CAUCHY PROBLEM FOR HYPERBOLIC OPERATORS WITH TRIPLE
EFFECTIVE CHARACTERISTICS ON THE INITIAL PLANE

TATSUO NISHITANI AND VESSELIN PETKOV

ABSTRACT. We study the Cauchy problem for effectively hyperbolic operators P with triple char-
acteristics points lying on the initial plane ¢ = 0. Under some conditions on the principal symbol
of P one proves that the Cauchy problem for P in [0,7] x Q C R™™" is well posed for every choice
of lower order terms. Our results improves those in [11] since we do not assume the condition (E)
of [11] to be satisfied.

1. INTRODUCTION

In this paper we study the Cauchy problem for a differential operator
P(t,2,D;,Dz) = Y ckalt,z)DEDS, Dy=—idy, Dy, = —ids,
k-+|a|<3
of order 3 with smooth coefficients ¢ o (¢, ), t € R, z € Q C R", ¢39 = 1. Denote by
p(ta z,T, g) = Z Ck,a(ta x)Tkgoz = 7—3 + q1(t7 z, 5)72 + qQ(t7 z, E)T + Q3(t, z, g)
k+|a|=3

the principal symbol of P. Throughout the paper we work with symbols s(t, z,§) € ST (€2 x R™) of
pseudo-differential operators which depend smoothly on ¢ € [0, 7] and we use the Weyl quantization
(see [3])

s(t,x, D)u = (OpY(s)u)(t,z) = (QW)_”//ei<x_y’5>s(t, xTw,é’)u(t, y)dydg.

We will use the notation Sg for the class of symbols (see [3]) and we abbreviate ST, to S™ and
Op®(s) to Op(s).
With a real symbol ¢ € 5(1),0 one can write

P = (D; — Op(¢)(D))? + Op(a)(D)(D; — Op()(D))?* — Op(b)(D)*(D; — Op(p)(D))

Op(b;)(D)? (D; — Op(p)(D))>~ (1.1)

]

+O0p(c)(D)® —
§=0

which is a differential operator in ¢. Here the symbols a, b, ¢ € S?,O coincide with
a(€) 7 30, —(@206) 72 +20a1(6) 7 +30%), ()77 +9aa(€) T+ MO T+ ¢,
respectively, b; € 57, j = 0,1,2 (see [3]), and (D) has symbol (£) = (1 + |€2)1/2.
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First we assume that the principal symbol

Pt ,7,8) = (1 — @(€))® + al€) (1 — p(€))? = b{&)* (T — (€)) + c(€)’ (1.2)
is hyperbolic, that is the roots of equation p = 0 with respect to 7 are real for (t,x,&) € [0,T] x
Q x R™, where 2 C R" is an open set. Recall that an operator is effectively hyperbolic if the
fundamental matrix Fj,(z) of the principal symbol p has two non-vanishing eigenvalues £y (z) at
every critical point z of p, where dp(z) = 0. An effectively hyperbolic operator in [0,7] x 2 may
have triple characteristics only for ¢ = 0 or t = T (see [4, Lemma 8.1]). Second we assume that p has
triple characteristic points only on ¢t = 0 and P is effectively hyperbolic at every triple characteristic
points p = (0, z, 7,&) which is equivalent (see [4, Lemma 8.1]) to the condition
0?p
otor (p) <0.
Consequently, at a triple characteristic point pg = (0, zg, 0, &), assuming ¢(0, xg,&p) = 0, we have
b (0, 2o, &) > 0. Moreover, at py we have a(0, zo, &) = b(0, x9,&0) = ¢(0,x0,&) = 0.

Our purpose is to study the Cauchy problem for such P and to prove that under some condi-
tions on p this problem is well posed for every choice of lower order terms (see [11] for the definition
of well posed Cauchy problem). This property is called strong hyperbolicity and the effective hyper-
bolicity of P is a necessary condition for it (see [4, Theorem 3]). For operators having only double
characteristics every effectively hyperbolic operator is strongly hyperbolic and we refer to [9] for
the references and related works. The conjecture is that effectively hyperbolic operators with triple
characteristic points on ¢ = 0 are strongly hyperbolic (see [4], [6], [1], [11]). On the other hand, for
some class of hyperbolic operators with triple characteristics the above conjecture has been proved
in [6], [1], [11], but the general case is still an open problem.

In [11] the strong hyperbolicity was established under the condition (E) saying that for some
6 > 0 and small ¢ > 0 we have the lower bound

A Ag \ 2
= > 5t(—) , (2,€) € Q X R™.
(£)° (£)?
Here A € S% is the discriminant of the equation p = 0 with respect to 7, while Ag € S? is the

discriminant of the equation % = 0 with respect to 7. In [11] it was introduced also a weaker

condition (H) saying that with some constant § > 0 and small ¢ > 0 we have

A 2 AO n

GE > it GEk (x,8) € Q x R"™.
We can consider a microlocal version of the conditions (E) and (H) assuming that the above
inequalities hold for (t,x,£), t > 0, in a small conic neighborhood W} of every triple characteristic
point (0, zo,&p). The purpose of this paper is to study operators with triple characteristics on the
plane ¢ = 0 and our main results are stated in Theorem 4.1 and Corollary 4.5. They improve the
results in [11] and show that we have a strong hyperbolicity for some operators for which (E) is
not satisfied, but (H) holds. In particular, we cover the case of operators whose principal symbol
p admits a microlocal factorization with one smooth root under the condition that there are no
double characteristic points of p converging to a triple characteristic point (0, z,0,&) (see Example
1.1).
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Concerning the symbols a(t,z,§), b(t,z,£), c(t,z,§), we assume the existence of §; > 0 such
that

b(t,z,&) > ot
c=0?), (£ 0g0ic=0(0), la+pl =1, (*0¢dic=0Wb), o+l =2,  (13)
Ohe = O(b), (€008 (ac) = O(VD), |a+ B =3.
It is clear that the condition (1.3) are satisfied if
b(t,z,€) > 0it, (€)*0]0gdlc = OB 1FA/21N) for |a+B+4] <3, v=0,1 (1.4)

In fact, we assume a slightly weaker microlocal conditions formulated in (3.11) and Theorem 4.1.

