) > 0 the first return time function on R, and by o : U = UleUi — U
the shift map given by o = 7(¥) o P, where 7() : R — U is the projection along stable leaves.
The flow ¢; on A is naturally related to the suspension flow o] on the suspension space R (see
section 2 for details). There exists a natural semi-conjugacy projection 7(x,t) : R” — A which is
one-to-one on a residual set (see [2]). For x € R set

T(x) =71(x) +71(0(2)) + ... + T(U"_l(m)).

Given Holder continuous functions F,G : A — R, define f,g: R — R by

7(z) ()
f@ = [ Fa@oy . g@)= [ Grta.
0 0
The main object of study in this paper are the Ruelle transfer operators of the form

Lf*ST‘i’Z!]U(x) = Z ef(y)—ST(y)—i-zg(y)v(y) N PRAS C T € Ua

oy=x

depending on two complex parameters s and z. Under certain assumptions, strong spectral esti-
mates for such operators have been established in [9] and some significant applications to the study
of zeta functions depending on two complex parameters have been made. We denote by my the

equilibrium state corresponding to H in R” and by pj the equilibrium state corresponding to k in
1
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R. More precisely,

Puy (k) = hiovyu) + [ k= sup {(o.p)+ [ ki,
R UEM & R

Pr,, (H) = h(ol, mp) + Hdmpy = sup {h(ai,m) +/ Hdm}7
R meMoq., T
where h(o, i) is the metric entropy of o with respect to g and h(ot, m) is the metric entropy of the
suspended flow of with respect to m. Let P = Pr,(f).
Let ||h]|o denote the standard sup norm of h on U. For |b| > 1, and > 0, as in [4], define the

norm [|h||gp = ||h]loc + % on the space C8(U) of B-Holder functions on U.
Our first aim in this paper is to prove the following theorem.

Theorem 1. Let oy : M — M satisfy the Standing Assumptions (see Sect. 4) over the basic set
A, and let 0 < B < a. Let R = {R;}}_, be a Markov family for ¢; over A as in section 2. Then for

~

any real-valued functions f,g € C*(U) and any constants € > 0 and B > 0 there exist constants
0<p<l,ap>0,by>1and C = C(B,e) >0 such that if a,c € R satisfy |al,|c| < ag then

LT (atibyrs (criwyglas < C ™™ p™ B 1All5e (1.1)
for all h € CP(U), all integers m > 1 and all byw € R with |b| > by and |w| < Bb|.

In Theorem 5.1 in [9] the above estimate has been proved in the case P = 0 assuming |w| < B |b|”
for some constant v € (0,1). The present results is significantly stronger. See also Remark 1 below.

In the proof of Theorem 1 we will use some arguments from the proof of Theorem 5.1 in [9]
with necessary modifications.

Remark 1. Notice that in Theorem 1 above we do not assume that pressure P of f is zero, unlike
what has been done in previous papers. This contributes the term et’™ in the right-hand-side of
(1.1) which is significant especially in the case P < 0 which occurs in the applications concerning
large deviations (see Section 3). In previous papers the authors consider the case P = 0 and remark
that the general case follows from this. However a more careful argument shows that an estimate
of the form (1.1) does not follow immediately from a similar estimate® with P = 0.

1Indeed7 assume we have proved (1.1) in the case P = 0, and then deal with the general case using the standard

approach. Given a,b as in the theorem and h € Fy»(U), we have
(LF- iy h) () = D> OO 0) = (LT (py gy (77 ) (w). (1.2)
o™ (v)=u
We can now apply (1.1) in the case P = 0 replacing h by "™ b, Since 0 < ¢ < 7(u) < ¢1 for some constants
¢ and ¢, assuming e.g. P < 0 (the other case is similar), we get |7 hlloo < €™7¢||h]lo, and |77 hly <
€™ |hlg + €X' |o || h]|lco. Given u,v € U; we have (assuming e.g. ef7" (W) > ¢P7"(v))

Do (u, v) < Const e
07 -

m—1
eP‘rm(u) _ ePTm('u) S ePTm(u) ‘PTm (u) _ PTTVL(,U)‘ S |P| emPc Z
j=0

Do (u,v).

gm

Taking 0 closer to 1 and replacing ¢ by some ¢y < ¢, we get [e”™" |3 < Const €™, This implies

H@PT"" h”&,b < emPC”hHoo + (emPc |h|9 + Const emPco ||h“oo) < Const emch ||hH¢9,b.

S
1ol
Combining the latter with (1.2) gives |[L}" , i) -hllop < C p™ ™™ @ hllg, < C e™P p™ ||h||o.b. As one can see
this estimate is a bit worse than (1.1), since ¢ > ¢o > 0 (and also ¢; in the case P > 0) can be rather small constants.
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Remark 2. In the proof of Theorem 2 in Section 3 we apply Theorem 1 with b = Cw for some
constant C > 0; then |w| = %|b|. The relevant part of Theorem 5.1 in [9] assumes |w| < B[b|” for
some v € (0,1) and this is clearly not sufficient for the proof of Theorem 2 below.

Let G be a Hélder function on A such that G > 0 everywhere on A. Consider a number

0<a= / deF+£(a)G S {/ Gdmpig, t € R}v
R7T R

where £(a) is determined by the equation

dP
rgT(F—i-tG)’ a0,
dt t=¢(a)
Let 0 < p < 1 be the constant from Theorem 1, and let 0 < ap = —lo%. Fix an arbitrary
0 < ¢ < ap and consider the sequence {0, },cn, where
S5, = e 0",

Set g, = g — Ta. Then

7" (x)

i(e) = g"(@) ~ "= [ Glalt.)dt -z
0

Clearly the property

is equivalent to
g"(x) — " (x)a € (—0n, op)-

On the other hand, since cn < 7"(x) < ¢in, Vo € R,Vn € N with some constants 0 < ¢ < ¢; for

every x, the interval <—T,§—&,), T,‘E—E‘z)) is exponentially shrinking to 0 as n — co. Let u = py be the

equilibrium state of f.
Our second problem concerns the analysis of the asymptotic of
w{z : g"(z) — " (x)a € (—p,0pn)}, n — o0

and for a # || - Gdmp we obtain a large deviation result. On the other hand, as in the previous

paper [8], we examine the measure of points z € R for which the difference f_zgfcg — a stays in an

exponentially shrinking interval. Next we state two definitions from [6] and [14].

Definition 1. Two functions fi, fo are called o—independent if whenever there are constants
t1,t2 € R such that ty fi + tafa is cohomologous to a function in C(R : 2nZ) , we have t; = to = 0.

For a function G € C#(R™ : R) consider the skew product flow S& on S! x R” defined by
SE(GZWia, y) _ <6271'i(04+f(;s G(ga_sry)ds)7 O’f_ (y)> )

Definition 2. Let G € C?(R™ : R)). Then G and ob are flow independent if the following condition
is satisfied: if to,t; € R are constants such that the skew product flow SH with H = to+t,G is not
topologically ergodic, then tg = t; = 0.
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Notice that if G and ol are flow independent, the flow ol is topologically weak mixing and the
function G is not cohomologous to a constant function. This implies that the set

{ deF-i—tG; te R}
RT

has a non-empty interior and setting 3(t) = Pr,, (F + tG), one has

d*Pr,, (F +tG
/Bll(t) = Cth ) = 0-7271F+tG (G)

2
o2 (G) :Thm— / / G(or(y))dtdm — T/ de} < 00.

Moreover, 3'(£(a)) = a and &(a) is differentiable with ¢'(a) = ﬁ"(g( 57 > 0. Without loss of

generality by adding a constant, we may assume that Pr, (F') = 0. Then mp and Pr, (F + tG)
don’t change and Pr,(f — Pr,, (F)7) = 0 yields Pr,(f) = 0. Introduce the rate function

(a) =: Pry. (F 4 £(a)G) — £(a)a.

with

Then
7'(a) = F'(£(a))¢' (a) — €' (a)a — £(a) = —£(a),
and v(a) < 0 is a concave function with strict maximum 0 at a = [ - Gdmp. In the following
we assume that G and ol are flow independent, which guarantees that g(z) and 7(x) are o—
independent. Consequently, the function g, = g — a7 is not cohomologous to a function in C(R :
277), and this yields
d*Pr(f +tg,)
dt? t=¢(a)

From now on for simplicity of the notation we will write Pr instead of Pr,. Consider the rate

function

=w(a) > 0. (1.3)

J(a) =: ggﬂg{Pr(f +t(g — Ta)} = Pr(f + n(a)(g — Ta)),
where n(a) is the unique real number such that

_ dPr(f +t(g —7a)) B / /
; dt L:n(a)— A (@) gra) — @ [ TN @) )

Notice that
S Jg G, ) dtdmy yayg,

a = G(?T(x, t))de+n(a)(G’—a)

JrTdm (g, RT
dPr, (F 4+ tQ)
— [ Gn(z,1)d oG = —‘ .
e (m(,1)) ME1y(a)G dt r=n(a)
Here we have used the fact that F'+n(a)G and F +n(a)G —n(a)a have the same equilibrium state
in R”. Since w is increasing, there exists an unique £(a) such that
dPro, (F +¢(a)G)
dt -

therefore £(a) = n(a). Hence J(a) = Pr(f + &(a)(g — at)). In Section 2 we show that

Ia) = 2() [ g oyo-on, (1.4)
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This implies J(a) < 0 and J(a) = 0 if only if a = [, Gdmp and £(a) = 0. We prove the
following large deviation result.

