DISTRIBUTION OF PERIODS OF CLOSED TRAJECTORIES
IN EXPONENTIALLY SHRINKING INTERVALS

VESSELIN PETKOV AND LUCHEZAR STOYANOV

ABSTRACT. For hyperbolic flows over basic sets we study the asymptotic of the number of
closed trajectories v with periods T, lying in exponentially shrinking intervals (z — e 9% x4
e %), § >0, x — 400. A general result is established which concerns hyperbolic flows ad-
mitting symbolic models whose corresponding Ruelle transfer operators satisfy some spectral
estimates. This result applies to a variety of hyperbolic flows on basic sets, in particular to
geodesic flows on manifolds of constant negative curvature and to open billiard flows.

1. INTRODUCTION

The purpose of this paper is to study the asymptotic behavior of the number of closed
trajectories for hyperbolic flows ¢; in compact invariant sets. It is known that if 7(z) is
the number of closed orbits with primitive period (length) not greater than z, we have the
asymptotic

1
lim —1lo =h
Jim —logm(z) = hr,
where hr > 0 is the topological entropy of the flow ;. To get more precise results one has
to impose some conditions on the flow. Thus, if ¢; is a weak-mixing Axiom A flow restricted
to a non-trivial basic set, Parry and Pollicott proved [PP] that

ehTQT

m(x) ~ , T — +o00. (1.1)

h,TQT
This asymptotic generalizes the classical result of Margulis [M] for geodesic flows on manifolds
of negative sectional curvature.

There are a lot of works concerning the analysis of the errors terms in (1.1) for different
classes of dynamical systems as well as under different restrictions on the type of primitive
closed trajectories considered (see [PP], [PS2], [PS3], [PS4], [L2], [An] and the references
there). For example, if ¢, satisfies an approximative condition related to three primitive
periods, Pollicott and Sharp [PS3] showed that there exists n > 0 such that

hTCE

W(ZE):th<1+O<$)> , T — +00.
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On the other hand, for geodesic flows on negatively curved surfaces Pollicott and Sharp
[PS2] proved a much sharper asymptotic:

m(z) =1i (") + O(e™) , 0<c<hrp, (1.2)

where li (y) = f2y 1Oéualu. This results is based on estimates of the dynamical zeta function
derived from strong spectral estimates for the iterations of the Ruelle transfer operator [D].
Recently it was shown that (1.2) holds for more general dynamical systems for which strong
spectral estimates for Ruelle transfer operators were established (see [St2], [St3], [St5] and
Sections 7- 9 below).

The purpose of this paper is to examine the number of closed trajectories with primitive

periods lying in exponentially shrinking intervals
(x — e x4 %) (1.3)

as x — 00, where 0 < § < hy. This question is closely related to the asymptotic behavior of

sums of the form
S Gulf"(@)) s n— oo, (1.4)

where ¥,(t) (t € R) are functions with exponentially small support as n — oo, f > 0 is
the so called roof function related to a given symbolic coding of the flow, ¢ is the shift in
the corresponding symbol space, and f"(z) = f(z) + f(ox) + ... + f(6™ 'z). This type of
ergodic sums for hyperbolic flows have been studied by many authors in the case when 1, is
the characteristic function of an interval of the form 1, s, (central limit theorems), 14
OF 114pe,,24qen] With €, — 0 not very fast (see [DP], [L1], [PS5]). Moreover, in these works
one assumes that [ fdv = 0, v being a probability measure invariant with respect to o. In
what follows below we simply replace f by g = f — [ fdv.

In this paper we deal with functions of the form ¥, () = 1. tan+pen,z+antqen](t) With
p<q € = e §> 0. To obtain an asymptotic for (1.4), we apply strong spectral
estimates of the form (1.5) for the iterations of Ruelle transfer operators (see [D], [St2], [St3]
and Sects. 6-9). On the other hand, the estimate (1.2) is based on the analytic continuation
of the dynamical zeta function Z(s) for so — € < Res < s, € > 0, s¢ being the abscissa of
absolute convergence of Z(s), and this continuation is obtained exploiting again the estimates
(1.5). The second problem we deal with concerns the asymptotic of the number of primitive
closed orbits. To obtain such an asymptotic is more difficult than estimating the number
of periodic points of shifts maps in abstract symbol spaces. Clearly in this case one has to
estimate rather carefully the number of iterated periodic orbits involved in (1.4).

Strong spectral estimates of the form (1.5) are known to hold for hyperbolic flows on
basic sets under certain additional regularity assumptions concerning the stable and unstable
laminations over the basic set and under a local nonintegrability condition (LNIC) ( see Sect.
9). The latter appears to be a rather weak condition and is expected to be satisfied in most
(if not all) interesting cases. Indeed, it is already known that this condition is satisfied for
contact Anosov flows ([St3]), and for open billiard flows in R™ satisfying a certain additional
regularity assumption ([St4]). In the present paper we show that (LNIC) always holds for
arbitrary basic sets of geodesic flows on hyperbolic manifols of constant negative curvature
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(see Lemma 3 in Sect. 7 which has an independent interest since it implies (1.2)). In the
latter case the stable/unstable laminations are smooth, so no extra regularity assumptions
are necessary and the estimates (1.5) always hold.

To describe our results precisely we need to introduce some notation and definitions. Let
Ko > 2 be an integer and let A = (A(i, j))j—; be a kg x Ko aperiodic matrix of 0’s and 1’s.
Consider the one-sided symbol space

Zz = {(Z])?i[) 01 S ’éj S I{o,A(ij, ij+1) =1 for all ] Z 0 }
with the corresponding shift map o : ¥ — 7, and for 0 € (0, 1) let Fy(X%) be the space of
dp-Lispchitz complex-valued functions on X% with the norms ||+ ||, |lo and |||l = || lco+]]¢
(see Sect. 2 for details). For a real-valued g € Fy(X7) let Pr(g) be the topological pressure of

g with respect to o (see Sect. 2). Then there exists a unique P, € R such that Pr(—F, g) = 0.
Consider the Ruelle operator

(L)€ =D ePo(n) , £eXi, veC(Th).
on=¢§
When g € Fy(X}), this operator preserves the space Fy(X}) and it is bounded with respect
to each of the norms || - || and || - ||o. We will denote by ||£,||c and ||£4]|¢ the norm of the
operator £, with respect to any of these, respectively. Apart from that, given a real-valued

function f € Fy(X}) and a,u € R with u # 0, the operator L,sy); is bounded on Fy(X7¥)
with respect to the norm

Vg
lollow = [0l + % L ve FalSh).

Throughout the paper we will need the following

Definition 1. We will say that the Ruelle transfer operators related to a real-valued function
[ € Fo(X}) are weakly contracting if for every e > 0 there exist constants ag > 0, p € (0,1)
and A > 0 (possibly depending on f and €) such that

ILE pyiny llow < Ap*ful® Jul = a0, (1.5)

for all integers n > 0.
The above property is similar to the so called strong spectral estimates for Ruelle operators
related to basic sets of hyperbolic flows which we discuss in Sect. 9 below. There we also

describe the conditions under which it is known that these estimates hold.
In the following we assume that f(z) > 0 for all z € X7 and set

dy = min f(x), d; = max f(z).
zex} zeX}

Let my be the equilibrium state of —P; f. Then we have

Pr(—Ps f) = h(mo) — Py /fdmo =0,

where h(my) is the measure-theoretic entropy of mgy with respect to o.
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Assuming that f is non-lattice (see Section 2), there exists o9 > 0 such that

d?Pr(—P;f +iu f)

2

du? wzo 00
(see [PP]). Set
o= = / fdmg .
Given a constant § > 0, let
en=e°" | n=12 ... (1.6)

For p < ¢ and an integer n > 1 set
I(z,p,q;€,) = #{ € X7 : there existsm € N with ¢™(£) = ¢ and

z+na+pe, < f7(E€) < z+na+qge,t .
Our first main result in this paper is the following

Theorem 1. Assume that the real-valued function f € Fo(X%) is non-lattice and the Ruelle
transfer operators related to f are weakly contracting. Let ¢, = e™°" with 0 < § < —logp,
where 0 < p1 < p < 1 is such that (1.5) holds and 0 < p; < 1 is the constant from Lemma 2
in Sect. 3 below. Then for any 0 < z < a and any p < q we have

(¢ —p)en

\/%00\/5

H{eexh: o™E) =€, z+na+pe, < f1(E) < 24 na+ qe,} ~ eFrETY (1.7)

as n — 00, uniformly with respect to z.

Here the notation A(n) ~ B(n) as n — oo means that lim,, gg ; = 1 or equivalently

A(n) = B(n)(1+o(1)) with o(1) — 0 as n — oco. We also prove the following

Theorem 2. Under the assumptions of Theorem 1, assume that €, = e™°" with 0 < § <

(lofdp Then for any 0 < z < a, any p < q and any fived a > 0, setting r = -, we have

2r
€ (q p) \/ﬁao a +Oa( ) — (Zap7Qa 6n>

2v2 [« /
< eLr(ztna) ((] p \/_UTOL do —|— 0 , M —00. (18)

uniformly with respect to z.