Below we present two examples of effectively hyperbolic operators with triple characteristics on
t = 0 satisfying the above assumptions.

Example 1.1. Assume ¢ = 0. Then the symbol p becomes p = ((7 — (€))% + a(&) (T — p{€)) —
b(€)2) (T — p(€)). Let p = (0,0, p(0,0,&0)( o), &0), be a triple characteristic point. For small ¢ > 0
we have b(t, zg,&y) > 0. If for some (y,n) sufficiently close to (xg,&y) we have b(0,y,n) < 0, then
there exists z = (t*,2*,&*) with t* > 0 such that b(z) = 0 and the equation (7 — ©(£))? + a(&)(r —
©(€)) — b(€)? = 0 has a root ¢(z)(£*) for z. This implies the existence of a double characteristic
point (t*,x*, p(2)(£*),£*) of p. We exclude this possibility, assuming b(0,z,&) > 0 for (z,&) close
to (x[), fo)

Remark 1.1. For the operator in Example 1.1, the discriminant of the equation p = 0 has the
form A = b%(a? + 4b)(€)%, while Ag = 4(a? + 3b)(£)2. Therefore the condition (E) is reduced to

b2 (a® + 4b) > 5t(a® 4 3b)2.

If b = O(t), this inequality yields b%a® + 4b% > 6ta* and hence a? < O(t?) /5t = O(t) which is not
satisfied in any small neighborhood of a triple characteristic point (0, zg, ¢(0, zo, &0){&o), &), unless
a(0,z,£) = 0 for all (0,z,£) close to the point (0,z¢,&y). On the other hand, the inequality

b2 (a® + 4b) > 6t*(a® + 3b)
obviously holds (b > 41t is assumed), hence (H) is satisfied.

The Example 1.1 covers the case when the principal symbol p admits a factorization

p= (7_2 + 2d(t,x,§)7 + f(t,ﬁ?,f))(T - )‘<t7x7§))

with C° smooth real root A(t,x, &) and p has not double characteristic points in a neighborhood
of (0,x0,&). In fact, we may write

p=((T=N2+20+d) (7 = A) + A2 +2d\ + f) (T = \)

and taking ¢ = A(¢)~! we reduce the symbol to Example 1.1. Notice that effectively hyperbolic
operators with principal symbols admitting above factorization have been studied by V. Ivrii in [6]
who proved the strong hyperbolicity constructing parametrix. Here we present another proof based
on energy estimates with weight =V, assuming P strictly hyperbolic for small ¢ > 0.

Example 1.2. Consider the operator with principal symbol
p=7"— (t+ a2, 6))(€)*r — (£Pba + thy + bo)(€)°,
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where «, by, b1, by are zero order pseudo-differential operators and o > 0. This class of operators
has been studied in [11] under the condition (F). We write p as follows

p=(T+b1(&)> = 3b1 () (T + b1(€))? — (t+ o — 3b7)(€)* (7 + b1(€))

—[t%by + by — bra + B3] (€)°.

Choosing ¢ = —b1(t, x,£) one reduces the symbol p to the form (1.2) with a = —3b1, b=t + o —
302, ¢ = —(t2bg + by — by + b3). If @ > 3b2, by = by — b3, the condition (1.4) is satisfied, while for
a = Sb%, bp = bia — bi’ the condition (E) is not satisfied for by, unless b1(0,z,£) = 0. It is easy to
see that with the above choice of by and by, the condition (H) holds.

Notice that if p = (¢, 2z, 7,£) with ¢t > 0 is a double characteristic point for p, one has A(p) =0
and Ag(p) > 0. Therefore the condition (H) is not satisfied and the analysis of this case is a difficult
open problem. The proofs in this work are based on energy estimates with weight ¢t~ with N > 1
leading to estimates with big loss of regularity. This phenomenon is typical for effectively hyperbolic
operators with multiple characteristics (see [4], [6], [1], [11]).

We follow the approach in [11] reducing the problem to the one for first order pseudo-differential
system. In Section 2 we construct a symmetrizer S for the principal symbol of the system following
a general result (see Lemma 2.1) which has independent interest. Moreover, det S = Q%A and under
our assumptions one shows that det S > db%(a? +4b), § > 0. Therefore A > £t%(a? +4b), ¢ > 0, and
in general the condition (E) is not satisfied. This leads to difficulties in Section 3, where a more fine
analysis of the matrix pseudo-differential operators is needed. As in [11] a detailed examination
of the sharp Garding inequality for matrix pseudo-differential operators with nonnegative definite
symbols plays a crucial role in the analysis. In Section 4 we show that the microlocal conditions
(1.3) are sufficient for the energy estimates in Theorems 4.1 and 4.2.