Theorem 2. Let the assumptions of Theorem 1 be satisfied. Assume that G : A — (0,00) is a
Hélder continuous function for which there exists a Markov family R = {R;}%_, for the flow ¢; on
A such that G is constant on the stable leaves of all "rectangular bozxes”

B; = {¢i(x) :x € R;,0 <t < 71(2)},

i=1,...,k. Assume in addition that G and ot are flow independent. Let 0 < p < 1 be the constant
in Theorem 1 and let 6, = e ", 0 < § < —10%. Then

p{x : g"(z) — 7" (x)a € (—6n,0n)} ~ Le”‘](a), n — o0o. (1.5)
2rw(a)n

A similar result for the measure of points z € R for which the difference

1 (7" (=@)
— / G(n(t,z))dt — p
0

n

stays in a exponentially shrinking interval has been obtained in [8] under the conditions that G
is a Lipschitz function on A and :;;ig < up with a suitable positive constant pg. In the present

paper we improve the result in [8] assuming G only Holder. Moreover, here one examines a more

natural difference T%(x) fOTn(x) G(7(t,z))dt — a. This progress is essentially based on the spectral

estimates for the Ruelle operator with two complex parameters established in Theorem 1. A further
improvement will be the analysis of the asymptotic of

,u{x : ;/OTG(TI'(t,l‘))dt —ac€ (—eéTT,e;T)}, d >0,

as T' — +oo and this is an interesting open problem. On the other hand, the case when the interval

—E%T, #) is replaced by an interval (%, %), a < 3, has been studied in [14]. Comparing (1.5)

with Theorem 1 in [14], one observes that in the case we deal with the variable tending to 400 by
a scaling can take the form T, = n fR Tdpir g . Setting

1
= CQ(CL) ﬁ”(f(a)) LTdMT+E(a)(g—aT)7 C(a) 7é 07
one may write the leading term in (1.5) as
25710(@) eTn’y(a)
2m 3" (&(a)) T

which modulo the constant C(a) is similar to the asymptotic in [14] with T;, — oo, where the rate
function is precisely y(a).

a)(g—at)

w(a)

Remark 3. The result stated in Theorem 2 holds if we assume that G is non-lattice and g and T
are o—independent. The condition G > 0 is not a restriction since we can replace G by G+ C >0
for some large constant C > 0. Then a = fRT Gdmp + C, and the asymptotic (1.5) is independent
on the constant C'. The assumption that G is constant on stable leaves of rectangular boxes B; is
significant, however it seems difficult to remove when very sensitive asymptotics such as (1.5) are
obtained. For "standard” large deviation results, this assumption is not necessary, since one can use
Sinai’s Lemma (see e.g. Proposition 1.2 in [7]) to replace an arbitrary Hélder G by a cohomologous
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function which is constant on stable leaves. In [14] and [11], where instead of (—e™°",e™°") the
authors deal with significantly larger intervals, however still smaller than (—c/n,c/n) for a constant
¢ > 0, claims have been made that the general case of Hélder functions on two-sided shifts is easily
derived from the one for one-sided shifts. However in both papers there are no proofs of these claims.
For sharp estimates similar to (1.5), it is tempting to believe that such claims would be difficult to

Justify.
2. PRELIMINARIES

As in section 1, let ¢; : M — M be a C? Axiom A flow on a Riemannian manifold M, and
let A be a basic set for ;. The restriction of the flow on A is a hyperbolic flow [7]. For any x € M
let W2(x), W& (x) be the local stable and unstable manifolds through z, respectively (see [2], [5],
[7]). When M is compact and M itself is a basic set, ¢; is called an Anosov flow. It follows from
the hyperbolicity of A that if g > 0 is sufficiently small, there exists e; > 0 such that if z,y € A
and d(z,y) < €1, then W () and p[_¢, (Wi (y)) intersect at exactly one point [z,y] € A (cf.
[5]). That is, there exists a unique ¢ € [—eo, €o] such that ¢;([x,y]) € W (y). Setting A(x,y) = t,
defines the so called temporal distance function.

We will use the set-up and some arguments from [12] and [9]. As in these papers, fix a (pseudo)
Markov family R = {R;}%_, of pseudo-rectangles R; = [U;,Si] = {[x,y] : * € U,y € S;}. Set
R=UF | R;,U=UF_,U,. Consider the Poincaré map P : R — R, defined by P(z) = ¢,(,)(z) € R,
where 7(z) > 0 is the smallest positive time with ¢, () € R (first return time function). The
shift map o : U — U is given by 0 = 7(¥) o P, where 7(V) : R — U is the projection along stable
leaves.

The hyperbolicity of the flow on A implies the existence of constants ¢y € (0,1] and 3 > v > 1
such that

m

cwyﬂmwggdwwm%wwm)g%ﬁwbw> (2.1)

whenever o7 (u1) and o7 (uz) belong to the same U;; for all j = 0,1...,m.
Define a k x k matrix A = {A(4,7) ﬁj:l by

<ML)_{1ﬁPﬂmRﬁmmu%#&

0 otherwise.

It is possible to construct a Markov family R so that A is irreducible and aperiodic (see [2]).

Consider the suspension space R™ = {(z,t) € RxR: 0 <t < 7(z)}/ ~, where by ~ we identify
the points (z, 7(x)) and (ox,0). The corresponding suspension flow is defined by o7 (z, s) = (z, s+t)
on R™ taking into account the identification ~ . For a Hoélder continuous function f on R, the
topological pressure Pr(f) with respect to o is defined as

Pr(f) = sup {h(o,m)+ / fdm},
meMey
where M, denotes the space of all o-invariant Borel probability measures and h(o, m) is the entropy
of o with respect to m. We say that f and g are cohomologous and we denote this by f ~ g if there
exists a continuous function w such that f =g+ woo — w.
The proof of (1.4) follows from the following computation:

3(0) = P, (F+ €@)6) = Ela)a = hor.mpseiac) + [ (F+6(0)6 = E@)aldmpso
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= Mo, Mpte(a)G—¢(a)a) +/ (F' + &(a)G — &(a)a)dmpie(a)G—¢(a)a

_ Mo Byt g=an) Jr(f +&(a)(g — a7))dpsiea)g—ar)
Jr T e(a) (g-ar) Jr Tt f+ea)(g—ar)
P +é@g—ar) _ J(a)
JrTdbsic@yg-ar)  JrTABs1e(@) (g-ar)

3. PROOF OF THEOREM 2

In this section we prove Theorem 2 exploiting the spectral estimates obtained in Theorem 1.
We work under the assumptions of Theorem 2, in particular, G is constant on stable leaves of
rectangular boxes B; for a certain Markov family R = {R;}¥_,. Then the function g(x) depends
only on z € U.

We may replace f by a Holder function f depending only on x € U so that with some Holder
function z(z) we have

f(z) = f(2) + 2(0(2)) — 2(x).
Therefore for all ¢ € R we have Pr(f +t(g — ar)) = Pr(f + t(g — ar)) and pf = ji5- Below we use

again the notation f assuming that f(x) depends only on x € U.
We will examine the sequence

p(n) = /U X (g () dpt (3.1)

where x € C°(R : RY) is a fized cut-off function and

xn(t)=x(0,1) , z€R. (3.2)
Proposition 1. Under the assumptions of Theorem 2 we have the asymptotic
On,
p(n) ~ —— (/ X(t)dt) (@ n - 0. (3.3)
2rw(a)n

Proof. The Ruelle operator L ¢(4)q, has a simple eigenvalue

(a)g
Ay = ePrf+éa)ga) eJ(a)’

and so for all sufficiently small u € C the operator L (¢(a)+iu)g, 1as a simple eigenvalue ePrf+(€(a)+iu)ga)
and the rest of the spectrum of Ly (¢(a)4iu)g, 18 contained in a disk of radius 6\, with some
0 < 0 < 1. Note that
d*Pr(f + (&(a) + iu))ga)
d?u u=0

= —w(a) <0.