The notation o0,(1) means that the term o,(1) goes to 0 as n — oo but the convergence
to 0 depends on a. As a simple consequence of the above results one obtains

Corollary 1. Under the assumptions of Theorem 2 we have

lim —log](z D, q; €,) = h(mg) — 9, (1.9)
therefore
1
lim lim —logI(z,p,q;€,) = h(myo) .

d—0n—oo N
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Remark 1. If in the left-hand-side of (1.8) we take formally L = V2n, then we would have
the same order with respect to n in the right-hand-side and in the left-hand-side of (1.8).
However, this leads to a remainder o,(1) for which we have no control as n — oo since
a depends of n. In this direction the result of Theorem 1 is sharper, since we study the
summation only over the periodic points x with c"x = x.

The above results have natural consequences for hyperbolic flows. Here we state explicitly
some of them. Given a smooth flow ¢; : M — M on a Riemannian manifold M, denote
by P the set of all primitive closed orbits of the flow, and for v € P let T, be the period
(length) of ~.

Let X = H""/T" be a hyperbolic manifold, where T' is a convex cocompact Kleinian
group of transformation in H"" and let ¢, : M = S*(X) — M be the geodesic flow
on the unit cosphere bundle of X (see Sect. 7). Fix a Markov family R = {R;}F_, for ¢,
over A consisting of rectangles R; = [U;, S;] such that the corresponding roof function 7 is
non-lattice, set U = U U; and let o : U — U be the naturally defined shift map (see
Sect. 6 for details). Let P = P, € R be such that Pr(—P 7) = 0, where Pr is the topological

pressure with respect to o, and let mq be the equilibrium state of —P 7. Set o = / Tdmy,
U

= —o2. We then prove the following
u=0

Theorem 3. There exists 0 < p < 1 such that for every 0 < 6§ < —10%, setting €, = e~
(m € N), for any 0 < z < a and any p < q we have

d?Pr(—Pr+iur)
du?

and let oy > 0 be such that

on

(¢ —p)en
\/%00\/5

as n — oo, uniformly with respect to z. Moreover, an analogue of (1.8) holds with f replaced
by 7, ¥ by U and dy = mingep 7(2), di = max,cp 7(2).

e cU: o™x)=2, z+na+pe, <7(x) < 24 na+ qe,} ~ FED (1.10)

The constant p in the above theorem is such that the estimate (6.2) holds with p and
1/v < p < 1 (see Sect. 6 for the definition of 7). Notice that for x € U with ¢"(z) = =,
T"(x) is the length of a periodic trajectory passing through x, if n is the smallest integer
for which we have 0™ (x) = z. Thus we may derive a lower bound of the number of periodic
trajectories with primitive periods lying in the interval (z +na+ pe,, z+na+qe,) asn — oo
and we deduce a more precise result applying (1.8).

A similar result holds for general hyperbolic flows over basic sets satisfying some regu-
larity conditions (see Sect. 6).

Our final result concerns open billiard flows in the exterior of several strictly convex do-
mains K1, ..., K., in RY, N > 2, satisfying some additional regularity conditions concerning
the unstable and stable laminations through the non-wandering set (see Theorem 4 below
and Sect. 8). Since this flows has a natural coding by using boundary components, in this
case we get in a natural way results similar to Theorems 1 and 2 above. Namely, let A be the
Ko X ko matrix such that A(i,j) = 1if i # j and A(i,7) = 0 otherwise. Consider the space
Y4 of double sequences with entries in {1,...,ko} (see Sect. 2). Given any § = (§;)52_

there exists a unique billiard trajectory v(§) in Q@ = RN\ (K; U... U K,,) with reflection
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points P;(§) € 0K,. Set f(§) = [[Pi(§) — Po(§)]|, and let mqy be the equilibrium state of
—P; f, where Pr(—P; f) = 0. Set o = ay = [ fdmg. As before, there exists oy > 0 such
that
d*Pr(—Psf +iu f) o
du? u=0 0
Finally, let P be the set of primitive closed billiard trajectories and let P,, C P be the set of

those primitive closed billiard trajectories v that have exactly n reflection points. Let €, be
defined by (1.6). Set

L(2,0,¢;60) = #{v € P : 2+ na+pe, <T,y < 24 na+qe,} .

Then we have the following

Theorem 4. Assume that the billiard flow ¢; over its non-wandering set A has reqular
distortion along unstable manifolds, satisfies the condition (LNIC) and the local holonomy
maps along stable laminations through A are uniformly Lipschitz (see Sect. 9 below). Then
there exists dg such that for 0 < & < dg for any 0 < z < a, and any p < q we have

Py (z+na) (q —p)En n— 00, (1‘11)

V2mny/noy
uniformly with respect to z. Moreover, for any fixed a > 0, setting r =
constants Cy > 0 and C7 > 0 such that

L(z,p,q;€n) ~ €

T

1o, there exist

Co?"
—plen———|(1 a1>
a-pe an\/wna()( + 0a(1)
<#{yeP:z+na+pe, <T, < z+na+qe,}

1
N7 C’l\/a+o(1)] , N —00. (1.12)

In particular, the asymptotic (1.11) and the estimate (1.12) always hold when @, satisfies the
pinching condition (P) over A (see Sect. 8).

ePf(Z—i-noz)(

< ePf (z+na) (q . p>€n

In fact, the condition (LNIC) (stated in Sect. 9 below) follows from the result in [St4]
assuming that the local holonomy maps along stable laminations through A are C! (not just
Lipschitz). The latter is always the case if the pinching condition (P) (stated in Sect. 8
below) is satisfied. As in Theorem 3, the constant g > 0 in the above theorem depends on
p€(0,1) and 1/v € (0,1) (see Sect. 6).

A similar result holds for other hyperbolic flows for which estimates similar to (1.5) are
satisfied (see Sect. 9).

Sect. 2 contains a few basic definitions from symbolic dynamics. Sects. 3, 4 and 5 are
the main sections in this paper — they are devoted to the proofs of Theorems 1 and 2. In
Sect. 6 we consider general flows over basic sets (satisfying certain additional conditions)
and prove analogues of Theorems 1 and 2 — see Theorem 5 there. The proof of the latter
is essentially a repetition of the arguments used in Sects. 3-5 with minor changes only.
Theorem 3 is derived as a consequence of Theorem 5 and Lemma 3 established in Sect. 7.
Theorem 5 is also used in Sect. 8, where we prove Theorem 4. In Sect. 9 we describe the
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main result in [St3] concerning strong spectral estimates for Ruelle transfer operators which
is used essentially in Sects. 6-8.

Acknowledgments. Most of this work was accomplished during our stay at the Centre Interfacultaire
Bernoulli, EPFL, Lausanne, as part of the Program ‘Spectral and Dynamical Properties of Quantum Hamil-
tonians’. Thanks are due to the organizers of this Program and to the staff of the Centre Bernoulli for their
hospitality and support. We also grateful to Richard Sharp for the information he provided to us concerning
Lemma 1 below as well as for his remarks on the previous version of the paper.

2. PRELIMINARIES

Let rg > 2 be an integer and let A = (A(4, ));%-; be a ko X Ko matrix of 0’s and 1’s which

is aperiodic, i.e. AM has strictly positive entries for some M > 1. Consider the symbolic
space
EA = {(Z]);.Ozfoo 1 S ij S Ho,A(ij,ij+1) = 1 fOI' all ] },
with the product topology and the shift map o : $4 — ¥4 given by o((i;)) = ((i})), where
it = i;11 for all j. Given 0 < 6 < 1, consider the metric dy on X4 defined by dy(§,n) = 0 if
¢ =mnand dy(&,n) = 0™ if & = n; for |i| < m and m is maximal with this property.
In a similar way one deals with the one-sided subshift of finite type
EX = {(Z])]oio 01 S Z] S Iﬂ)g,A(ij,ij+1) =1 for all j Z 0 },

/

where the shift map o : ¥ — X7 is defined in a similar way: o((i;)) = ((#})), where

i, = ij41 for all j > 0. The metric dg on X} is defined as above. Let 7 : ¥4 — X} be the
natural projection.

Let B(X}) be the space of bounded functions g : ¥} — C. Given f € B(X}) the Ruelle
transfer operator L; : B(¥}) — B(X}) is defined by

Lig©)= > ePgm) . cex}.
a(m=¢

Let Fp(X%) denote the space of dy-Lipschitz functions g : ¥} — C with the norm
1fllo = || fllos + [f]o , where
LS €) = fm)]

|f|9=sup{ e :g,nezz,@én}.

If f € Fyp(X}), then L; preserves the space Fy(X7).