2. SYMMETRIZER

First we recall a general result concerning the existence of a symmetrizer. Let p({) = (™ +
a1(™ '+ --- + a,, be a monic hyperbolic polynomial of degree m and let ¢(¢) = p'(¢). Here
a;(t,z,&) depend on (¢, x,&) but we omit this in the notations below. Let

o _ P40 —p(Qa(Q) N~ icme
hpa(¢, ) = 2 (c)—c( M) _ 5™ e

be the Bézout form of p and ¢. It is well known that the matrix H = (h;;) is nonnegative definite
(see for example [5]).
Consider the Sylvester matrix A, corresponding to p(¢) which has the form

1,j=1

0 1 0

A = : : "
P 0 0 - 1
—0m —aAm-1 - —a1

One has the following result [10] and for the sake of completeness we present the proof.

Lemma 2.1. ([10, Lemma 2.3.1]) H symmetrizes A, and det H = A% where A is the difference-
product of the roots of p(T) = 0.
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Proof. We first treat the case when p(({) is a strictly hyperbolic polynomial. Let A;, j =1,...,m
be the different roots of the equation p(¢) = 0. Write p(¢) = [[7L;(¢ — A;) and set

Otk = Z Aji e g
1< <<je<m,jp#k
Since p'(¢) = >3ty [172) ju(C = Nj) = S (1), k(L it is easy to see
m

hij = Z(_l)i+j0—m—i,k0—j—l,k-
k=1

Denote by R the Vandermonde’s matrix having the form

1 1 ... 1
M\ Ao o A

R= : : : :

)\'in—l A;n—l . )\%—1
Since A; # Aj, i # j, the matrix R is invertible and |det R| = |A|. It is clear that
A1
AR =R
Am

Denote by “R = (r;;) the cofactor matrix of R and by A(Aq,...,\;) the difference-product of
Ay .., A It is easily seen that r;; is divisible by A; = A(A1, ..., Ai—1, Ait1,- -+, Am), hence
Tij = Cig( A1y Nic 1, Aidy -+ o5 Am) A (2.1)
Since r;; and A; are alternating polynomials in (A1, ..., Ai—1, Ai+1, ..., Ap) of degree m(m —1)/2 —
j+1and (m — 1)(m — 2)/2 respectively, then ¢;; is a symmetric polynomial of degree
m—j=m(m—-1)/2—j+1—(m—1)(m—2)/2.
Therefore ¢;; is a polynomial in fundamental symmetric polynomials of (A1,..., Xi—1, Ait1,- -5 Am)-
Noting that A; is of degree m — 2 and 7; (j # m) is of degree m — 1 respectively with respect to
¢ (£ # 1), one concludes that ¢;; is of degree 1 with respect to A, (¢ # i) which proves that
Cij = (—1)i+j0'm_j’i. (2.2)

Thus denoting C' = (¢;;) we have ‘CC = (h;;) = H. In particular, this shows that the symmetric
matrix H is nonnegative definite as it was mentioned above.

Set D = diag (A1,...,Ay,) and note that D is invertible. Moreover it follows from (2.1) that
C =D Y(*R) = (detR)D"'R~! and hence

CA,C~' =D YR A,R)D.

It is clear that C'4,C ! is a diagonal matrix because both R~'4,R and D are diagonal matrices.
Then CA,C~1 =tC71A,'C yields '{CC A, = 'A,!CC which proves that H A, is symmetric. From
C = (detR)D~'R~! it follows that

C = diag (:l: 1_[()\z — k), = H()\z —Ak)ye . E H (N — )\k))R_l
k#1 k#2 k#m
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and hence |[det C| = | [[72; [T} (A—Aj)I/|A] = |A]. Consequently, det H = A? and this completes
the proof for strictly hyperbolic polynomial p(().
Passing to the general case, introduce the polynomial

0

pe() = (1+ aac)m_lp(g), e 0.

According to [12], p-(¢) is strictly hyperbolic and let H. = ‘C.C. be the symmetrizer for A,
constructed above. Obviously, as e — 0, we have A, — A, since the coefficients of p.(() go to the
ones of p(¢). The roots of p(¢) depend continuously on the coefficients and this yields A;. — A;,
Aje being the roots of p.(¢) = 0. The equalities (2.2) imply C. — C and passing to the limit € — 0,
we obtain the result. g

Note that H is different from the Leray’s symmetrizer ([7]) since if B is the Leray’s symmetrizer,
then det B = A2™~1)_ Now consider

_0/1 _a2 PR _am
- 1 o - 0
A’p = . . .

Corollary 2.1. Let J = (0;m+1—j), where §;; is the Kronecker’s delta. Then H = JH'YJ sym-
metrizes A, and det H = A2,

Proof. Since [lp = JA,"'J and 'JJ = [ the proof is immediate. O
With U = *((D; — Op(¢)(D))?u, (D)(D; — Op(p)(D))u, (D)?u) the equation Pu = f is reduced
DU = Op(p)(D)U + (Op(A)(D) + Op(B))U + F, (2.3)
where F' = t(f,0,0) and
—-a b —c bin b1 bz
At,x, &) = 1 0 O , B(t,z,&) = 0 b O ,
0 1 0 0 0 bs3
where b;; € 5’?70.
Introduce
3 2a —b

1
S(t,z, &) = 3 2a 2(a*+b) —ab—3c
—b —ab—3c b — 2ac
which is a representation matrix (conjugated by J in Corollary 2.1) of the Bézout form of p(r) =
7 +ar? — br + c and p'(7) (see for example [5], [8]). Therefore S symmetrizes A so that