Clearly for the Fourier transform ¥, of xn we get Xn(u) = 6,X(0nu). Set wy(y) = e @y, (y).
Since Pr(f) = 0, the Ruelle operator L; has a simple eigenvalues 1 and the adjoint operator L}
satisfies

Lip = p,
where we denote p = iy as in Section 1.
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Using this property and applying the Fourier transform, we have

p(n)zi | ([ e duta) tatuyaa
27‘(’

/ (5 +’L’Ll,)ga( )dlu( ))wn(u)du
1

- % </ L?"F(f(a)-i-iu)ga1($)dﬂ($))d)n(lt)du

T

=52 [ ([ et 1) dio) )61 i) .

By Taylor expansion for small |u| one gets

6Pr(f+(§(a)+iu)ga) — )\a<1 _ MUQ + (’)(‘u|3))

2
We choose ¢y > 0 sufficiently small and changing the coordinates on (—eg,€p) by u = \/‘/%, we
write
5n n €1 . n ~ . nan
Bin) = 2y [ (U 02 1) 1+ O ((~id(a) + O(F0)) ) o + 8,0(30")
V2w(a)m — J—q

with €; =4/ @eo and real valued function Q(v) = O(|v|?). The analysis of the asymptotic of this
integral is given in section 4.1 in [11]. The leading term has the form

d € I AD AP
nAOAZ/ 1— an:"aAO\/>_|_5O , .
2w(a)7rX( ) 761( vy QW(CL)’]TX( ) ( ) "

Thus we deduce
nJ(a)

Ii(n) ~ 2::(a)n< / X(t)dt)e”‘](“) + 0(5”€n ) (3.4)

Next consider the integral
On, /
Ih(n)=— Ln ) d u—i
o) =50 [ e ( Esccorsan, 1)) $(on — i€(a)))

with ¢ > 1 sufficiently large. Since g, is non-lattice, for 0 < eg < |u[ < ¢ the operator L (¢(a)+iu)ga
has no eigenvalues A with |A\| = A, and the spectral radius of L, (¢(a)+iu)g, 1S Strictly less than A,.
Thus, there exists a = a(a,c), 0 < a < 1, such that for n > N(a,c) we have

HLf+ (€(a)+iu) gaH <a"Ag. (3.5)
On the other hand,
. . ecodn€(a)]
(Ol = i€(@))] < Ol > o, Wk € N, (3.6)

with ¢g > 0 depending on the support of x. Applying (3.5) and (3.6) with k& = 0, for large n we get

In(n) = (9( Bne ) )

n
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Now consider
1) = 52 [ ([ B, o) $00n e @)
We are going to use the spectralaestimates established in Theorem 1 for the Ruelle operator

L y—a(e(a)+in)r+(&(a)+iu)g = L+e(a)(g—ar)—iaurtiug:
Then |u| < ﬁ|au] and for sufficiently large [u| > £ and for every € > 0 we are in situation to apply
the spectral estimates

HL;”L—E(a)(g—aT)—iauT—l—iuglHOO
< C'Ee"Pr(f"’E(a)(g_m))p”|au|€, 0<p<laul > ¢, neN. (3.7)
Fix 0 < € <1/2 and apply the estimate (3.6) with £k = 2 and (3.7) for e. This gives

7 € n
m)] < N A ST [ ey pag (2.
Recall that we have the condition
log p

0<(5§O¢0§— 9

and one deduces the inequality
nlogp + 20n — logn <0,
which leads to .
1
—<-—-,n>1.
02 ~n

Thus, we conclude that

B = o)
Consequently,
p(n) = Ii(n) + Ir(n) + I3(n) = Q:S(GM ( / X(t)dt) end(@) (1 + 0(1/\/5)) 1 — 00

and this completes the proof of Proposition 1.

To establish Theorem 2, as in [11], [8], we approximate the characteristic function 1_; ;; of the
interval [—1, 1] by cut-off functions.

4. RUELLE OPERATORS — DEFINITIONS AND ASSUMPTIONS

Assume as in Sect. 1 that ¢; : M — M is a C? weak mixing Axiom A flow and A be a basic
set for ;. Here we work under the same assumptions as these in [9]. One of these is:

(LNIC): There exist zg € A, €9 > 0 and 0y > 0 such that for any € € (0, €], any 2 € ANW(zp) and
any tangent vector n € E*(2) to A at Z with ||n|| = 1 there exist 2 € ANWX(2), J1,72 € ANWE(2)
with g1 # §2, 0 = 6(2,91,792) > 0 and € = €' (2,71, 72) € (0,¢€| such that

| Alexpz (v), 73 (2)) — Alexps (v), 5, (2))| = 0 ||v]]
forall z € WHZ)NA and v € E%(z;€) with exp¥(v) € A and (ﬁ,nﬁ > 0y, where 1, is the parallel
translate of n along the geodesic in Wl (z0) from z to z.
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The above condition may seem complicated at a first glance, however a careful look at it shows
that it is just a rather natural non-integrability condition.
Given x € A, T'> 0 and 0 € (0, €] set

By (z,0) = {y € W' () : d(pu(z), pu(y)) <6, 0<t<T}
We will say that ¢; has a regular distortion along unstable manifolds over the basic set A if
there exists a constant ¢y > 0 with the following properties:
(a) For any 0 < ¢ < e < ¢ there exists a constant R = R(J, €¢) > 0 such that
diam(A N BY(z,€)) < Rdiam(A N By (z,0))
for any z € A and any T > 0.

(b) For any € € (0, ¢] and any p € (0,1) there exists § € (0, €] such that for any z € A and any
T > 0 we have diam(A N BY(z,0)) < p diam(A N BY(z,€)).

In this paper we work under the following Standing Assumptions:

(A) ¢, has Lipschitz local holonomy maps over A,

(B) the local non-integrability condition (LNIC) holds for ¢; on A,

(C) ¢t has a regular distortion along unstable manifolds over the basic set A.

A rather large class of examples satisfying the conditions (A) — (C) is provided by imposing
the following pinching condition:

(P): There exist constants C > 0 and 3 > « > 0 such that for every x € M we have
1
Gl < lldgi(e) - ull < €™ ul -, we E'(x) .t >0

for some constants o, By > 0 with o < ay, < B, < B and 20, — B, > « for all x € M.

We should note that (P) holds for geodesic flows on manifolds of strictly negative sectional
curvature satisfying the so called %-pinching condition. (P) always holds when dim(M) = 3.

Simplifying Assumptions: ¢; is a C? contact Anosov flow satisfying the condition (P).

By [13], the pinching condition (P) implies that ¢, has Lipschitz local holonomy maps and
regular distortion along unstable manifolds. This and Proposition 6.1 in [13] show that:
the Simplifying Assumptions imply the Standing Assumptions.

Throughout we work under the Standing Assumptions. In what follows we will use
arguments similar to those in section 4 in [9], however technically they will be more complicated,
since the numbers of parameters involved will increase. E.g. where we had functions fu:, hat, etc.,
depending on two parameters, now we have to deal with functions fuic, hate, €tc., depending on
three parameters. While some of the arguments we use here are almost the same as corresponding
arguments in [9] (and we omit them), there are others that require more significant modification
and we do them in some detail.

Let R = {R;}¥_, be a fixed Markov family for the flow ¢; on A consisting of rectangles
R; = [U;, S;] and let U = U¥_, U; (see section 2). Then (2.1) hold for some constants ¢ € (0, 1] and
v1 >0 > 1. Let U be the set of those points « € U such that P™(z) is not a boundary point of a
rectangle for any integer m. In a similar way define R.
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~

Fix a number o > 0 and two real-valued functions f and g in C*(U). Let P = Pf be
the unique real number so that Pr(f — P7) = 0, where Pr is the topological pressure with respect
to o. For any t € R with ¢ > 1, let f; be the average of f over balls in U of radius 1/t obtained
as follows: fix an arbitrary extension f € C*(V) (with the same Holder constant), where V' is an
open neighborhood of U in M, and then take the averages in question. Then f; € C°°(V') and:

(@) [Lf = filloo < |fla/t*;

(b) Lip(ft) < Const || floot ;

(c) For any 8 € (0, ) we have |f — fi|g < 2|fl|a/t*".