Definition 2. We say the function f(z) on X7 is non-lattice if there do not exist constants
Yo and 1, a function G € B(XY) and an integer-valued function Z € B(X%,N) so that

f(x)=(Goo)(z) — G(x)+ 7 +mZ(x), Vo € TF.
Given a real-valued F' € Fp(X}) the topological pressure Pr (F) of F' is defined by

Pr(F) = sup
HEM

Y

h(w) + / Fdy
bop)
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where M, is the set of all probability measures on ¥} invariant with respect to o and h(u)
is the measure-theoretic entropy of p with respect to o (see e.g. [PP] for more details).
Notice that for small |u| we may define the pressure Pr(F + iu@G) for real-valued functions
F,G € Fy(X7) since the Ruelle operator L5 has a simple "maximal” eigenvalue (see Section
4 and Proposition 4.7 in [PP]).

3. THE CASE OF A MARKOV SHIFT

3.1. Representations of S(n). Let o : ¥ — X7 be the shift on X% and let the real-
valued function f € Fp(X}) for some 6 € (0, 1).

Assume that f is non-lattice and that the Ruelle transfer operators related to f are weakly
contracting, so that (1.5) holds. As in Sect. 1, let P = P; be such that Pr(—P f) = 0, and
let mg be the equilibrium state of —P f so that

h(mo)—P/fdmozPr(—Pf)zo.

Below we will write simply P instead of P since the function f is fixed in our considerations.
Set a = [ f dmg and consider a sequence {€, }nen, €, > 0, €, — 0 such that

en = e, (3.1)

with 0 < 6 < —10%, where p € (p1,1) is the constant that appears in (1.5) and 0 < p; < 1
is the constant from Lemma 2 below. Let y : R — RT be a C* (k > 3), function with
compact support. Set x,,(z) = x(e,'(z—2)) and g = f— [ f dmy, and note that [ gdmg = 0.

We will study the behavior of

Sm):== Y xalg"(@)

wGZZ ,ohx=x

1 [~ ™
=5 ( Z e (z))f(n(u)du,
T — 00

otr=x

where Y, (u) = e7*“¢, Y (e,u) and ¥ (u) is the Fourier transform of . Introduce the function

wn(y) = e %x,(y) with € = —P. Then

Cbn(u) = /e_iuye_fan(y)dy = )A(n(u - Zg) = ene_izue_fzf((en(u - 25))7

and

Stn) = 3 @ (g (@) = %/Z( S €(£+z‘u)g”(w)>@n(u)du

6P(z+noa)€n ) P ugn (@) e .
L L (5 )i

o=z

eP(z—i—na)en
S Sarf ]
2m lul<a a<|u|<c lu|>c
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where a > 0 will be chosen sufficiently small and ¢ > 1 sufficiently large. With this partition
we have S(n) = 11, + Ia, + I3,.

For periodic points we have the following Lemma which follows from the fact that
Pr(—Pf) = 0 and the proof of the statement (ii) of Theorem 5.5 in [PP].

Lemma 1. There exists 0 < 61 < 1 and a > 0 such that for |u| < a we have
Z 6—Pf"(:v)+iug”(x) _ enPr(—Pf+iug) + (’)(ann)
Our choice of & = —P implies that £g = —P f + P« and

n _ _Pnapn
£(€+z‘u)g =€ L

Next we have

—P f+iug -
dPr(—P f +iug)
du

=1 [ gdmg=0.
u=0
Moreover, since g is non-lattice, we deduce

d*Pr(—P f + iug)
du?

= —O’g
u=0

for some og > 0.
The representation of the sum

§ e @) e 37 (P4 )

o=z ohr=x

for Ju| > a is more complicated and we will use the so called Ruelle’s Lemma in the form
proved in [W]. Let y; be the characteristic function of the cylinder

Cl:{nezjn():@} y izl,...,lfo.
Fix an arbitrary point x; € C;. Then we have the following

Lemma 2. There ezists a constant p; € (0,1) such for ag > 0 and by > 0 and every e > 0
there ezist constant C. > 0 so that for |t| < ag, |u| > by we have the estimate

Ko
‘ S @ N en o)
=1

onr=x

n—m m _mle P
< Clul 3 (16 llo o e PHUD)  (32)
m=2

for alln € N.

This lemma was proved in [W] generalizing and completing some points of the proof of
a similar lemma in [PS2] and [N] proved for surfaces and C* regular foliations. In our case
we treat manifolds with arbitrary dimensions and (3.2) is established in [W] for functions

f € Fo(X}). Notice that in the setting of Sect. 6 we can choose p; = 1/7, where 7 is as in
(6.1).
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4. ASYMPTOTIC OF S(n)

4.1. Asymptotic for |u| < a. We start with the analysis of [; ,,. Choosing a > 0 sufficiently

gou

small and changing the coordinates on (—a,a) to v = “5» We can write

PHCFIH) = (102 Q)

where Q(v) is a real-valued function such that Q(v) = O(|v]*) (see Lemma 1.2 (3) in [PS5]
and Proposition 2.2 in [PS6]).
Modulo terms involving O(n#7), the term I ,, has the form

Z+no¢ Gn\/_

]1,n =
27r00 S

e~ (1= 4+iQ())" | X(en(u(v) + iP))dv

with b = 292 and u(v) = 2” . We have Y(e,(u(v) +i P)) = Y(0) +€,0(1+|v|) and e~z =
14+ O, (v |) The leading term of I , becomes

N . 2 n
P(zna) €0V 2X(0) / b(l _ )y = ePEne) 1 V2%(0) / I
b 0

2oy 2oy wl/?

sl

Next
b2 1
(1—w)" (1 —w)" oy VT
as n — +o0o. Here we use the formula

! n, q/2—1 N L(n+1)['(q/2)

and apply the Stirling approximation for I'(m).
On the other hand,

(1 — 0?4+ O(Jv]*))" — (1 —v*H)"| < Const ZCf(l — )"l |p|¥

j=1

and we can estimate the integral of the right-hand-side by O(+). We refer to [PS1] for the
details of this calculation. The integration of the perturbation O(nf}) yields a negligible
term and we conclude that

X (0
L, ~ eP(”"O‘)A n — +00. (4.1)

V2rog/n

Notice that x(0) = [ x(y)dy > 0.
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4.2. Asymptotic for a < |u| < c. First consider the integral

Ko
€ »
J2,n _ eP(z—l—na)Q_n/ e~ tuz Z ‘CEPf-}-ingi (wl)du
T Ja<|u|<e i—1

with ¢ > 1 sufficiently large which will be chosen below.
Notice that
Llppring =€ Llpp g
Since —Pf is non-lattice, for 0 < a < |u| < ¢ the operator £_psii,s has no eigenvalues
i, |p| =1 (see for instance [PP]) and the spectral radius of £_psi;,y is strictly less than 1.

Thus, there exist 5 = f(a,c), 0 < <1 and C,. > 0 such that we have
1L priuplle < CaeB” , a<|ul<c, VneN. (4.2)
On the other hand,

€CO|€7’L§|

X(€n(u = i) < O, , lulza,meN m<k, (4.3)

em’u|m

with ¢y > 0 depending on the support of y. Using (4.2) and (4.3) with k& = 0, for large n we
get

€
eI TG [ < Ol e e 5
2m a<|ul<b

Next to estimate the sum in the right hand side of (3.2) we choose € small and we increase
0 < B <1, if necessary so that plﬂeé = 5 < 1. Therefore,

Znﬁ Froagloloney < Coo S (H) <

and we repeat the argument for the estimation of Js,,. Finally, we get

I, = O(eP<Z+m>€—”). (4.4)

n

4.3. Asymptotic for |u| > c¢. We apply lemma 2 with ¢ = —P. In this case Pr(—Pf) =0
and we must examine

zZ+nao €n —u(z+na
]3,n = eP( + )%/WDC@ (z+ ) [Zﬁ _Ptiu sz z)

+0(lul Z 1£7 g (o167 ) | du = T + R

It follows from (1.5) that 1f ¢ is large enough we have for |u| > ¢ and every v > 0 the
estimates

L0 prinyslo
L ppiuyflloo + M < Aptul|”, Vn e N. (4.5)
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We choose > 0 and v > 0 small enough in order to arrange —§ > log 2 + 1. Then

6?1+V — 6—5(3+V)n > pnen(3+u)n'

For the sum over i = 1, ..., kg we apply (4.5) with v to estimate the ||.||c norm and for large
n we get

A [ b RGentu = i)l < A [ ulienu — i€)
|u|>c

|u|>c

<= [l - e olay =0(3)

The integral involving O, <|u| Do 1£(° P+w)f\|0(;01€€)j> is dealt in the same way. First for

e small we arrange the inequality
€

p1€

:93<1

increasing, if it is necessary, 0 < p < 1 in (4.5). Then we have

Celu Z 1CE 5 iy sllo(pre) < CeuWP“P"ZQJ < CLJul*p",

7j=2

Consequently,

z4+na €n n IS .
[Rual < P20, [ g fu (e — i€)
a0 lu|>c

< e Sl [l R (e = i) du
7.[- b

ul>c
and for large n we get

- V)n Ul o . 1

Thus, we conclude that

I3, = O(ep(z+"a)€—"> .