1 —a 2b —3c
S(t,z,§)A(t,x, &) = 3 2b ab—3c —zac . (2.4)
-3¢ —2ac C

Note that when ¢ = 0 one has
3 2a —b

1
So(t,z, &) = 3 2a 2(a®>+b) —ab
—b —ab b?
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and hence
det So(t,x, &) = 275% + 4b).
Lemma 2.2. There exist £ >0 and § > 0 such that
det S > 6b%(a* + b)
if |ac| < Eb% and |c| < £b6%/2,
Proof. Note that
det S = det Sp + 21—7{ — 4a3c — 18abc — 27¢?}.
Since
ladc| < Eb%a?, |abe| < EB3, || < &P
choosing & = 1/50 for instance, the assertion is clear. 0

Lemma 2.3. There exist € > 0 and €1 > 0 such that

1 0 0
S(t,x, &) >eit| 0 1 0 | =eitd,

0 0 b
provided |ac| < Eb* and || < gb%/2.
Proof. Since

3 — et 2a —b
35 —eitd = 2a 20 + 2b — et —ab — 3¢ ,
—b —ab — 3¢ b2 — e1th — 2ac

one obtains
det (35 — e1tJ) = det 3S + £10(b* (b + a?)).
Indeed
(3 —e1t)(2a® + 2b — e1t) (b* — e1tb — 2ac) = 3(2a® + 2b)(b* — 2ac) + 10 (tb(b + a?)),
b*(2a* + 2b — e1t) = b%(2a® + 2b) + €10 (th(b + a?)),
4a®(b* — e1tb — 2ac) = 4a*(b* — 2ac) + ElO(tba )
(3 —e1t)(ab + 3c)* = 3(ab + 3¢c)* + £10(tb?).

Noting b > d1t, one gets the above representation and we deduce det(3S — e1tJ) > 0 for small ¢;.
In the same way one treats the principal minors of order 2. For example

(3 —e1t)(2a® + 2b — e1t) — 4a® = 2a® + 6b — e1t(2a® + 2b) + 3> > 2(a® + b)(1 — e1t) > 0,

(3 — e1t)(* — e1tb — 2ac) — b? = 2b* — 6ac — e1t(b* — 2ac + 3b) + £3t%b
> b? — dac — 3e1th + (b* — 2ac)(1 — e1t)
> (1 — 48)b* — 3e1tb + (1 — 28)(1 — e1t)b* > 0,
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(2a® + 2b — £1t)(b* — e1tb — 2ac) — (ab + 3¢)* > a?b? + 20> — 10abc — 9¢* — 4a’c
—3e1tb* + 2e1tac — 2e1tba®
> (1 —48)a®b?® + (2 — 108 — 98%)b® — (3e + 2618)th* — 2e1tba® > 0

since all terms involving €1t can be compensated by a?b® + 20b°. ]

Lemma 2.4. Assume ({)%Eg; = O(VDb) for |a+ B| =2 and <£>a(ac)gg§ = O(VDb) for |a+ G| = 3.
There ezists C > 0 such that for U € C®(R; : C*(R™)) we have

2
Re(Op(S)U,U) > ext( Y [|U;]|* + (Op(b)Us, Us)) — Ct~ ' |{D)""U|*.
j=1
Proof. We will follow the argument of [11, Section 3] and we use the notation agD£ Q = Qggg
Recall that we have the representation

Qr—0p(@=0p( Y vap©)Q)) +Op(R) (2.5)

2< |a+8]<3

with R € 51/2 o and real symbols ¢, 5 € S(el=18/2 where Qp is the Friedrichs part of Q (see [11,

Appendix], [2]) and hence (QrU,U) > 0.
Notice that b is real, hence (Op(b)Us, Us) = Re (Op(b)Us, Us). Setting Q@ = S — 2¢;tJ, we have

2
Re (Op(S)U, U) = Re (Op(Q)U, U) + 2e1t( > _ |U;|1> + (Op(b)Us, Us)),
j=1

and it is enough to prove

2
Re(Op( > %as@(3))UU)| < ext( Y ITHIP + (Op(6)Us, Us)) + Ce7 't~ (D) "% (2.6)

2<]a+8|<3 Jj=1

Indeed if this is true, then we have

2
Re(Op(Q)U,U) > (QrU,U) — ext( > |Uj]1 + (Op(b)Us, Us))
j=1
—Cey 'tH(D)TMU|)P = CI(D) U

2
> —eit Z 1U;11% + (Op(b)Us, Us)) — Cey 't~ (D)~ U|I*.

Thus we conclude the assertion.
To prove (2.6), consider Re(Op(i/JangEg)))U, U) with |a+ 3| = 2. Setting g = b? — etb — 2ac, one
has
0 S-lal g-laf
Q(a) _ | g-lal g=lal  g—le

—|a —|a (a)
S—lel  g-lal 9
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Here and below S™ denotes some symbol in the class S™. This yields

o st gt

() g-1 g-1 g1
waﬁQ(ﬁ) B -1 -1 (a)

S S wab’g

and hence

2
(Op(asQ§)U. 1) < 1t 3 U1 + Cer e [[(D) 0P
j=1

+|Re (Op(%ﬁg )U3, Us)|.
Let T = tapg s (€)- Then apg(s) = Re (T#(€)™1) + 52
Re (Op(tasg(3))Us, Us) < et Op(T)Us||* + Cey 't~ [ (D)~ U]

Note that |Op(T)Us||?> = (Op(T#T)Us,Us) and T#T = T? + S~2. Therefore there exists C' > 0
such that

T2 < Cb

“g) =
Phong inequality for the operator with symbol Cb — T2, one proves the assertion.
For the case |a+ 3] = 3 with T} = 10&59((2‘)) (€)3/2 we have the inequality

because (£)%c (@) O(v/b) and <§>O‘<b(b - f—:ﬁ))EZ; — O(v/b) and b > 6t. Applying the Fefferman-

T2 < Cb

with some C' > 0. Indeed, <§>a(ac)gg§ = O(Vb) and (&)@ (b(b - elt)>(a) = O(Vb). Repeating the

above argument, we complete the proof. O
Corollary 2.2. Let S =S + \t~1&)"2I. Then there exists \g > 0 such that for X > \g we have

Re(Op(S)U, U) = Re(Op(S)U, U) + Xt~ H|(D) LU ||?
2
> et Z 1U;|1* + (Op (b)Us, Us)) + (A/2)t ' |(D) U |12

Corollary 2.3. There exist 63 > 0 and Ag > 0 such that
Re(Op(S)U,U) > &:t2(|U|1> + (A/2)t (D) TU |12, A > .