Let G: A — R be a fixed a-Ho6lder function which is constant on the stable leaves
of all "rectangular boxes” B; = {pi(x) :x € R;,0 <t <7(z)},i=1,...,k.

Given a large parameter t > 0, define G; as above, so that G; is again constant on the stable
leaves of all rectangular boxes B; and

(@) |G = Gilloo < [Gla/t™;

(t') Lip(Gy) < Const |Gl|oot ;

(¢) For any 3 € (0,a) we have |G — Gy¢|s < 2|G|a/t*75.

In particular, for some constant Cjy > 0 we have Lip(Gy) < Cyt.

Then define g, : R — R by

7(z)
gi(z) = /0 Gi(m(z,s)) ds. (4.1)

Clearly g, is a-Holder and constant on stable leaves, so we can regard g; as a function on U. Thus,
gt € CQ(U)

Let Ag > 0 be the largest eigenvalue of Ly, i.e. A\g = eP and let 7y be the (unique) probability
measure on U with L}09 = Ag 9. Fix a corresponding (positive) eigenfunction hy € C’Q(U ) such
that fU ho dvg = 1. Then dvg = hg diy defines a o-invariant probability measure vy on U. Setting

FO = f+Inho(u) — In ho(o(u)) — In Ao,

we have L*}m) vy = 1y, i.e. / Loy H dyy = / H dvg for any H € C(U) and Lionl=1
U U

Given real numbers a, ¢ and ¢ (with |a| + ﬁ small and ¢ € T), denote by A4 the largest

eigenvalue of L, _ 474 cq, 0N CUP(U7) and by he, the corresponding (positive) eigenfunction such that
f v hate Avate = 1, where Dgye is the unique probability measure on U with L}t_ arteg: Date = Aate Vate-
Setting dvgte = hate dVgte defines a o-invariant probability measure vqe. on U.

Given 6 € (0,1), consider the metric dy on U defined by dg(x,z) = 0 and dg(z,y) = 0™, where
m is the largest integer such that x # y belong to the same cylinder of length m. Taking 6 € (0, 1)
sufficiently close to 1 and § € (0, a) sufficiently close to 0 we have (d(x,y))* < Const dg(x,y) and
de(,y) < Const (d(x,y))? for all x,y € U. In what follows we assume that 6 and 3 satisfy these
assumptions.

By the properties of the approximations f; and g; stated above, there exists a constant Cy > 0,
depending on f and « but independent of 3, such that

I[f: — a7 +cgl = fllg < Collal + [e] + 1/t°77] (4.2)

for all |a|,|c] < 1 and ¢t > 1. Next, the analyticity of pressure and the eigenfunction projection

Pr(fi—ar+cg:)

corresponding to the mazximal eigenvalue Ay = € of the Ruelle operator Ly, _474¢g, 0N
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CB(U) (cf. e.g. Ch. 3 in [7] or Appendix 1 in [6]) that there exists a constant ag > 0 such that,
taking Cy > 0 sufficiently large, we have

1 1
Pr(fi—arteg) = PI< Co (41 + s )+ e holls < Co (lal+ kel + o5 ) (43

for |al,|c| < ap and 1/t < ag. We take Cy > 0 and ag > 0 so that
A0/Co < Aate < Co Ao,

| felloo < Cp and 1/Cy < hgte(u) < Cp for all uw € U and all |al, ||, 1/t < ay.
Given real numbers a, ¢ and ¢ with |a|, |c|, 1/t < ay consider the functions

fatc = ft —art +cgr + In hatc - ln(hatc o U) —In )\atc

and the operators Mz = Ly,,. : C(U) — C(U). One checks that Mg 1 = 1.
Taking the constant Cy > 0 sufficiently large, we may assume that

1
| fate = Flls < Co [!a\ + el + t_g} . lal,fel, 1/t < ao. (4.4)

The proof of the following lemma is given in [9] when ¢ = 0. In the case with three parameters
the proof is almost the same, so we omit it.

Lemma 1. Taking the constant ag > 0 sufficiently small, there exists a constant T" > 0 such that
for all a,t,c € R with |al,|c| < ag and t > 1/ag we have haye € CYP(U) and Lip(hase) < T't.

Consequently, assuming ag > 0 is chosen sufficiently small, there exists a constant T > 0
(depending on |f|, and ag) such that

||fatc”oo S T ) Hgt”oo S T ) Lip(hatc) S Tt ) Lip(fatc) S Tt (45)

for |al, |c|, 1/t < ap. In what follows we assume that ag, Co, T > max{ 7o, Lip(T@)} 1<y <
~ are fixed constants with (2.1) and (4.2) — (4.5).

Next, Ruelle operators of the form Ly_g 1., where s = a +1ib and z = c +iw, a,b,c,w € R,
and |al,|c| < ag for some constant ag > 0, will be studied approximating them by Ruelle operators
of the form

£abtz = Lfg‘tcfibT+th : Ca<ﬁ) - Ca(fj>
Since fate — ibT + zg¢ is Lipschitz, the operators Lgp:, preserve each of the spaces CO‘/(U ) for
0 < < 1 including the space CYP(U) of Lipschitz functions h : U — C. For such h we will

denote by Lip(h) the Lipschitz constant of h. For [b] > 1, define the norm ||| 5 on CHP(U) by

Al Lips = [I7llo + Liﬁ(‘h). Recall the norm ||A||gs = [|h]|co + % on C8(U) defined in section 1.

The main step in proving Theorem 1 is the following.

Theorem 3. Under the assumptions in Theorem 1 there exist constants 0 < p <1, ag > 0, bg > 1,
Ap >0 and C = C(B,€) > 0 such that if a,c € R satisfy |al, |c| < ag, then

1L, —ibr+ (ctiw)g: PlLipp < C 0™ [PllLip s

forall h € C’Lip(ﬁ), all integers m > 1 and all b,w,t € R with |b| > by, teAt < |b| and |w| < Bb|.
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Throughout we work under the Standing Assumptions made above and with fixed real-valued
functions f,g € C’a((? ) as in section 1, where a > 0 is a fixed number. Another fixed number
B € (0,a) will be used later.

Assuming that all rectangles R; are sufficiently small we have diam(U;) < 1 for all i. Recall the
metric D on U defined in [12): D(z,y) = min{diam(C) : z,y € C, C a cylinder contained in U;}
if z,y € U; for some i = 1,...,k, and D(z,y) = 1 otherwise. As shown in [12], d(z,y) < D(z,y)
for z,y € U for some 1, and for any cylinder C in U the characteristic function xz of Con U is
Lipschitz with respect to D and Lipp(xz) < 1/diam(C). Let C’II;lp(U) be the space of all Lipschitz

functions h : U —s C with respect to the metric D and let Lipp(h) be the Lipschitz constant of h
with respect to D.

Given A > 0, denote by KA(U) the set of all functions h € CLIP(U) such that A > 0 and
%j)(“,)' < AD(u,u) for all u,u’ € U that belong to the same Uz for some 7 = 1,...,k. For

h € K4(U) we have |Inh(u) — Inh(v)] < A D(u,v) and so e~ Puv) < hlu) < A D) for all

= h(v)
u,v € ﬁi,i: 1,... k.
Fix an arbitrary constant 4 with 1 < 4 < ~g. The following lemma is similar to Lemma
5.2 in [9], hoverer some technical details are different, so we sketch its proof in the Appendix.

Lemma 2. Assuming ag > 0 is chosen sufficiently small, there exists a constant Ag > 0 such that
for all a,c,t € R with |al|, |c| < ap and t > 1 the following hold:

(a) If H € KQ(ﬁ) for some @ > 0, then

|(Matc )( ) (Matc )( )| <A |:Q
< Ao |
(MGt H) (W) gl
forallm>1 and all u,v/ € U;, i =1,... k.
(b) If the functions h and H on U and Q@ > 0 are such that H > 0 on U and
Ih(v) — ()| < £Q H(W) D(w,0)
for any v,V € ﬁi, i=1,...,k, then for any integer m > 1 and any b,w € R with |b,|w| > 1, for

z = ¢+ 1w we have

£ () — ww<n«%Q% mm<>wmv%+WMmewQme

+ eAot t] D(u,u’)

whenever u,u' € U for some i = 1,...,k. In particular, if e% < |b| and |w| < Bl|b| for some
constant B > 0, then

m tQ
|[’abtz ( ) - abtzh(ul)’ < Al (’?m

for some constant A1 > 0, depending on B.