n
Consequently, for n — +o0o we obtain the following

Proposition 1. Let f be non-lattice and such that the Ruelle transfer operators related to
f are weakly contracting. Let €, = e, where 0 < § < —1°—§3 with 0 < p1 < p < 1 such that
(4.5) holds. Then

€n

V2nmoy

Now it is easy to pass from x € C§(R) to an indicator function 1y, 4 of the interval [p, ¢
repeating the argument in [PS5]. For completeness we give the proof. Given n > 0, choose
cut-off functions x~, x* so that x~ <1, 4 < x* and

q—p—né/x(x)de/X+($)d~’U§q—P+77-

S(n) ~ eP(erna)

/x(y)dy, n — +0o0. (4.6)
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Using (4.6), we get
vn

lim sup m

#{x € Fix(c") : z+na+pe, < f*(x) < z+ na + ge, }

n—-+oo
. Vn P20 —DP+1]
<1 _ (g™ <eF—
Slmsw e, 2 Xil0" (@) < e Toam
lim inf #{x € Fix(c") : z+na+pe, < f*(x) < z+ na + qe, }

n——too enh(mo) €n

o Vn —/on p:4d—P—1
> - > 2t - !
lrllmlnf T E Xn (9" (z)) > e Wormak

Since 1 > 0 is arbitrary, we deduce that for any z € R we have

or=x

(¢ —p)en
\/%00\/5'

Moreover, the asymptotic is uniform for z in a compact interval. This proves Theorem 1. m

#{z € Fix (6") : z+na + pe, < f(x) < 2+ na + ge, } ~ P (4.7)

To study the distribution of primitive periods we need to examine the function
szn(n) = Z 1[Z+pen,z+qen} (gn(x)) )
o r=x,n minimal
where the summation is over all points x € 37 such that n = min{m € N: ¢™x = z}. For
this purpose observe that

#{x € Fix (¢") : z+na+pe, < f*(z) < z+4+ na+ qe,}
= Smin(n) + Z 1Lt pen,z4gen] (¢""(x)) = Spin(n) + S, (n) .

oM gx=x, m minimal
n/m=keN, k>2

Any z € Fix (¢") defines a periodic n-orbit v = {o/(z) : 0 < j < n —1}. We will say
that « is primitive if n > 1 is the smallest integer with 0™ (z) = . The number 7, = f"(z)
will be called the f-period of v. Let P, be the set of all primitive periodic n-orbits.

For the f-periods of primitive periodic n-orbits v € P,, we must divide by n since ~
contains n points in Fix (¢™). Thus, by (4.7) we get an upper bound

(g —p)en
\/%0'0”\/%

To obtain a lower bound, we assume that h(mg) > § where h(mg) = Pa. Notice that

Spmin(n) > ep(””a)e—no<(q —p) — 0(1)) — S,(n), n — 4o0.

vV 2nmo

Thus it is sufficient to have an upper bound for S,(n). Consider a term in S,(n) having the

form
Gn,m = Z 1[z+pen,z+qen] (gkm ($>)

oM z=z, m minimal,

n/m=k,k>2

#{y € Py : znatpe, < T, < z4natqe,} < eFEtne) (140(1)),n — oco. (4.8)
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with some fixed divisor m € N of n. Then for o™z = x we get ¢*"(z) = kf™(z) — kma and
for large n we have

z z P " z q z
—+ma—e€, < —+ma+ =6, < f (x)§E+ma+—en§—+ma+em.

k ~— k k k k
We choose 1 > 0 so that 0 < n < h(mg) — d. Next we fix an integer ky € N such that
h
0< (;:L()) < h(mg) — 6 —n. (4.9)
0
Consider two cases: (1) 2 < k < ko, (ii) k > ko. In the case (i) we have m = 7 > &+ — o0
as n — 00. Since
1[Z+p€7uz+q€n} (gkm<aj>> S 1[%_5’m7%+6m](gm<x>) ’
we can apply (4.6) with m replaced by n and p = —1, ¢ = 1. Thus,
26 n V 2k0
Gnm < eP(z/k—i—ma)—m 1+0(1)) < epze(h(mo)—6)2— 1+o(1
V2K
< ePzelhmo)=ng—pn_ V270 (1+0(1)),
\/EOb\/ﬁ
where 0 < 2u < h(mg) — §. Summing over 2 < k < ky, we obtain
ko — 1)\/2k
> Gum < eP<z+m>ene*lmM(1 +o(1)) (4.10)
9<k<ko V@Faoyﬁa
e M

P
< Bog ko€ nafnﬁ(l +o(1)).

Passing to the case (i7), notice that for k > ko we cannot guarantee that m = n/k goes
to +00 as n — oo. For this reason we apply a crude estimate for the number of f-periods
T, of periodic rays . Namely, since f is non-lattice, we exploit the estimate for the number
of primitive periods

eth

#{T, <}~

where hr > 0 is the topological entropy of the suspended symbolic flow related to f (see
[PP]). This estimate is based on the analysis of the behavior of the following dynamical zeta

function
=1 .
7(g) = l —sf™(x)
(5) ;n >

orx=x

r — OO
th Y Y

(see for instance, [PP]). Notice that in our case the abscissa of absolute convergence of Z(s)
is exactly hy = Pa. Thus, for 0 < o <oy g6 < q we get

Pra
z n ko
#y: Ty < o+ pat gen} ng,kO%(lJro(l)) , N 00
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Summing over ko < k < n/2 and taking into account (4.9), we obtain
h(mo) 7o

k
3" G < koCugro s (14 0(1)) < AL g™ ene ™ (1 + 0(1)), n — o0. (4.11)
) Qh(mo) 'q,
ko<k<n/2

Combining (4.10) and (4.11), we deduce

Sonin (M) > ep(z+"o‘)€—n —p)—o(l)).

(n) > \/%00(@ p) —o(1))

Finally, in S,.;,(n) every periodic primitive orbit is counted n times and we obtain the
asymptotic (1.11) for 0 < ¢ < min{—"82 h(mg)}.

Remark 2. The analysis in this section follows the approach in [PS5], Section 4. However,
the argument in [PS5] exploits Lemma 4.2 there which is not proved and it seems that in that
form the lemma is not correct. Our arguments are based on Lemmas 1 and 2 above. More-
over, the investigation of the case |u| > ¢ with exponentially decreasing €, seems impossible
without using strong spectral estimates of the form (1.5).

5. ASYMPTOTIC OF S(n,m)

In this section we study the counting function of primitive periodic orbits related to
o™z = x and having f-periods in the interval [z + na + pe,, z + na + ge,], 0 < z < . Let
dy = min f(x), dy = max f(2).
er xEE
The non-lattice condition on f implies dy < d;. We assume in this section that § in (3.1)

satisfies
(log p)a
3dy
If v is a primitive periodic orbit with m points such that z +na+pe, < T, < z4+na+qe,,
then mdy < T, < md; and
no Z 4+ no + pe, z—l—na+qen<(n—|—1)a

<
d, = do =T

0<d<— (5.1)

|
+
S
S
A
A

L O(). (52

Introduce the function
Xnm(T) = X((:C —z—na+ moz)e#)
and note that Yy, . (u) = e e~ "=mte ¥(e u). Next consider the sum
Z Xnm (9™ (2))
Using the notation of the previous section: we get
S(n,m) = ;_:T /_Z <or§_:p e(£+z‘u)gm(w)> —iln-m)aug—iuz—Ezo—E-mlag e (o i€))du

We consider three zones of integration: |u| < a, a < |u| < ¢, |u|] > ¢, where a is small
enough and c is sufficiently large.
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Repeating the argument of Section 4, we must study for sufficiently small b > 0 the

integral
b LiY24 itnem)aY2 2
b= [ [ wiguyre Bty e, Y2 —igan
b

_ 00

The only difference is the presence of the oscillatory factor

—i(n—m aiv
e inmmagy, (5.3)

Notice that the leading term becomes

1O [0yt =30 [ 2eos((n - ma o)

—b o

for m satisfying (5.2). We will obtain a lower bound for number of the periods taking into
account only the f-periods of periodic orbits related to o™z = x for which

T
_ <
\n m] ~ 4aa’

For such m we get
b
/(1—1}2) cos(n—m)a—v dv>—/ (1 —vH"dv
0
1
/ (1—v?%) mdv—/(l—v)mdv}
0 b

\/\/2% (( b2)m>, m — oo.

Setting r = =, we have

@ V) - ()]

n—t<m<n+

SVl )00 T o) e
On the other hand,

Q3
Qs

> (1=b)" < C(r,a)exp(nlog(l — b?)).

r T
n—-<m<n+_

To obtain an upper bound for I, ,, note that

(ndl)e 4o
Z \/_ <T “ e V2 dg

no_1<mg (e 4y a2

<2\/7m — — ,n—>oo.
\/do \/
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The analysis of lower order terms goes without any change and we obtain

P(zj‘”‘_)enfc(o) 2r <1+(9 <L>> <Iyn (5.4)

P(z+no¢ € X 2\/% \/‘ \/‘
- dy dy

The integral over b < |v| < ¢ can be treated as in Section 4 since we have a factor €, and
m — oo. In the analysis of the integral over [v| > ¢ we must take into account that for the
operators L7, in (3.2) the estimate (1.5) gives a decay with p™~7 and not with p"~/

On the other hand, m > %2 + O(e,,) and the assumption (5.1) imply p™ < Cpai < de=m
with some n > 0. Thus the analysis in the previous section goes without change and the
integral over |v| > ¢ yields negligible terms.