Proof. Since there exists d; > 0 such that b > ;¢ from the Fefferman-Phong inequality for the
scalar symbol b — §1t one deduces

(Op (0)Us, Us) = 61||Us||* — C||(D)~'Us|®

which proves the assertion thanks to Corollary 2.2. O
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3. ENERGY ESTIMATES

Consider the energy (Ve Op(S)U,U), where (-,-) is the L2(R") inner product and N > 0,
v > 0 are positive parameters. Then one has

Ot Ne MOp(SYU,U) = =Nt N~"Le " 0p(S)U,U) — v(tNe " 0p(S)U, U)
+(tNe " Op(8:S)U,U) — AN + 1)t N2 (D) LU |2 — Mt N e (D)2 (3.1)
—2Im (t Ve 0p(S)(p(D) + Op(A)(D) + Op(B))U,U)) — 2lm(t~Ne " Op(S)F, U).

Consider S#HA#(E) — (§)#A*#S. Note that

IBI
spa-sar 3 EJ0s0ale 3 as
la+B]=1 la+-B|=2

. §72 572 O(Vb)S?
) = ( §72 572 O(Vb)S? ) :
S72 S O(Vb)S?

Writing S = (s;;) one has

a3 )
a (e o
Z e Z ...(fjgﬂ))( 0 0

0
la+8|=2 lo+8|=2 0 0 0

o
€

because CE g O(Vb) for |a + ] = 2. Then

S 571 O(vb)s!
(S#A#(E) = (SA#EO + (D ~--)#<s>+(sl 5! 0(\/5)51)+52.
Jat8=1 St S-1 O(vb)S~t

Denoting the third term on the right-hand side by Ks, repeating the same arguments as before, it
is easy to see

[(Op(K2) + Op(S™H))U,U)] < C (D) 1UH2+ZHUH2 Op()Us,Us)).  (3.2)

Now we turn to the term with |a + 8| = 1. Note

_ B b('B) —C(’B) S*l Sfl O(\/B)Sil
@ Y " . . .
o o0 0 |= S S oWbn)s™ |,
0 0 oWb)S™t OWbSt 0Ob)s!

since cgﬂ; O(v/b) and bgg; = O(Vb) for |+ 3| = 1 and hence

2
e
o
L=
I
/N
w
.
S5
Ot
_
/-
S

SY SY O(Vb)S° 4+ 51
(> )#e= ( 50 S0 O(Vb)S° + S~1 ) = K.
la+B|=1 OWb)S + 871 OWb)S*+S~1 Ob)S° +0(Vb)S~ + 82
The same arguments proves
(Op(EV)U, U)| < C(ID)~UI* + Z |1U;1I> + (Op(b)Us, Us)).

7j=1
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Consider A*#S. We have the representation

* _A¥ ( )‘Bl * (a) —3 __ A* %
AHS=AS+ > S (A (a+ Yoo+ 8F=AS+K.
la+8]=1 |o+-6]=2

Repeating similar arguments, one gets

[(Op((Q)#K)U,U)| < C(|(D) 1U||2+ZHUH2 Op(b)Us, Us)).

Since A*S = S A, taking (2.4) into account, we see

(SA)F(E) — (O#(A™S) = (SA)#(E) — (O#(5A)
S0 S0 O(Vb)S0 4 51 )

( S0 50 O(Vb)S° 4 51
OWB)S'+ S~ OWB)S + 851 OmB)S®+0O(b)S— + 52

Summarizing the above estimates, we obtain the following

Lemma 3.5. Assume (ﬁ)"‘cgg)) = O(Vb) for |a+ B| < 2. There is C > 0 such that

2
|(Op(S#A#(E) — () #A™#S)U,U)| < C(Y_ IIU;]1* + (Op(0)Us, Us) + (D) "U).

j=1
Consider S#p#(&) — (€)#p#S, where o € S is scalar. Recall
_ DY @) ) 3
S#p=0S+ > 556 Pl T o487
la+B|=1 |a+B|=2

For |a + 3| = 2 one has
S—2 §-2 S—2
(o) (B) _ -2 g-2 -2
SoPw=\ 5 5 5"
S=2 S22 Ob)S

and hence

Sfl S 1 Sfl
(S#ORE) = (e + (D - )#e+| s 57 51 L5
la+B|=1 St S~ O(Wb)S~t + 572
Denoting the third term on the right-hand side by Ko, we have the same estimate as (3.2). Similarly
one has

S*l S*l S—l
(O#(p#S) = O#@S) +@#( > )+ | 5 57 51 L5
la+B|=1 St St O(Wb)STt + 572
Consider the term with |o + 8| = 1 and observe that
St St O(Vb)S~!
S

O(WB)S™ OB glel)
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with g = b?> — 2ac. Therefore