( %m(HﬂWMMWW0DwW-

From now on we will assume that ay and Aj are fixed with the properties in Lemma
2 above and a, b, c,w,t € R are such that |al,|c| < ag, |b],t,|w| > 1 and |w| < Bl|b|. As before,
set z = c+1id.

As in [9], we need the entire set-up and notation from section 4 in [12], so we will now recall
some of it.
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Following section 4 in [12], fix an arbitrary point zy € A and constants ¢; > 0 and 6, €
(0,1) with the properties described in (LNIC). Assume that zo € Ints(Ur), Uy € AN W (20)
and S1 C ANW¢ (20). Fix an arbitrary constant 6 such that 0 <6y <61 <1.

Next, fix an arbitrary orthonormal basis ey, .. ., e, in E%(z) and a C' parameterization 7(s) =
exp? (s), s € V, of a small neighborhood Wy of 2y in W (20) such that Vj is a convex compact

neighborhood of 0 in R" ~ span(ey,...,e,) = E%(z0). Then r(0) = 2o and a%ir(s)‘szo = ¢; for
all i = 1,...,n. Set U, = Wy N A. Shrinking W (and therefore VJ as well) if necessary, we may

assume that U} C Int, (U7) and ’<<??T:(3)7 %(3)> - (51-]-‘ is uniformly small for all 4,7 = 1,...,n and
s € V{§, so that 1(&,n) < (dr(s)- &, dr(s)-n) < 2(&n) for all £,n € E%(z) and s € V{, and

s = &l < d(r(s),r(s") < 2||s — &|| for all 5,8" € V.

Definitions ([12]): (a) For a cylinder ¢ C Uj and a unit vector { € E%(zp) we will say that
a separation by a &-plane occurs in C if there exist u,v € C with d(u,v) > %diam(C) such that

< rHv)—r~ ! (u) 5> >0
[r=t()—r=t ()] ° =7
Let S¢ be the family of all cylinders C contained in U} such that a separation by an ¢-plane

occurs in C.

(b) Given an open subset V of U} which is a finite union of open cylinders and 6 > 0, let
C1,...,Cp (p = p(8) > 1) be the family of maximal closed cylinders in V with diam(C;) < §. For

any unit vector £ € E%(zp) set Mg(é)(V) =U{C;j:C; €S, 1<5<p}.

In what follows we will construct, amongst other things, a sequence of unit vectors {1, &2, ..., €
E%(zp). For each £ = 1,....jo set Ry = {n € S" 1 : (n,&) > 6y}. For t € R and s € E%(2) set
I 9(s) = w, t #0 (increment of g in the direction of 7).

Lemma 3. ([12]) There ezist integers 1 < n; < Ny and by > 1, a sequence of unit vectors
i, M2 ---,Me, € E"(20) and a non-empty open subset Uy of Ul which is a finite union of open
cylinders of length ny such that setting U = o™ (Uy) we have:

(a) For any integer N > Ng there exist Lipschitz maps vg ), .U -—U (t=1,...,4y) such
that o (v (E)(x)) =z for all x € U and U( )(Z/{) is a finite union of open cylinders of length N
(i=1,2;0=1,2,...0).

(b) There exists a constant 6 > 0 such that for all £ = 1,... 4y, s € r~1(Up), 0 < |h| <6 and
n € Ry with s+ hn € r~Y({UyN A) we have

[ (PN @GO = TV @O GON) ] () 2

(c) We have ’UZ(Z)(U) ﬂvy/)(U) = 0 whenever (i,£) # (', ).
(d) For any open cylinder V in Uy there exists a constant 6’ = §' (V') > 0 such that

VcMP(VI)UMPDV)U...uMD(V)

N | O

for all 6 € (0,0'].

Fix Uy and U with the properties described in Lemma, 3; then &/ = U.

Set 6 = min (5 , ng = max my, and fix an arbitrary point Zy € U(ZO) NnU.
1<0< g 1<0<tq
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Fix integers 1 < n; < Np and ¢y > 1, unit vectors 11,12, ..., 1y, € E*(20) and a non-empty open
subset Uy of Wy with the properties described in Lemma 3. By the choice of Uy, o™ : Uy — U is
one-to-one and has an inverse map ¢ : Y — Up, which is Lipschitz.

Next, assume that B > 1, § € (0,a) and E > max {4A0 , BCt, 2;4701T } are fixed constants,
where Ay > 1 is the constant from Lemma 2 and C is the constant from the proof of Lemma 2 in

the Appendix. Fix an integer N > Nj such that

2007t Ag 5124 E

AN > max{ 64 , 75 0. N } . (4.6)

H codp

We will also assume now that the parameter ¢ = t(ag, N) > 1 is fixed with

1 codpy
<——<2 t< ——r. 4.7
0= %8 =200 > T =550g,m (4.7)
(Part of this condition will be needed for the proof of Theorem 1.) Clearly the above requires

1/(a=pB)

to assume that ag = ag(V) satisfies q, < t. Some other conditions on the small parameter
ap = ap(NN) > 0 will be imposed later. We will also need to choose

bo > telot,

Let the parameters b,w € R be so that |w| < Bb| and |b|, |w| > bo.

Next, fix maps vy) U — U (=1,...,4,i=1,2) with the properties (a), (b), (c) and (d)
in Lemma 3. In particular, (c) gives vy)(U) N vg,el)(U) = () for all (i,0) # (i',0).

Since Up is a finite union of open cylinders, it follows from Lemma 3(d) that there exist a
constant ¢’ = §'(Uy) > 0 such that Mf,f)(UO) U...U M,(,fg(Uo) D Uy for all § € (0,¢']. Fix ¢’ with
this property. Set

) 1 1 1 coro iy —1)
€1 = min —F , C -_— =
' 32C, " ' AE " §ppor2 T AL 16T

We will also assume that by is chosen so that Z—(l) <.

Let Cp, (1 < m < p) be the family of mazimal closed cylinders contained in Uy with diam(C,,) <

i such that Up C W Cm and Uy = UY,_,Cpy. As in [13],

p%ﬁdiam((ﬂ'm)g‘%’ C1<m<p. (4.8)

Fix an integer ¢y > 1 such that 32p%~1 < 6; — @, i.e. Oy < 6 — 32 p?~1. Next, let Dy, ... , Dy
be the list of all closed cylinders contained in Uy that are subcylinders of co-length py qo of some
Cm 1 <m<p). Then Uy =C1U...UC, =D; U...UD,. Moreover,

pPodotl. %' < diam(D;j) < p® - % , 1<ji<q
Given j =1,...,q, £ =1,...,4g and 7 = 1,2, set 'Z/)\j = 'Djﬂ/U\, Z; = U”l(ﬁj), Ej = Zjﬁ(/j,
Xi(? = UEZ)(Zj), and )A(i(? = l-(? NU. It then follows that Dj = (Z;), and U = U?Zle.
Moreover, gV =" (vz@ ()) = ¢¥(x) for all z € U, and all X l-(? are cylinders such that Xi(? ﬂXi(/z/j), =0

co pPo qo+1 €1
w1l

whenever (i,7,¢) # (i/,5,¢'), and diam(X-(f)) >

if forall:=1,2,j=1,...,q and
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¢=1,...,4. The characteristic function w(é) = XX“) U— [0,1] of X( ) belongs to C’ i ((7) and
L1pD(X( )) < 1/diam(X; x )) Set

— (N) R 1 €o Pp0q0+2 €1 1
MU_MO = min 4 9 47{\] 9 4€2TN

Let J be a subset of the set = = { (i,7,¢) : 1<i<2,1<j<gq,1<¢</{ }. Define the

¢
w=1=po Z wz(,j)'
(i,5,0)€J

function w = wy : U — [0,1] by

<T 2p0y1  [b]
— co pp0q0+2 €1’

Clearly w € C%)ip(fj) and 1 — o < w(u) < 1 for any u € U. Moreover, Lipp(w)
Next, define the contraction operator N'= Nj(a,b,t,c) : CII)‘IP(U) — Llp(ﬁ)

(Wh) = Mgi(ws - h).

Using Lemma 2 above, the proof of the following lemma is very similar to that of Lemma 5.6
n [12] and we omit it.