To pass to an indicator function, we exploit the same argument as in the previous section
to get

2
e, (jﬁ? ; (140, <1>) <1 (55)

< Platna) ((] p)2 2n — = n — 0o

This completes the proof of Theorem 2.m

Now we pass to the analysis of the counting function

Smin (nv m) = Z 1[z+na+p6n,z+na+q6n} (fm (‘T))

o™zx=x,m minimal

As in the previous section we write Sy, (n,m) = S(n,m) — S,(n,m) and we will find an
upper bound of S,.(n,m). To do this, we will apply an argument similar to that used in
Section 4 and we sketch below the necessary modifications. Let

o®(z) = x, sminimal, m = ks, s e Nk > 2,

and letn=kt+1,t €N, 0<[<k—1. Then f(z) = kf*(z) and z + na+ pe, < f"(z) <
z + na + qe, for large n implies

Z—;la—l—ta—etgfs(x)g 2+ la

We consider two cases: (i) 2 < k < ko, (i) k > ko and we choose kg large enough in order
to have (4.9). In the case (i), for fixed m satisfying (5.2), we consider the divisors s of m

with o%(x) = x and we apply (7") with p = —1,¢ = 1, replacing n by ¢ and z by Z+l"‘ . This
l
= k

R _
order O( himo)t >§ O(e(h(mo) ‘5)§> since t < n/2. Then we repeat the argument in Section

+ta + €.

is possible since t = % — 1 — oo as n — oo. Thus we obtain an upper bound with
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4 and get a negligible term. For k > ky we apply again a crude estimate
Pia

(14 0(1))

#{7 ’y_ + Oé—i— €n}§Czqk0Pn

ko k

(n+l) (n+D)a
< do

and we exploit (4.9). Summing with over 2 < k , and then over m <
obtain an upper bound for S,(n,m) and we conclude that Sr(n,m) yields a negligible term.
Consequently, for S,;,(n,m) we deduce the same estimates as in (??). For the counting
function of the primitive periodic rays in P we must divide the upper bound of S,,;,(n, m)
by %% and the lower bound of Sy, (n, m) by (e "+1 . Thus we obtain the estimates (1.12).

we

6. GENERAL HYPERBOLIC FLOWS OVER BASIC SETS

Let ¢y : M — M be a C? Axiom A flow on a C? complete (not necessarily compact)
Riemannian manifold M. A ¢-invariant closed subset A of M is called hyperbolic if A
contains no fixed points and there exist constants C' > 0 and 0 < A < 1 such that there
exists a dp-invariant decomposition T,M = E°(z) @ E“(x) & E*(x) of T,M (x € A) into
a direct sum of non-zero linear subspaces, where E°(x) is the one-dimensional subspace
determined by the direction of the flow at z, ||dg;(u)| < CA||ul| for all u € E*(z) and
t >0, and ||dp(u)]] < CA7!||u|| for all w € E%(z) and ¢ < 0. Here || - || is the norm on T, M
determined by the Riemannian metric on M.

A non-empty compact p-invariant hyperbolic subset A of M which is not a single closed
orbit is called a basic set for v, if ¢, is transitive on A and A is locally maximal, i.e. there
exists an open neighbourhood V' of A in M such that A = Nieree(V). When M is compact
and M itself is a basic set, ¢; is called an Anosov flow.

Let A be a basic set for ;. For x € A and e > 0 sufficiently small, let

We(z) ={y € M : d(pi(x), pu(y)) < eforall £ >0, d(pi(2), 01(y)) =100 0},

W(z) ={y € M : d(pi(x),¢:(y)) < eforall t <0, d(ei(x), ¢e(y)) —t—-00 0}
be the (strong) stable and unstable manifolds of size €. Then E"(z) = T,W*(z) and E*(x) =
T, Ws(x).
Throughout this section we will assume that A is a basic set for ¢, such that the local
holonomy maps along stable laminations through A are uniformly Lipschitz (see Sect. 9
below). Following [R1], a subset R of A will be called a rectangle if it has the form

R=[U,S]={lzx,y] :x € Uye S},

where U and S are admissible subsets of W(z) N A and W?(z) N A, respectively, for some
z € A (cf. eg. [D] or Sect. 2 in [St3]). For such R, given & = [z,y] € R, we will
denote WE(E) = {[2,y] : ' € U} and W} (&) = {[z,v] : ¥ € S} C Wi(z). Denote by
Int“(U) (resp. Int®(S;)) the interior of the set U in W¥(z) N A (resp. W2(z) N A) and set
Int(R) = [Int*(U), Int*(S)]. Similarly, for £ = [z,y] € R set Int"(W4(§)) = [Int*(U), y] and
Int*(W¥sg(§)) = [z, Int*(5)].

Let R = {R;}}_, be a family of rectangles with R; = [U;, Si], U; € W¥(z) N A and
S; C W#(z) N A, respectively, for some z; € A. Set R = Uk " R; . The family R is called
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complete if there exists T' > 0 such that for every x € A, ¢;(z) € R for some t € (0,T]. The
Poincaré map P : R — R related to a complete family R is defined by P(x) = ¢-(4)(z) € R,
where 7(z) > 0 is the smallest positive time with ¢, (x) € R. The function 7 is called the
first return time associated with R. Notice that 7 is constant on each of the set W3 (),
r € R;. A complete family R = {R;}%_, of rectangles in A is called a Markov family of size
x > 0 for the flow ¢, if diam(R;) < x for all ¢ and:

(a) for any ¢ # j and any x € Int(R;) NP~ (Int(R;)) we have
P(Int*(Wg, () C Int* (W, (P(x))) ,  Pnt"(Wg,(z))) D Int* (W, (P(2))) ;
(b) for any i # j at least one of the sets R; N ¢jo(R;) and R; N @y, (R;) is empty.

The existence of a Markov family R of an arbitrarily small size y > 0 for ¢, follows from
the construction of Bowen [B] (cf. also Ratner [Ra]).

Let R = {R;}%_, be a Markov family for ¢; over A. Setting U = UF_,U;, the shift map
o : U — U is defined by o =poP, where p : R — U is the projection along the leaves
of local stable manifolds. Let R be the set of all x € R whose orbits do not have common
points with the boundary of R. Set U = U N R. It is well-known ([B]) that R is a residual
subget of R that has full measure with respect to any Gibbs measure on R. The same applies
to U in U.

Denote by C(U) the space of bounded continuous functions h : U — C with the usual
norm ||h|l = sup,y |h(z)|. Notice that 7 is continuous on U, however in general 7 could be
discontinuous on U. Next, denote by C’Lip(U) the space of Lipschitz functions v : U — C.
For such v let Lip(v) denote the Lipschitz constant of v, and for u € R, u # 0, define

Lip(v) .
[l Lipu = lVlloo + P [vllLip = [[v]leo + Lip(v) -

Remark 3. The function 7 is locally Lipschitz on R in the following sense: there exists a
constant Lip(T) > 0 such that if x,y € R; for some i and o(z),0(y) € R; for some j, then
|7(x) —7(y)| < Lip(7)d(x,y). The map P has a similar property. Moreover, it is easy to see
that for any h € CYP(U) and any s € C the operator Ly, preserves the space CYP(U).

The hyperbolicity of the flow on A implies the existence of constants c¢q € (0,1] and
v1 > v > 1 such that

o™ d(ur, us) < d(o™(uy), 0™ (us)) < Z—lod(ul, us) (6.1)
whenever o7 (u;) and ¢/ (uz) belong to the same U, for all j =0,1...,m.

From now on we will assume that A is a fixed basic set for ¢; and R = {R;}F_, is a fixed
Markov family for ¢; over A consisting of rectangles R; = [U;, S;]. Let A = (Aij)ﬁjzl be the
matrix given by A;; = 1 if P(Int(R;)) NInt(R;) # 0 and A;; = 0 otherwise. It is well-known
([BR]) that the Markov family R can be chosen so that 7 is non-lattice. From now on we
will assume that R is chosen in this way.

Given a Markov family R, one defines a natural symbol space ¥4 and a natural map

W ¥4 — Rsuch that Woo = PoW, where o : ¥4 — X 4 is the shift map. However, in
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general W is not one-to-one and this presents certain difficulties in trying to apply Theorems
1 and 2 to count numbers of periodic orbits in A. Instead of using the symbol space ¥4 and
the coding map W, here we just use the arguments from the proofs of Theorems 1 and 2 in
a slightly different setting to derive similar results.