S0 S0 O(Vb)S~! + 51

50 50 O(Vb)S? + 51 )
(3.3)
( OWb)SY + 51 OWD)S*+ S~ OB)S*+O(Wb)S™ + 52

because cggi = O(b) for |+ S| =1 and then

2
(OP((E#(S(5) U, U)| < O ZHUH2 p(b)Us, Us) + [(D)~'U]?).
Jj=

Similar arguments are applied to |(Op(<pgg; S (( )U,U)|. Finally, since

S0 S0 O(Vb)S0 + §~1
S0 S0 O(Vb)S—1 + 51 :

(©)#(pS) — (pS)#(E) = (
OWD)S® +S~1 O(WbB)S* +S51 O1)S°+O(Vb)S~! + 852

we obtain

Lemma 3.6. Assume (5}0‘0523 = O(b) for |a+B| =1 and <§>O‘CEZ§ = O(Vb) for |a+ B| = 2. Then
there exists C > 0 such that

2
|(Op(S#@#(E) — () #e#S)U,U)| < C( Z 1U;11* + (Op(b)Us, Us) + [(D) U |1?).

Combining Lemmas 3.5, 3.6 and Corollary 2.2, one concludes that for sufficiently large N1 > 0
we have

~N1(Op(S)U,U) — 2tIm (Op(S)(Op()(D) + Op(A)(D))U,U)

3.4
< (=Niey +20)t Z 1U; |12 + (Op(b)Us, Us)) + (—N1(A/2)t ™! + 201)[|(D)'U|* < 0 (34
Now we pass to the analysis of the term involving 0,S.
Lemma 3.7. Assume 0yc = O(b). For e > 0 sufficiently small we have
S > z—:t@tS.
Proof. Since 0ic = O(b), one has
3 2a +e0(t) —b+¢0(t)
35 —etd S = | 2a+¢c0(t) 2a? + 2b + €0O(t) —ab — 3¢+ O(at) + cO(bt)
—b+¢e0(t) —ab—3c+e0(at) +O(bt) b? — 2ac +O(bt)

It is not difficult to see that
det (3S — £t 0,5) = det 35 + O (b*(b + a?))
because t = O(b). O
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Lemma 3.8. Assume 0;c = O(b), <§>acgg§ = O(Vb) for |a+ B| = 2 and (§>O‘(ac)ggg = O(\Vb) for

la+ 8| = 3. There exist € > 0 and C > 0 such that for U € C*®(R; : C°(R")) we have
Re(Op(S — et 9,5)U, U) > —et( Z 1U;|1? + (Op(b)Us, Us)) — Ct~ e (D) 1U |2 (3.5)
Proof. Denoting Q = S — 2¢t 0,5, it suffices to prove
ReOp( > asQ(f))U.0)| < (S IUIP + (Op(0)Us, U) + =) 0. (36)
2<]a+8|<3 J=1
Consider Re(Op (wa[gQEgg)U, U) with | + 8] = 2. Note that

0 St S-1
o -1 g-1 -1
¢a6Q( ) _| S S S

ST ST wap(gly) — et (Bo)3)
where g = b?> — 2ac. Consequently, one deduce

2
(Op(UasQE)ULV)| < et 3 U1+~ (D) U
=1

+|Re (Op(vas(g(3) — et(Du9)(3))Us, Us)!.
Setting
T = vas(g(3) — ct(@9)(3)) () € S°,

we obtain Re (g (g((g)) — €t(8tg)gg;)) = T#(€)~! + S~2. Therefore

Re (Op (s (9(5) — <t(0ug)(3))Us. Us) < et [Op(T)Us|* + C=~"t~|[(D) '3
Note that ||Op(T)Us||? = (Op(T#T)Us,Us) and T#T = T? + S~2. There is C > 0 such that
T2 < Ch

because t = O(b) and <§>O‘CE§§ = O(v/b) so that Cb — T? > 0. Then applying the Fefferman-Phong

inequality, we prove the assertion. Let |« 4 3| = 3 then with T} = (@Z)ag( Et(atg)ggg))#@ﬁ/z

T2 <Cb

with some C > 0 since t = O(b) and (£)“ (ac)gg; = O(v/b) and the proof is similar. O

From (3.5) setting No = ¢~! and dividing by ¢, one deduces

2
Re(Op(—NoS + ta,S)U,U) < t( D |U;|1* + (Op(b)Us, Us)) + Ct e 2||(D)'U||?
Jj=1
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and applying Corollary 2.2, this implies

—(No + N3)Re(Op(S)U, U) + tRe(Op(8;S)U, U)

—N3eq + 1)t Z |U;|I? + (Op(b)Us, Us)) +t~H(Ce™2 — N3M)[[(D) % (3.7)

Fixing € and Nj, we choose N3 sufficiently large and we arrange the right hand side of the above
inequality to be negative.

Next we turn to the analysis of 2lm(Op(S)Op(B)U, U). Recall that (Op(S)U, U) > 0 by Corol-
lary 2.3. Consequently,

2|(0p(S)Op(B)U, U)| < N~2(tOp(S)Op(B)U, Op(B)U) + N'/2(¢t*0p(S)U, U)
N~Y2(t0p(B*)0p(S)0p(B)U,U) + N'2(t~10Op(S)U, U) (3.8)
< N7V2(t71420p(B*)0Op(S)Op(B)U, U) + NY2(t710p(S)U, U) + Co AN ~Y2||(D) U |2

Lemma 3.9. There exists Ny > 0 depending on T and B such that for 0 <t <T and any e > 0
there exists D, > 0 such that

2
Re(Op(NyS — *B*SB)U,U) > —et(Y_||Uj||* + (cUs, Us)) — D=t~ {|(D)'U|1%.

=1
Proof. Recall
3+ e0(t?) 2a + O(t?) —b+c0(t?)
38 —et?’B*SB = | 2a+:cO0(t?) 2(a®+0b) +cO(t?) —ab—3c+cO(t?)