Lemma 4. Under the above conditions for N and p the following hold :

(a) Nh € Kgp(U U) for any h € KE|b|(U)

(b) If h € C’gip(U) and H € KE‘;,‘(U) are such that |h(v) — h(v')| < Et|b|H(v") D(v,v") for
any v,v' € Uj, j=1,...,k and |h| < H on U and, then for anyi=1,...,k and any u,u’ € U; we
have (£23,.1)(w) — (£3,.h) ()| < Bt[b] (N H)(e) D(u, ).

Definition. A subset J of = will be called dense if for any m = 1,...,p there exists (i,7,¢) € J
such that D; C C,y,.

Denote by J = J(a, b, z) the set of all dense subsets J of =.
Although the operator N here is different, the proof of the following lemma is very similar to
that of Lemma 5.8 in [12] and we omit it.

Lemma 5. Given the number N, there exist pa = p2(N) € (0,1) and ap = ag(N) > 0 such that
/ (NJH)?dv < po / H%dv
0 U

whenever |al,|c| < ag, t > 1/ag, J is dense and H € KE|b|(CAf).

Until the end of this section we will assume that h, H € CLIp(U ) are fixed functions such
that

HeKpy(U) , [hw)|<Hw) , uel, (4.9)
and
|h(u) — h(u)| < Et|b|H (v') D(u,v')  whenever u,v’ € Uy, i=1,...,k. (4.10)
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Let again z = ¢ + iw. Define the functions ng‘) U —C (=1,...,50,1=1,2) by

‘e< tle=ibrN+iwg) 01 () py (0 (1)) 4 eUitemibr™ +HiuwgM)(0? () (4,0 (u))‘

X (u) =

(1- M)efﬁc(vﬁé)(U))H(vf’) (w)) +e ﬁc(véa(U))H(U;") (u)) ’
‘6( ﬁc—ibTNngiV)(vie)(U))h(vgf) (u)) + 6(fﬁc—ibTN+iw9iV)(v§2)(U))h(véf) (u))‘

X () =
0) $ ’
eI ) (00 (1)) + (1 — o)t @) Er (D ()

and set
ve(w) = b [PV (087 () — 7N (09 ().
for all u € (7

Definitions ([12]) We will say that the cylinders D; and Dj: are adjacent if they are subcylinders of

the same C,, for some m. If D; and Dj are contained in C, for some m and for some £ =1,..., 4
there exist u € D; and v € Dy such that d(u,v) > %diam(Cm) and <% , 7]@> > 0 we

will say that D; and Dj: are n,-separable in Cp,.

As a consequence of Lemma 3(b) one gets the following whose proof is almost the same as that
of Lemma 5.9 in [12], so we omit it.

Lemma 6. Let j,j' € {1,2,...,q} be such that D;j and D; are contained in C,, and are ng-separable
in Cy, for somem=1,...,p and £ =1,..., 4y . Then |y,(u) — vy (u')| > Acaer for alluw € Z; and

A _dp
u' € Zjr, where ca = 3.

The following lemma is the analogue of Lemma 5.10 in [12] and represents the main step in
proving Theorem 1.

Lemma 7. Assume |b| > by for some sufficiently large by > 0, |al,|c| < ag, and let |w| < Blb|.
Then for any j = 1,...,q there exist i € {1,2}, j' € {1,...,¢q} and £ € {1,..., 4y} such that D;

and Dj: are adjacent and X((Zi) (u) <1 forallu € 237.

To prove this we need the following lemma which is the analogue of Lemma 14 in [4] and its
proof is very similar, so we omit it.

Lemma 8. If h and H satisfy (4.9)-(4.10), then for any j =1,...,q,i=1,2 and L =1,... 0y we
have:

(£) )1 -~
(a) 1 < % <2 for allu',u" € Z;;

(b) Either for all u € 2]- we have ]h(vy) (w)] < %H(vi(e) (u)), or |h(v§€) (u))| > %H(UZ@) (u)) for
all uw € Zj.

Sketch of proof of Lemma 7. We use a modification of the proof of Lemma 5.10 in [12].
Given j =1,...,¢,let m =1,...,p be such that D; C Cp,. Asin [12] we find j/,j" =1,...,¢
such that Dy, Dj» C Cp, and Dy and Dj» are ng-separable in C,,.
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Fix ¢, j' and 7” with the above properties, and set 7= Ejqu/UEj// If there exist t € {j,5',7"}
and 7 = 1,2 such that the first alternative in Lemma 8(b) holds for Z, ¢ and i, then p < 1/4 implies
Xéi) (u) <1 for any u € 7.

Assume that for every t € {j, 5,7} and every i = 1,2 the second alternative in Lemma 8(b)
holds for Z;, £ and 1, i.c. |h(v2@)(u))| > iH(vff)(u)), ueZ.

Since )(Z) = ﬁjuﬁj/uﬁju C Cpn, given u, v’ € Z we have gN =1 (vi(g)(u)), oN—m (vl-(g) () € Cp.

Moreover, C' = vy) (6™ (Cpn)) is a cylinder with diam(C’) < ﬁ. Now the estimate (6.2) in
€0 Yo

the Appendix below implies ’gg\/(vz(e)( )) g ( z(é)( ))| < C]:}if‘;ll‘bl Assume for example that
€0 Yo

e (7 ) (0 (u))| = o 07 (o) (/)] Then?

e 7N (o () — 208 (47 W o <>>\
min{|e=s? 1" DR (w))], o (o ><u’> Al ()]}

)
jezot (07 @) _ ezal 0@ eeal @0 @) |10 (1)) — W ()]
J|h(
(

IN

_l’_

eea? (10 (w)) eol 0 @) () (u))|
_ e M) _ gzal W) e ectol 07 @)= @7 @) Bl H (01 (u ) b® (), 0O ()
v; (), v;  (u
= ecoly (0 () (vl ()| z
C 1_{\7 v(l) u C N U(Z) u!
- |ecoi (vi (W) _ gegi” (v (W) + [etval 07 @) _ giwgl (07 @) L 4 B|p|e290NT diam(C’)

ecol (v ()
ny
< (0 + ulCit) Do (), ol () + ABBNT TG
0
(B+ Ap)y™er 4Ey™ ¢ ™

< —
B coy™ co(e2a0 o)V~ 12

assuming ag > 0 is chosen sufficiently small and N sufficiently large. So, the angle between the
complex numbers e*9i" (”Ef)(“)h(vy) (u)) and 29 (”52)(“/)h(v££) (u")) (regarded as vectors in R?) is
< /6. In particular, for each i = 1,2 we can choose a real continuous function 6;(u), u € Z , with
values in [0,7/6] and a constant \; such that

o2 (0 (u ))h(vz@(u)) — it 0:(w) gegl (0! ) |1 Z(e ()|

for all u € Z. Fix an arbitrary ug € Z and set A = ve(up). Replacing e.g Ao by Ay + 2m7 for some
integer m, we may assume that |A2 — A1 + A\| < 7. Using the above, § < 2sinf for 6 € [0, 7/6], and
some elementary geometry yields |6;(u) — 0;(u')| < 2sin |6;(u) — 0;(u)| < <.

The difference between the arguments of the complex numbers bV (01 () g2l (”y)(“)h(vg) (u))
and i7" (@57 (W) 2ol (”g)(“)h(vy) (u)) is given by the function

PO () = b7V (05 () +02(w) +Ao] — b7 (01 (1)) 461 (u) +A1] = (Ao — A1) +ye(w) + (B2 (1) — 61 (w)) -

2Using some estimates as in the proof of Lemma 2(b) in the Appendix below and ||lcgi¥|jo < aoNT by (4.5).
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Given v’ € Ej/ and u” € Zju, since ﬁj/ and ﬁju are contained in C,, and are my-separable in C,,, it
follows from Lemma 6 and the above that

PO (W) = TOW")] > o) = o(u")| = |61 = 02 ()] — [Ba(u) — O (u")] > ©

Thus, T (/) = TOW")] > Le; for all v € Z v and u” € Z . Hence either [ (v/
all u' € Zj/ or [T ()| > ffel for all " € Zju.

Assume for example that |I‘(£ ( ) > Fe forallu e Zj/. Since Z C 0™ (Cy), as in [12] we have
for any u € Z we get [To(u)| < 32 Thus 26 < IO (u)| < 3 for all u € /Z\j/. Now as in [4] (see
also [12]) one shows that X§ )( ) S 1 and XE )( ) <1 forallue 2]-/. ]

N I\D‘m
—_

| > 2¢ for

Parts (a) and (b) of the following lemma can be proved in the same way as the corresponding
parts of Lemma 5.3 in [12], while part (c) follows from Lemma 4(b).