Using the setup in Sect. 1, let P = P, € R be such that Pr(—P 1) = 0, where Pr is the

topological pressure with respect to o : U — U, and let mgy be the equilibrium state of

) ) ) _ d*P(—PT+iuTt
—P 7. Since 7 is non-lattice, there exists oy > 0 such that ( T ) = 0} .
u u=0

As in Sect. 1, set a = / Tdmyg .
U
In the present setting the analogue of Definition 1 reads the following.
Definition 3. We will say that the Ruelle transfer operators related to a real-valued function

f e CYP(U) are weakly contracting if for every e > 0 there exist constants ag > 0, p € (0,1)
and A > 0 (possibly depending on f and €) such that

“L?—Pf—&—iu)flnLip,u < Apn|u|€ ) |’LL| > ag , (62)
for all integers n > 0.
Set dy = inf,ep 7(2) and d; = sup,cy 7(z). The following theorem comprises the ana-
logues of Theorems 1 and 2 in the present setting.

Theorem 5. Assume that the Ruelle transfer operators related to T are weakly contracting.

(a) Let €, = ™™ with 0 < § < —10—53, where 0 < 1/v < p < 1 and (6.2) holds with p.
Then for any 0 < z < «a and any p < q we have

HleeU: o"(x)=x, z4+na+pe, < 7"(x) < 24+ na+qe,} ~ eP(ZJF”O‘)M (6.3)

\/%UO\/E

as n — 00, uniformly with respect to z.

(b) Let €, = e with 0 < § < —%. Then for any 0 < z < «, any p < q and any
fized a > 0, setting r = -, we have

q— p)ﬁn\/ﬁ% 2@ <1+oa(1)>> < I(z,p,q; €n)

tna 2\/271
< P (g — pe " Jron ‘/do ,/ n— oo, (6.4)

uniformly with respect to z.

(z—i—na)(

Proof. This is a repetition of the arguments in Sects. 3, 4 and 5. Here we give a very brief
sketch of these for completeness. In the present setting R plays the role of ¥4 and U that
of . Moreover, f = 7, which is constant on stable leaves of rectangles R; (i.e. f depends
on future coordinates only). In general, 7 is not continuous on U, however as mentioned in
Remark 2 above, L, preserves the space C’Lip(U ) for any s € C.
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Next, set g = 7 — / 7 dmyg, choose the function y as in Sect. 3, and define y,,, S, and

w, as in Sect. 3.1, Whlére hr = P is the topological entropy of ¢, on A and & = —hr.
Lemma 2 applies in the present setting without change, so we have the inequality (3.2), as
well with [|£_p,1iuslle replaced by [|£p,1ifllLip- The argument at the end of Sect. 3
applies without change.

Next, the analytic arguments in Sect. 4 also apply without change and for f = 7 the
argument in Sect. 5 works without any change. m

7. GEODESIC FLOWS ON MANIFOLDS OF CONSTANT NEGATIVE CURVATURE

Let X be a complete (not necessarily compact) connected Riemannian manifold of con-
stant curvature K = —1 and dimension dim(X) =n+1,n > 1, and let ¢; : M = S*(X) —
M be the geodesic flow on the unit cosphere bundle of X. According to a classical result of
Killing and Hopf, any such X is a hyperbolic manifold, i.e. X is isometric to H"*!/T", where

H"™ = {(z1,...,7541) € R 1 27 > 0}

is the upper half-space in R™™ with the Poincaré metric ds*(z) = 5 (dzi+ ... +da2,,) and
1

[ is a Kleinian group, i.e. a discrete group of isometries (Mobius transformations) of H™™!.
See e.g. [Ratc] for basic information on hyperbolic manifolds. Given a hyperbolic manifold
X = H""/T, the limit set L(T') is defined as the set of accumulation points of all T orbits
in OH"t1, the topological closure of OH"™ = {0} x R" including occ.

Throughout this section we will assume that I' is torsion-free and finitely generated (then
[ is geometrically finite) and non-elementary, i.e. L(I") is infinite (then L(I") is a closed non-
empty nowhere dense subset of JH"+! without isolated points; see e.g. Sect. 12.1 in [Ratc]).
A geometrically finite Kleinian group with no parabolic elements is called conver cocompact.
If X is compact, then I' is called a cocompact lattice.

The non-wandering set A of ¢, : M — M (also known as the convezr core of X =
H"*!/T) is the image in M of the set of all points of S*(H"™!) generating geodesics with end
points in L(I'). When I' is convex cocompact, the non-wandering set A is compact.

From now on we will assume that I' is a non-elementary convex cocompact Kleinian
group.

As in Sect. 6, let R = {R;}*_, be a fixed Markov family for ¢; over A consisting of
rectangles R; = [U;, S;] such that the corresponding roof function 7 is non-lattice. Let
P = P, € R be such that Pr(—P 7) = 0, where Pr is the topological pressure with respect to

o :U — U, and let mq be the equilibrium state of —P 7. Set o = / T dmg, and let g > 0
U

2 _ .
be such that dPr(dP%"T) = —od.

Lemma 3. The Ruelle transfer operators related to T are weakly contracting.

Now Theorem 3 follows from Lemma 3 and the arguments in Sect. 3-5 as we have
obtained Theorem 5 in the previous section.
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Proof of Lemma 3. We will use an argument from [St5]. Let p : H*™! — X = H*""!/T
and p : S*(H"") — M = S*(X) be the natural projections. Consider the geodesic flow
¢ S*(H) — S*(H") on H™™!. Recall that the geodesics in H"*! are either straight
lines perpendicular to OH"™ = {x € R"™! : z; = 0} or semi-circles with centers in OH"*!
whose planes are perpendicular to OH"**.

It is known that the non-wandering set A C M of ¢, has the form A = p(A), where A is
the set of those x € S*(H"™!) such that both lim; .., ¢:(z) and lim;_, ., ¢;(z) belong to the
limit set L(T") of the group I". The assumptions made above imply that L(I") is a non-empty
[-invariant closed subset of JH"™! without isolated points (see Ch. 12 in [Ratc]).

A horosphere in H"! is either an n-sphere in H*! tangent to OH"™!, or an n-plane in
H"+! parallel to OH"*!. Let S be a horosphere and x € SNH"*!. If S is an n-sphere, denote
by vs(z) the outward normal to S at x with ||vg(z)|| = 1/z1, while if S is an n-plane, set
vs(z) = —xil e; = = (—1,0,...,0). The stable and unstable manifolds for z = (z,vs(z)) in

1

S*(H™1!) are given by
W) ={(y,—vs(y)) ry € SNH"™} . Wh(z) ={(y,vs(y) 1y € SNH"},

so obviously the local stable and unstable foliations are smooth. The projections of the latter
via p give the local stable and unstable foliations in M.

It is also straightforward to check that ¢, has uniform distortion along unstable manifolds
over A.

To check this it is again enough to work on the universal cover H"™!. Let z = (2,() €
S*(H™1) and t > 0. Since the isometry group of H"™! is both point and direction transitive,
we may assume that z = (1,0,...,0) and ( = —e;. Then

W @) ={(y.—e1) yp =1}, We(2) ={(w,—e"er) rwn =1—e"'}.

Obviously, for any smooth curve v in W*(2) of length ¢,, the length of ¢;(7) is exactly e’ -£.,.

Thus, for any Z,5 € W*(2) \ {2} we have Zgg = Zﬁiﬁgigﬁigi Since p is a local isometry
conjugating the geodesic flows ¢, and ¢;, it follows that ¢; has uniform distortion along
unstable manifolds over A.

It remains to check the condition (LNIC) of Sect. 9 below. Again we will work on the
universal cover H" !,

Let 6y > 0 and assume ¢, € (0,1). Fix an arbitrary z
0)

() ¢ A. Replacing the group

(0)

I' by a conjugate of its, we may assume that z(©) = (z(*), —¢;), where 2}” = 1 and e; =

(1,0,...,0) € H*™'. Then W/ (2?) is a subset of
W ={(z,—e;) € S*(H"™) : 2y =1},
and E"(2(?) can be naturally identified with OH"*! = {0} x R™.

In what follows for any = = (z1,...,2,11) € H"™ we denote 2/ = (0,22,...,2Z,11) €
aHn-i-l‘
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Consider an arbitrary 2 = (2, —e;) € ANW close to 29 and let b € dH"t! be a direction
of A-density at 2, ||b|| = 1. Setting

1
e = min{e/2,00/14} < 3 (7.1)

the above implies the existence of (, —e;) € ANW \ {z} such that

_b‘

=2l < e H
3

Similarly, there exists Z = (Z, —e;) € AN W \ {2} such that

~ A

T—z

— |
and 7’ is a fixed point of a hyperbolic (loxodromic) element g of I' (see e.g. Sect. 12.1 in
[Ratc]). Fix ¢ and Z = (%, —e;) with the above properties. We then have

12— 2| <ellg =2, —b|| <ellg -2z,

A
19 — ]

Next, changing the coordinate system in H"*! if necessary we will assume that 7 =
(1,0,...,0). Then g has the form g = kA for some k > 0, k # 1, and an orthogonal
transformation A in OH"*!. Replacing ¢ by §~! if necessary, we will assume that & > 1.
Considering the minimal A-invariant linear subspace of JH"*! = R" containing b, one derives
that there exists an infinite sequence 1 < m; < my < ... < m, < ... of integers such that
A"™b — b as p — oo. Choose p sufficiently large so that ||A™*b — b|| < € and set m = m,,
and ¢ = §™(y'). Since ¢’ € L(I") and L(I") is [-invariant, we have ¢ € L(I"). We will assume
m = m,, is chosen so large that

< 3€. (7.2)

lall = &™(|g]| > 1.
With this choice of ¢ we have

lla/llqll = bl < 4e . (7.3)
Indeed, using the choice of m and (7.2) it follows that
la/llgll = bll < [[A™ /1]l = A™bll + [|A™b = bl < |’/ 115l — bll + € < de,

which proves (7.3). Fix m and ¢ with the above properties.