—b+e0(t?) —ab—3c+eO(t?) b* —2ac+cO(t?)

which proves 35 — et?B*SB >> 0 with some € = £(T) > 0. To justify this, notice that the terms
cO(t%b), eO(t%c), eO(t?a?), eO(t*a) can be absorbed by det S because b > §1t. For example,

1
ettlal < §5(755 +t3a?) < Cetb*(a® + b).

Choosing (7T') small enough, we obtain the result. Then the rest of the proof is just a repetition
of the proof of Lemma 3.8. (|

According to Lemma 3.9 and (3.8), one has

2
2/(0p(8)0p(B)U, U)| < 2N,*~1(0p(8)U, U) + et(3_ |U;|* + (Op(b)Us, Us)) (3.9)
=1 :

2\ ,— — — — —1/2 —
—N,X2(D) MU + Dt~ (D) MU + CoAN; (D) U |2,
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Combining the estimates (3.4), (3.7), (3.9), it follows that
ARe(t " Ne ™ Op(S)U,U) < —2Im(t~Ne " Op(S)F,U)
—(N = Ny — Ny — Ny — 2N}/2)t=N-1e=7"Re(Op(S)U, U)
e = AN+ 14+ N2 = ace ) [N 2t (o) o)

2
+et™Ne (Y IUSI17 + (Op(b)Us, Us))
j=1

—(y = D — CiA — CEAN, /2 N=1et (D) 1T |12,
Note that
2|t~ Ne "t Op(S)F,U)| < 2t N *tle " 0p(S)F, )2 (1~ Nt Op(S)U, U)/?
< (7N Op(8)F, F) + (t~N"le 1 0p(S)U, U).

Denote N* = Ni1 + Ny + N3 + 2N21/2 + 2 and we choose 0 < ¢ < eg7. We fix ¢ and A > 2C.. Next
we fix N4 so that

N2> e 4 1.
Then the term with ¢t~ =2e=7||(D)~1U||? is absorbed. Finally we choose N > N* and v such that
v = D — CyA — CAN; >T > 0. Then we have
ORe(t ™ NeOp(S)U,U) < (t N TeOp(S)F, F) — (N — N*)Re (t N ~1e™Op(S)U, U). (3.10)

Integrating (3.10) in 7 from € > 0 to ¢t and taking Corollary 2.3 into account, one obtains
Proposition 3.1. Assume that

b>61t, |ac| <&b?, || < b2

(©)°cy) =0b) for la+pl=1, (6% =0(Vb) for la+p| =2, (3.11)

(©)%(ac)(y) = O(VD), |a+p| =3, de=0(b)

hold globally where € is given in Lemmas 2.2 and 2.3. Then there exist oo > 0,~v9 > 0, N € N and
C > 0 such that for v >~y and 0 < e <t <T we have for any U € C*°(R; : C§°(R"™))

t
Sot N2 U (1)]1? + 6o (N — N*) / TN e |U ()| dr
15

< Ce_N_16_7€\|U(6)|]2 + /t T_NHe_WT(Op(S’)F(T), F(r1))dr.

4. MICROLOCAL ENERGY ESTIMATES

First we prove the following

Lemma 4.10. Assume that (1.3) is satisfied in [0,T] x W where W is a conic neighborhood of
(w0,&0). Then there exist extensions a(t,r,&) € SV, b(t,z,&) € SO and é(t,x,&) € S° of a, b and c
such that (3.11) holds globally.
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Proof. Assume that (1.3) is satisfied in [0, 77 x W. Choose conic neighborhoods U, V, W of (zq, &)
such that U € V.€ W € W. Take 0 < x(z,&) € S°, 0 < x(z,€) € SY such that x = 1 on V and
x = 0 outside W and ¥ =0 on U and x = 1 outside V. Choosing W and T small one can assume
that xb is small as we please in [0, 7] x R?" because b(0, zg, &) = 0. We define the extensions of a,
b, ¢ by
a=xa, b=x’b+Myx, ¢=x’c
where M > 0 is a positive constant which we will choose below. Note that
68| = x*ac] < Clalx*? < 2(2b)? < 57,

& = x%|c| < Cx®0% = Cb 2 (x %)% < eb?/?

taking a(0, xg,&p) = 0, b(0, xp, &) = 0 into account and choosing W small.

If (z,€) € V then b(t, z,€) = b+ Mx > 0,1t and if (x, ) is outside V then b(t,z, &) = x2b+ M >
§1t for [0,7] x R*™ choosing M so that M > §;T. Thus we have

b(t,x,&) > ot (t,2,€) € [0,T] x R*".
We turn to estimate derivatives of ¢ and a¢. For |+ 5| =1 it is clear that
‘Ot|| | — |CY"(X3C)EE§} < C(X2b2 + X3b) < ClX2b < Clg
Similarly for |a+ | = 2 one sees

103G < COxB? + X% +x*VB) < Cixvb = CrL(x*b)/2 < b2,

For |a+ | = 3, taking <§>°‘(ac)§g§ = O(v/b) into account, one has

\aw ~~(a)‘_ (a)‘

led |
)t
< O(xb* + x*b + x3\f—i— x*Vb) < Cixvb < C1b/2.
Since |9, = |x*8yc| < Cx®b < Cb is obvious the proof is complete. O

Remark 4.2. In the proof of Lemma 4.10 replacing b by x2b+M x+M"xo(€) where xo(€) € Ce(R™)
which is 1 near £ =0 and M’ > 0 is a suitable positive constant it suffices to assume that (1.3) is
satisfied in [0, 7] x W for |£] > 1.