Lemma 9. There ezist a positive integer N and constants p = p(N) € (0,1), ap = ag(N) > 0,
bp = bp(N) > 0 and E > 1 such that for every a,b,c,t > 1,w € R with |al,|c| < ag, |b] > by such
that |w| < Blb|, there exists a finite family {Ny} ey of operators
Ny = Ny(a,bt,c) : CEP(T) — CEP(D),

where J = J(a, b, t,c), with the following properties:

(a) The operators Ny preserve the cone Kgpp(U) ;

(b) For all H € Ky (U) and J € J we have / (NJH)? dvy < p /AHQ dvy.

U

(c) If h,H € C]gip((?) are such that H € Kpgyy( U), |h(u)| < H(u) for allu € U and

[(u) = h(u')| < Et|b|H () D(u, )
whenever u,u' € U; for somei=1,... k, then there exists J € J such that 1LN. h(u)| < (N H)(u)
for all u € U and for z = c+ iw we h(we
|(Lab=l) () = (Lapzh) ()| < B [b|(NFH)(u') D(u, )

whenever u,u' € U; for somei=1,... k.

Proof of Lemma 9. Set p=1— €.
Let a € R and b,w € R be such that |a| < ap and |w| < BJb|, |b], |w| > by, and let J € J(a,b).
Then (a) follows from Lemma 4(a), while (b) follows from Lemma 5.

To check (c), assume that h, H € C’Blp(ﬁ) satisfy (4.9) and (4.10). Now define the subset J of

J(a,b) in the following way. First, include in J all (1, 4,¢) € = such that X( )( ) <1 forallue Ej.
Then for any j =1,...,q and £ = 1,...,4p include (2,4,¢) in J if and only if (1,7, ¢) has not been

included in J (that is, X( )( ) > 1 for some u € Z\J) and XEQ) (u) <1 forallue Ej. It follows from
Lemma 7 that J is dense. R o
Consider the operator N = Nj(a,b) : CLIp(U) Cllslp(U). Then Lemma 4(b) implies

‘(‘Cabtz )( ) ( abtz )( )‘ <Et‘b‘(NH)(u/)D(u7ul)

whenever u,u’ € U; for some 7 = 1, ..., k. So, it remains to show that

(L3P (W) < WH)(u) , weT. (4.11)
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Let ue U. Ifu ¢ 2]- for any (i,4,¢) € J, then w(v) = 1 whenever o™¥v = u (since v € Xi(?

implies u = o™Vv € Z;). Hence

N _

(L)) = Y eVaie ¥ HiwsD O (0)| < (M (wH))(u) = (VH)(w).

oNv=u

Assume that u € Zj for some (i,j,¢) € J. We will consider the case i = 1; the case i = 2 is
similar. (Notice that by the definition of J, we cannot have both (1,7,¢) and (2,4,¢) in J.) Then

Xél)(u) < 1, and therefore

(LoD ()] < Z eate =10 +iwg ) (w) (1))
oNv=u, vz} (w),vy” (w)
[t g 0h% @) (O () 4 eUdle—ibrY +iwa )03 ) (o) (1))
< 2 S h(v)|

oNv=u, v;évy) (u),vy) (u)

4 [(1 _ M)efﬁc(vy) @) 1 (8 (w)) + efﬁc(vée)(U))H(véf)(u))] .

Since (1,4,¢) € J and (2, j,¢) ¢ J, the definition of the function w gives w(vgz) (u)) >1—p and
w(@l? (u)) = 1. This and (4.9) imply

[(Lobh) ()] < Z e ﬁc(”)w(v)H(v)

oNv=u, v#£vi (u),v2(u)
[0 ) H 0 0) + P ) H )] = VH) )
which proves (4.11). m

5. PROOFS OF THEOREMS

Proof of Theorem 3. We use an argument from [4].

Let B > 0 be a constant. Let N, g, ag, wg and E be as in Lemma 9. Given a,b, c,w,t € R with
la| < ag, |b] > by, |w| < BJb|, let {N} c) be a finite family of operators having the properties (a),
(b) and (c) in Lemma 9.

Let h € CYP(U) be such that |||, < 1. Then |h(u)| < 1 for all w € U and Lip(h) < [b].
Thus, for any u,v € Us. i =1,...,k, we have |h(u) — h(v)| < |b| d(u,v) < [b| D(u,v), so Lipp(h) <
bl. Set h(™) = £7mNh. Define the sequence of functions {H(™} recursively by H® = 1 and
HHD = N5 HO™ | where J,, € J is chosen by induction so that the conclusions of Lemma 9(c)
are satisfied with h = h(™, H = H™) and J = J,,.

Since HO) ¢ Kpgyp (U), it follows that HM™ ¢ Ky (U) for all m > 0. Moreover, for h0) =p
we clearly have |h(0)| < H©) and

1hO(w) — RO W) < [b] d(u, ") < Et|b|HO (') D(u,u')

whenever u,u’ € U; for some i = 1,...,k. Now Lemma 9(c) implies that h(m) and H™) satisfy
similar conditions for all m > 0. In particular, |h(™| < H™ on U for all m.
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Using an induction on m and property (b) in Lemma 9, we get

[(H(m>)2 dv < p [(H(m—1>)2 dv < p™.
U U

Hence

/ 1LY h)? dy = /A 1LV )2 dy = /A IR dy < /A(H<m>)2 dv < p"
U U U U

for all m > 1. This proves the theorem. ®
As in [4] and [12] we need the following lemma whose proof is the same.

Lemma 10. Let § € (0,«). There exists a constants Ay > 0 such that for all a,b,c,t,w € R with
lal, |e|, 1/]b],1/t < ag such that |w| < B|b|, and all positive integers m and all h € C8(U) we have

|h|g

“ngtzh(u) - Zztzh(u/)’ <A 'A}/mﬁ

+ [ol (Ml (o) | (d(u, u')?

for all u,u’ € U;.
We will derive Theorem 1 from Theorem 3 and Lemma 10 above.

Proof of Theorem 1. We essentially repeat the proofs of Corollaries 2 and 3 in [4] (see also the
Appendix in [9]).

Let € >0, B> 0 and 8 € (0,a). Take p € (0,1), ag > 0, by > 0, Ag > 0 and N as in Theorem
2. We will assume that p > 'y% Let a,b,c,w € R be such that |a|, |c| < ag and |b] > by. Let t > 0
be such that 1/t*# < ay. Assume that |w| < B|b| and set z = ¢ + iw.

First, as in [4] one derives from Theorem 2 and Lemma 14 (approximating functions h € C#(U)
by Lipschitz functions) that there exist constants Cs > 0 and p3 € (0, 1) such that

[Lape=hllgp < Colblps , n >0, (5.1)

for all h € CP(D).
Next, given h € CP(U), we have £, (h/hatc) =
and z = ¢+ iw, so by (4.3) and (4.4) we get
HLTth—ST-Fthh”B’b < )\Ztc”hatc thz(h/hatC)Hﬁ,b
< Const Aj (7% p3)" b |1/ hatellg,p < Const AG pif [BI |12 .5

1 . B .
N Fare Ly 57424, where again s = a + ib

where Agre < €3¢0 )\ and ,036300“0 = p4 < 1, provided ag > 0 is small enough.
We will now approximate L¢_sry .9 by L, _sr4cq, in two steps. First, the above implies

| ’ L?fSTJrcngiwgt h

?tfsﬂrzgt (e(f"—ft")-l—c(gn—g?)h) Hﬁ . <C 8,02 ’b’E

= (f”—f?)+0(g"—g?)hH .

for some constant C' > 0. Choosing C' appropriately, we have ||f — fi]lo < Cag and |f — fi|g <
C/tv8 < O, so | f* = fMllo < nllf — filo < Cnag, and similarly |f* — fI*|3 < Cnag. Similar
estimates hold for ¢g" — g*. Thus, ||e/"~/{)+eld"=9") ||y < €€ ™ ||h|o, and

|e(f”fft")+6(g"*gf)hyﬁ < eVt fiele gt |hls + ‘e(f"ff?)+6(g”fg?)|ﬁ 1h]|s0
< €O h|g 4 OO |(f7 — f7) +e(g" = gP)lp Ihlleo < C e 0 ||,
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replacing C by a larger constant where necessary. Combining this with the previous estimate gives
el Al 5 < C me® "o ], 50
C
HLf s7'+cg+1wgthHﬁyb < C)‘g PZ ‘b‘e ne” "0 HhHﬂyb