Next, denote by S the horosphere in H™ ! of radius 1/2 at 0 and by Sy the horosphere
at ¢ externally tangent to S. Then # € S and W?  (Z) coincides with (a certain part of) the
inward unit (with respect to the Poincaré metrlc) normal field to S. Let R be the radius
of Sy and u be the tangent point of S and Sy. Then § = (u,&) € W (%) for some vector
¢ (assuming that [|g||, and therefore R is chosen sufficiently large), and W' () coincides
locally with the outward unit normal field to So. Notice that lim;_.oc ¢;(j) = 0 € L(I') and
limy oo ¢(§) = ¢ € L(T), so the definition of A implies § € A.

Set € = € and consider an arbitrary z = (z, —e;) € W¥(Z); then ||2'|| < €. Let a € JH"!
and h € R be such that |ja]| = 1, (a,b) > 6y and |h| < e. We will now show that (9.1)
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(see Sect. 9 below) holds with ¢ = ﬁqﬁ, th =g and go = Z. (Then A(exp¥(v),my(2)) =
A(exp(v), mz(2)) = 0.)

Let S be the horosphere of radius 1/2 at 2’ ; then locally W (z) coincides with the inward
unit normal field to S (see Figure 1). So, for 0 = my(2) = [2,7] = W2 (2) N P—e.q(WE(7))
we have o = (v,7) for some v € S and ¢, (o) € W2 (7). Thus, if S; is the horosphere at
x’ tangent to Sy (necessarily at the foot point of ¢y (o)) and 7 is the radius of Sp, then
t; = In(2r1). On the other hand, by elementary geometry, (R—I— r)? = |l¢g—2'|*+(R—r1)*,
so 1 = |¢ — 2'||/(4R) and therefore A(z,§) = t; = In 12210 ”

In the same way for w = exp,(ha) = (z + ha, —e;) one obtains Aw, ) =
Therefore

n Il ||2
1 q— 332 ha
||q - — h(l”

t = Aexp, (ha), m5(2)) = Aw, m5(2)) = A(w,§) — A(z,7) = In i =P

Using the fact that |In(1 + )| > |z|/2 for |z| < 1, one gets

5 2h — h2 h — h
T R Sy S
lg— 2| \llg — 2| g — /| 2|lg — /|| llg — /| g — /|
Now (7.3) implies
.y ¢ || < 4 (Edl
; €+ —, —|—2 66
Im—xH |m—xH Ilqll llq|

and using (a, b) > 0y we get

_ _
2<JL;%ﬂa>:2@¢o+2<ll¥?-—aa>22%—1%
llg — 2| lg — ']

Moreover, |lg —2'|| > 1 —¢ > 1/2, so |h|/|/¢ — 2'|| < 2¢ which combined with the above,
la— 'l < llgll + € < 2llall and (7.1) gives

h

|h| = d1h|
=~ gl

HH
for all h with |h| <.
This proves that (LNIC) is fulfilled, thus completing the proof of Lemma 3.

8. OPEN BILLIARD FLOWS

In this section we prove Theorem 4. Let K be a subset of RY (N > 2) of the form
K=K UK,U...UK,, where K; are compact strictly convex disjoint domains in R" with
C" (r > 3) boundaries I'; = OK; and ko > 3. Set Q@ = RV \ K. Throughout this section we
assume that K satisfies the following (no-eclipse) condition:

(H)

for every pair K;, K; of different connected components of K the convex hull
of K; U K; has no common points with any other connected component of K.
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With this condition, the billiard flow ¢; defined on the cosphere bundle S*(€2) in the standard
way is called an open billiard flow. It has singularities, however its restriction to the non-
wandering set A has only simple discontinuities at reflection points. Moreover, A is compact,
¢ is hyperbolic and transitive on A, and it follows from [St1] that ¢, is non-lattice and
therefore by a result of Bowen [B], it is topologically weak-mixing on A.

Denote by A the kX ko matrix with entries A(7, j) = 1ifi # j and A(7,7) = 0 for all 4, and
define ¥4 and X7 as in Sect. 1. Given £ € ¥4, let ..., P_5(£), P_1(€), Po(€), Pi(€), P2(€), . ..
be the successive reflection points of the unique billiard trajectory in the exterior of K
such that P;(§) € K¢, for all j € Z. Set f(£) = ||Fo(§) — Pi(§)]| , and define the map
O34 — Ao = AN SH(Q) by

®(§) = (Ro(8), (&) — Fo(€))/1P1(&) — Fo(E)]]) -

Then ¢ is a bijection such that ® o0 = B o ®, where B : Agx — Ay is the billiard ball
map. Choosing appropriately 6 € (0,1), we have f € Fy2(X4) (see e.g. [I]).

By Sinai’s Lemma (see e.g. [PP]), there exists a function fe Fo(X 4) depending on future
coordinates only and s € Fy(X4) such that f(f) = F(&) + xs(€) — xs(a€) for all € € By
As in the proof of Sinai’s Lemma, for any k =1,..., ko choose and fix an arbitrary sequence
n® = (.. on® " Y e o= with P = k Then for any € € 34 (or & € I7) set

e€) = (...n%0 . ) g — g e 6, ) ETA

Then we have

xs(€) =Y _[F(0"(€) = fla"e(€))].
n=0

As before, let P = P; € R be such that Pr(—P f) = 0 (then Pr(—P f) = 0 as well), let mj
be the equilibrium state of —Ps f,and let o = sz fdmy.

Next, let R = {R;}*_, be a Markov family of rectangles with R; = [U;, S|, U; € W¥(z;)N
A and S; C W2 (z)NA, respectively, for some z; € A (see Sect. 6 above). Taking y sufficiently
small, we may assume that each rectangle R; is ‘between two boundary components’ I',, and
Iy, of K, that is for any x € R;, the first backward reflection point of the billiard trajectory
7 determined by x belongs to I',,,, while the first forward reflection point of v belongs to I',.
Moreover, using the fact that the intersection of A with each cross-section to the flow ¢, is
a Cantor set, we may assume that the Markov family R is chosen in such a way that, apart
from the standard properties (a) and (b) in Sect. 6, it also satisfies the following:

(c) for any i = 1,..., k we have O\U; = 0.

Finally, partitioning every R; into finitely many smaller rectangles, cutting R; along some
unstable leaves, and removing some rectangles from the family formed in this way, we may
assume that

(d) for every x € R the billiard trajectory of = from z to P(x) makes exactly one
reflection.
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From now on we will assume that R = {R;}F_; is a fixed Markov family for ¢; of size
X < €o/2 satisfying the conditions (a), (b) from Sect. 6 and the above conditions (c) and
(d). Define U = U¥_U; and 0 : U — U as in Sect. 6. As in Sect. 6, we will assume that
‘R is chosen so that 7 is non-lattice.

Under the conditions in Theorem 4 it follows from Theorem 6 in Sect. 9 below that the
Ruelle transfer operators related to 7 are weakly contracting. This allows to apply Theorem
6. One particular case when these conditions are satisfied concerns the following pinching
condition:

(P): There ezist constants C > 0 and o > 0 such that for every v € A we have
1
el < lda(e) -ull S Ce ull L we BY(w) t>0,

for some constants o, B, > 0 depending on x but independent of u with o < o, < 3, and
20, — (B, > « for all x € A.

Notice that when N = 2 this condition is always satisfied. For N > 3, (P) follows from
certain estimates on the eccentricity of the connected components K; of K — see [St4] for a
more precise result. It turns out that for n > 3 the condition (P) is always satisfied when the
minimal distance between distinct connected components of K is relatively large compared
to the maximal sectional curvature of 0K. According to general regularity results ([H]), (P)
implies that W¥(x) and W*(z) are C**0 in 2 € A for some § > 0. This and the main result
in [St4] imply the following

Proposition 2. Assume that the billiard flow ¢, satisfies the pinching condition (P) on A.
Then the Ruelle transfer operators related to f are weakly contracting.

Proof of Theorem 4. Assume that the conditions of Theorem 4 are satisfied. Then, as
mentioned above, 7 is non-lattice and the Ruelle transfer operators related to 7 are weakly
contracting, so we can apply Theorem 5 from Sect. 6.