Let Ve Vi € Q and u € C®(R; : C§°(V)) Let {xa} be a finite partition of unity with
Xa(®, &) € SV so that
ZXi(waf) - XQ(x)v

where y(z) = 1 on V and suppx C V4. We can suppose that suppxo C Vi. We repeat the
argument in [11, Section 4], studying a system

D,Us = (Op(9)(D) + Op(4)(D) + Op(B))Us + F.

with Uy = ((Dy—Op(¢)(D))?xau, (D)(D;—O0p(¢){(D))Xau, (D)?xau). One extends the coefficients
a, b, c and ¢ outside the support of y, and one can assume that (3.11) are satisfied globally. Thus
we obtain the following
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Theorem 4.1. Let Y € Q. Assume that for every point (xo,&) € T*Q\ {0} there exist a conic
neighborhood W C T*Q\ {0} and T(xo,&0) > 0 such that the estimates (3.11) are satisfied for
0<t<T(x0,&) and (x,&) € W. Then there exist ¢ > 0, Top > 0, 70 > 0,C > 0 and N € N such
that for v > 9, 0 < e <t < Ty we have for any U € C®(R; : CF(Y))

t
et N2 U @) + ¢ / TN U (7)|dr
. (4.1)
< Ce VAU P+ C [ 7 e (o)
€

Corollary 4.4. Let Y € Q. Assume that for every point (xo,&) € T*Q\ {0} there exist a conic
neighborhood W C T*Q \ {0} and T(x0,&0) > 0 such that the estimates (1.3) are satisfied for
0 <t <T(xo,&) and (z,&) € W. Then the same assertion as in Theorem 4.1 holds.

The same argument can be applied for the adjoint operator P*. With
V ="((D = Op(p)(D))*v, (D)(Dy — Op(0)(D))v, (D)?v)
the equation P*v = ¢ is reduced to
D,V = Op(p)(D)V + (Op(A)(D) + Op(B))V + G, (4.2)
with G =%(g,0,0). Here the principal symbol is the same, while the lower order terms change. To
study the Cauchy problem for P* in 0 < ¢ < T with initial data on t = T one considers
—0,(tN e Op(S)V, V) = =N (V"1 Op(S)V, V) — ~(tN e Op(S)V, V)
—(tNeOp(9,S)V, V) — A(N — D)tV 2 |(DY U |2 — atN L (D) U2 (4.3)
+2Im (Ve (0p(S)(Op(p)(D) + Op(A)(D) + Op(B))V,V)) + 2Im(t" e Op(S)G, V).
Repeating the argument of Section 3, one obtains the following

Theorem 4.2. Let Y € Q. Assume that for every point (zo,&) € T*Q\ {0} there exist a conic
neighborhood W C T*Q\ {0} and T(x0,&0) > 0 such that the estimates (3.11) are satisfied for
0<t<T(x0,&) and (x,&) € W. Then there exist ¢ > 0, Top > 0, 70 > 0,C > 0 and N € N such
that for v > 9, 0 < e <t < Ty we have for any V € C®(R; : C(Y))

To
e O A e MGl
t
. (4.4)
<CTy PV @ +C [ ()| Par.
t

Following the argument in [11], we may absorb the weight 7=» and obtain energy estimates
with a loss of derivatives. For the sake of completeness we recall this argument. Consider Pu = f
for u € C°(Ry : C§°(R™)). Assume u(e, z) = ut(e, x) = ug(e, x) = 0. Differentiating Pu = f with

respect to ¢, we determine the functions Dju(e, z) = uj(x) € C5°(R™) and set

M
1 .
up(t,z) = Z ﬁu](x)(z(t —¢)),0<e<t<Ty.
j=0""

Therefore w = u — upr € C®(Ry : C§°(R™)) satisfies Pw = fjy with
Dl fu(e,2) =0, j=0,1,...,M =3, Diw(e,z)=0,j=0,1,...,M.
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Consequently, from Theorem 4.1 one deduce the existence of N € N and C' > 0 such that for € > 0,
and a solution u € C*([e, Tp] x C§°(Y)) to the equation Pu = f with

u(e, ) = u(e,x) = up(e,x) =0
we have

S [ lgesuls,a)ds < € / IS 9orPu(s,a)|ds, (4.5)

jHal<27® ©  j+lalEN

where C' is independent of €. We can obtain a similar estimates for higher order derivatives.

Note that under the assumptions of Theorem 4.1 the symbol p is strictly hyperbolic for 0 <t <
Ty with some Ty > 0. Indeed the fact that p is strictly hyperbolic for 0 < t < Tp, is equivalent to
A >0 for 0 <t < Ty, A being the discriminant of the equation p = 0 with respect to 7. On the
other hand, A = 27det S (see also Corollary 2.1) and det .S > 0 for ¢ > 0 by Lemma 2.2. Therefore
applying the estimate (4.5) and repeating the argument in [3, Theorem 23.4.5] one can find Z € Q
and T > 0 such that for f € C§°([0,Tp] x ) there exists u € C§°([0,Tp] x ) satisfying Pu = f
in [0,7%] x Z. The local uniqueness of the solution of the Cauchy problem for P can be obtained
taking into account Theorem 4.2 for the adjoint operator P* and using the argument of [3, Theorem
23.4.5]. We leave the details to the reader.

Finally, we deduce

Corollary 4.5. Under the assumptions of Theorem 4.1 the Cauchy problem for P is C'°° well posed
in [0,T%] x Z for all lower order terms.
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