Taking ag > 0 sufficiently small, we may assume that ps e® ® < 1. Now take an arbitrary ps with
psef % < ps < 1. Then we can take the constant C7 > 0 so large that n pfj e“m% < Crpg for all
integers n > 1. This gives ||L} hllgs < C7 AG p2 bl ||h]|gp for all n > 0. Using the latter

we can write
I123-srsghllon = [ L3-orscqriuge (" 40m)| < €1 3G o oI
We have ||e“(9" =90 n||o = ||hllo, |g — g¢|s < Const/t* P < 1 (if t > 1 is sufficiently large), Slo)
|99 h| g < (|99 g [R] g + €990 g |[Allo < [hlg + [l lg" = gFlg llkllo.  (5:2)

and therefore ||e*(9"=9)p| 5, = ||t =90 h|o + |w| |e”” 9"=9i)1h|5 < 2Bn||h||gp. This yields
1L srizghllge < CsAG 5 [b]*n|[A]|g,. Choosing pg with ps < pg < 1 and taking the constant
Cy > Cs sufficiently large, we get ||L} . hllgp < Co AG pg [b]° [[R][gp for all integers n > 0. m

f—sT+cg+iwg:

w(g —9")hH

6. APPENDIX: PROOF OF LEMMA 2

(a) Let u,u’ € ﬁl for some ¢ = 1,...,k and let m > 1 be an integer. For any v € U with
o™ (v) = u, denote by v' = v/(v) the unique v’ € U in the cylinder of length m containing v such
that o™ (v') = u/. Then

o) — Flo ; Furel @ () = Fuel )| € = duad) < Crt D) (61
for some constant Cy > 0. Similarly,
l9¢" (v) — g" (V)] < Crt D(u, ). (6.2)
If D(u,u’) = diam(C’) for some cylinder C" = Cliy41, - - -, ip),then v,v'(v) € C" = Clig, i1, .. ., ip)
for some cylinder C” with ¢ (C") = C’, so D(v,v") < diam(C") < ﬁ diam(C") = Dlwu)

€0 Yo
We have

Z elatcW)Fed" (V) f () — Z elate(W)+eat™ (V) fr (o)

|(Matc )() (Matc )( )|_

Matc ( ) B Matc ( )
ST eSO (F (v) - H(1)) 3 ‘efﬂc(v)Jrcgln(v)_efﬂc(v’)JrcyZ”(v’) (v")
S oMy=uy + ocMmy=uy
Matc ( ) Matc ( )
N el ) Q H (') D(v,v)
< ocMy=u
N Mzztc ( )
) e () beg (= (£ +egi () _ 1| pfate@)+eal () By
_|_a'mv =u

Matc ( )
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By (6.1) and (6.2), |f2.(v) + cg(v)] — [f7.(V") + cgi™ (V)| < 2C1t D(u,u') < 2C1t, which implies
elfate(@)teg" W=faie(v)+eai(@)) _1] < 214201t D(u,u). A more precise estimate follows from
(4.4) and (4.5):
| fate(v) + cgi™ (v)] = [fate(v") + egi" (V)]

< 1f(w) = [N+ 1P = al [T (v) = 7™ (V)] + [(hate(v) = hate(w)) = (hate(v") — hate(u)]
+aolgy" (v) — gi" (V')

< 2m|fy = Ol + [(FO)" () = (f©)™ ()] + Const D(u,u') + 4Co + 2maollg: — gllo

< Const D(u,u’) + Comag < Cy + Com ag

for some constant Cy > 0. Assume ag > 0 is chosen so that e“2% < ~4/4. Then
‘(Matc )( ) (Matc )( )‘
M H (o)
elfaic()tegi™ ()] =[fie(v)+egi™ (V)] o fate (v)) +egi™ (v') H(')
Q D(ua ’LL/) omv=u

o coY™ Matc ( )
> 20t i) By (v))
201t o™Mv=u
+e
Matc ( )

D

< et eCﬂmOM + 2C1te* D(u,u) < A [AQ + eAOtt} D(u,u'),
coy™ ym

for some constant Ay > 0 independent of a, ¢, t, m and Q.
(b) Let m > 1 be an integer and u, u’ € U; for some i =1, ..., k. Using the notation v = v/(v)

and the constant Cy > 0 from part (a) above, where 0™v = u and ¢™v' = v/, and some of the
estimates from the proof of part (a), we get

“Cgllatz ( ) Eabtz ( )|
Z (ef{:’gc(v)Jrcg?(v)fibTm(v)+iwg{"(v) h(v) —e (V) +eg (V) —ibr™ (V) +Hiwgl™ (V') h(?}l))‘

< Z () egi? (0) =7 W)l () [ () — R())]
3 |l - O] he)
N Z ‘ —ibr™ (o) gl (0) _ =i () —iwg] ()| oS3 () +ea () o))
ocMv=u
< Y el ) — ()|
+ \e[ e (w)egp (v)] - ;'zc<v'>+cgr<v’ﬂ—1) el g O h ()|

+ 0 (Bl (o) = 7™ ()] + [l g7 (v) = gp* (v)]) efateD Tl D p(o)).

ocMy=u
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Using the constants C1,Cy > 0 from the proof of part (a) and e©2% < ~/4 we get
/
3 I @Feal ) |h(y) — h(W)| < &2 eszaoM 3 efate(V)+egi () (o)

0"

oMu=u oMu=u
Ca
et Q) ’ /
< W(Mﬁc ) (') D(u, ).
This, implies
£ hw) = L3 b < ot m H) (o) Dl ) + 2920 D, o) (M) o
‘ abtz (u) abtz (u)| = COﬁ/m( atc )(u) (u,u)+e 1 (u7u)( atc| ’)(u>

+ (Comst [b| + |w|Cy t) D(u,u’)

Thus, taking the constant Ay > 0 sufficiently large we get

tQ

[(Labe=h) (1) = (Lahezh) (u)] < Ag (W( i) (W) + (1b] + €%t + tuw])( Zic!h\)(U’)> D(u,u'),

which proves the assertion. B

[1]

2]
3]
[4]
[5]

7]

REFERENCES

R. Bowen, ”Equilibrium states and the ergodic theory of Anosov diffeomorphisms”, Lect. Notes in Maths. 470,
Springer-Verlag, Berlin, 1975.

R. Bowen, Symbolic dynamics for hyperbolic flows, Amer. J. Math. 95 (1973), 429-460.

R. Bowen and D. Ruelle, The ergodic theory of Aziom A flows, Invent. Math. 29 (1975), 181-202.

D. Dolgopyat, Decay of correlations in Anosov flows, Ann. Math. 147 (1998), 357-390.

A. Katok and B. Hasselblatt, ”Introduction to the Modern Theory of Dynamical Systems”, Cambridge Univ.
Press, Cambridge 1995.

S. Lalley, Distribution of period orbits of symbolic and Aziom A flows, Adv. Appl. Math. 8 (1987), 154-193.
W. Parry and M. Pollicott, Zeta functions and the periodic orbit structure of hyperbolic dynamics, Astérisque
187-188, (1990).

V. Petkov and L. Stoyanov, Sharp large deviations for some hyperbolic systems, Ergod. Th. & Dyn. Sys. 35 (1)
(2015), 249-273.

V. Petkov and L. Stoyanov, Ruelle transfer operators with two complex parameters and applications, Discrete
and Continuous Dynamical Systems-A, 36 (11) (2016), 6413-6451.

M. Pollicott, On the rate of mizing of Aziom A flows, Invent. Math. 81 (1985), 413-426.

M. Pollicott and R. Sharp, Large deviations, fluctuations and shrinking intervals, Comm. Math. Phys. 290
(2009), 321-324.

L. Stoyanov, Spectra of Ruelle transfer operators for Aziom A flows, Nonlinearity, 24 (2011), 1089-1120.

L. Stoyanov, Pinching conditions, linearization and regularity of Axiom A flows, Discr. Cont. Dyn. Sys. A, 33
(2013), 391-412.

S. Waddington, Large deviations for Anosov flows, Ann. Inst. H. Poincaré, Analyse non-linéaire, 13, (1996),
445-484.

UNIVERSITE DE BORDEAUX, INSTITUT DE MATHEMATIQUES DE BORDEAUX, 351, COURS DE LA LIBERATION,

33405 TALENCE, FRANCE

E-mail address: petkov@math.u-bordeaux.fr

UNIVERSITY OF WESTERN AUSTRALIA, DEPARTMENT OF MATHEMATICS AND STATISTICS, PERTH, WA 6009,

AUSTRALIA

E-mail address: luchezar.stoyanov@uwa.edu.au