Let A be the matrix defined in Sect. 6 using the Markov family R. As in Sect. 2 in [PeS]
one defines a natural bijection S : ¥} — ¥} which commutes with the shifts. Apart from
that there is a natural map W : U — X7 such that c oW = Woo. Let P, € R be such
that Pr(—P,7) = 0. It is easy to see that P, = P;. Indeed, first notice that the map W
is continuous (and therefore a homeomorphism) when U is considered with the Riemannian
metric and ¥ with the metric dy, so Pr(—P, 7o W™') = 0 (see e.g. Theorem 9.8 in [Wal]).
Next, for 7 = 7 o W™ it follows from (3.4) in Sect.3 in [PeS] that there exists a continuous
function g : ©% — R such that r = foS+ poo — p. Thus, Pr(ar) = Pr(a f) for any a € R
(see e.g. [PP]), so in particular, Pr(—P; f) = 0, and therefore P, = Ps. In a similar way we
see that if my is the equilibrium state of —FP, 7 on U, then a = fEX fdmg = Jo T dmy.

It remains to notice that if 0™(z) = x for some = € U, and if n is the smallest integer
with this property, then x generates a periodic billiard orbit v with n reflection points and
T, = 7(x). Every periodic billiard orbit with n reflection points is obtained in this way,
and we get the same orbit from n different x. With this remark, using Theorem 5 from Sect.
6, we get the estimates (1.11) and (1.12). m
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9. SPECTRAL ESTIMATES FOR RUELLE TRANSFER OPERATORS

Let again ¢, : M — M be a C? Axiom A flow and A be a basic set for ¢,. For any
x €N, T >0andd € (0,¢ set

Br(x,0) = {y € W(x) : d(pu(x), 1(y)) <6, 0 <t <T}.

We will say that o; has a reqular distortion along unstable manifolds over the basic set
A if there exists a constant ¢y > 0 with the following properties:

(a) For any 0 < § < € < ¢ there exists a constant R = R(J,€) > 0 such that
diam(A N Bf(z,¢€)) < Rdiam(A N Bj(z,0))
for any z € A and any T > 0.

(b) For any € € (0,¢] and any p € (0,1) there exists 6 € (0,¢] such that for any z € A
and any 7" > 0 we have diam(A N B¥(z,0)) < p diam(A N B¥%(z,¢)) .

Part (a) of the above condition resembles the Second Volume Lemma of Bowen and
Ruelle [BR] about balls in Bowen’s metric; this time however we deal with diameters instead
of volumes. Sect. 8 in [St3] describes a rather general class of flows on basic sets satisfying
this condition. In fact, there are reasons to believe that this may actually hold for all C?
flows on basic sets — see the comments in Sect. 1 in [St3].

In the special case when the flow satisfies the pinching condition (P) over A (see Sect.
8, where it is stated for open billiard flows; for general flows on basic sets it is similar), it
follows from Theorem 7.1 in [St3] that ¢; has a regular distortion along unstable manifolds
over A. As we mentioned in Sect. 8 above, when the local unstable manifolds are one-
dimensional (P) is always satisfied. For open billiards (see Sect. 8 again) the condition (P)
is always satisfied when the minimal distance between distinct connected components of K
is relatively large compared to the maximal sectional curvature of K. An analogue of the
latter for manifolds M of strictly negative curvature would be to require that the sectional
curvature is between — Ky and —a Ky for some constants Ky > 0 and a € (0,1). It follows
from the arguments in [HP] that when a = 1/4 the geodesic flow on M satisfies the pinching
condition (P).

In what follows we deal with flows ¢; over basic sets A having a regular distortion
along unstable manifolds. Apart from that, we impose an additional local non-integrability
condition (LNIC) which we state below.

It follows from the hyperbolicity of A that if ¢, > 0 is sufficiently small, there exists
€1 > 0 such that if 7,y € A and d(z,y) < €1, then W (z) and ¢[_q,,,) (W2 (y)) intersect at
exactly one point [z,y] € A (cf. [KH]). That is, there exists a unique ¢t € [—¢p, o] such that
o[z, y]) € We(y). Setting A(z,y) = t, defines the so called temporal distance function. For
r,y € Awith d(z,y) < e, define my(2) = [2,y] = WZ(2) N @|_cp.) (W2(y)) . Thus, for a fixed
yEAN T W — 0_q.e)(We(y)) is the projection along local stable manifolds defined on
a small open neighborhood W of y in A.

Given z € A, let exp? : E%(z;¢9) — Wl (z) be the corresponding exponential map.

€

A vector b € E"(z) \ {0} will be called tangent to A at z if there exist infinite sequences
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{v™} C E%(2) and {t,,} € R\ {0} such that exp¥(t,, v'™) € ANW¥(z) for all m, v™ — b
and t,, — 0 as m — oo. It is easy to see that a vector b € E*(z) \ {0} is tangent to A at z if
there exists a C! curve z(t) (0 <t < a) in W*(z) for some a > 0 with z(0) = z and 2(0) = b
such that z(t) € A for arbitrarily small ¢ > 0.

The following is the local non-integrability condition for ¢, and A mentioned above.

(LNIC): There exist zyg € A, ¢¢ > 0 and 60y > 0 such that for any € € (0,¢), any 2 €
ANWY(2o) and any tangent vectorn € E*(2) to A at zZ with ||n|| = 1 there exist 2 € ANWX(Z2),
01,02 € ANNWE(Z) with 1 # U2, 6 = 0(2,91,72) > 0 and € = €(Z,71,72) € (0, €] such that

|A(exp(v), 5, (2)) — Alexp(v), m3,(2))] = 6 |[v] (9.1)

for all z € WHZ)NA and v € E¥(z;€') with exp¥(v) € A and (”Z—”,nz> > 0y, where n, is the
parallel translate of n along the geodesic in W (z) from 2 to z.

One would expect that (LNIC) is satisfied in most interesting cases. For example, it was
shown in [St4] that open billiard flows (in any dimension) with C! (un)stable laminations
over the non-wandering set A always satisfy (LNIC).

If p; is a C? contact flow on M, i.e. there exists a C? invariant one-form w such that
w A (dw)™ is a volume form on M, where dim(M) = 2n + 1, then the following condition
(ND) implies (LNIC) (see Proposition 6.1 in [St3]).

(ND): There ezist zo € A, € > 0 and po > 0 such that for any € € (0, €], any Z2 € ANW(z)
and any unit vector n € E*(2) tangent to A at Z there exist Z € ANWX(2), g € W2(2) and
a unit vector £ € E*(§) tangent to A at § with |dws(&z,mz)| > wo, where nz is the parallel
translate of n along the geodesic in W*(Z) from Z to Z, while &; is the parallel translate of §
along the geodesic in W?(Z) from g to Z.

Remark. It appears the above condition would become significantly more restrictive if one
requires the existence of a unit vector £ € E*(Z) tangent to A at Z with |dw;(&,nz)| > po-
The reason for this is that in general the set of unit tangent vectors to A does not have to be
closed in the bundle E5. That is, there may exist a point Z € A, a sequence {z,,} C W?(Z)NA
and for each m a unit vector &, tangent to A at z,, such that z,, — z and §,, — £ as m — oo,
however ¢ is not tangent to A at Z. A similar comment can be made about (LNIC), where
requiring ¢» = Z would replace (9.1) by |A(exp¥(v), m3(2))| > 0 ||v|| with § = ¢, which is
still a rather general non-integrability condition. However in its present form (LNIC) is a
substantially weaker condition.

Given a Lipschitz real-valued function f on U, set g = gf = f — P71, where P = Py € R
is the unique number such that the topological pressure Pr,(g) of g with respect to o is zero
(cf. e.g. [PP]). For a,b € R, consider the Ruelle transfer operator Ly_(q1i)- on the space

C’Lip(U ) of Lipschitz functions g : U — C. By Lip(g) we denote the Lipschitz constant of
g and by ||g||o the standard sup norm of g on U. As in Sect. 6 above, we will use the norm

I lips on CUP(U) defined by [I7|gipy = [hllo + 2R

The following result from [St3] has been used several times in previous sections.
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Theorem 6. ([St3]) Let ¢, : M — M be a C* Aziom A flow on a C? complete Riemann
manifold satisfying the condition (LNIC) and having a reqular distortion along unstable man-
ifolds over a basic set A. Assume in addition that the local holonomy maps along stable
laminations through A are uniformly Lipschitz. Then for any Lipschitz real-valued function
F we have the following: for every e > 0 there exist constants 0 < p <1, ag >0 and C >0
such that if a,b € R satisfy |a| < ag and |b] > 1/ay, then

||£?7(P(F)+a+ib)rh“Lip,b <Cp" ’b|e “h“Lip,b

for every integer m > 0 and every h € C’Lip(U). In particular the spectral radius of
Lr_(P(F)+a+tibyr ON C’Llp(U) does not exceed p.

As an immediate consequence of this theorem we get the following (see [D] or Corollary
3.3 in [St2]):

Corollary 2. Under the assumptions of Theorem 6, the Ruelle transfer operators related to
T are weakly contracting.
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Figure 1



