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ABSTRACT. The behavior of the dynamical zeta function Zp(s) related to several strictly convex
disjoint obstacles is similar to that of the inverse Q(s) = Tls) of the Riemann zeta function ((s).

Let II(s) be the series obtained from Zp(s) summing only over primitive periodic rays. In this
paper we examine the analytic singularities of Zp(s) and II(s) close to the line Rs = s2, where s2 is
the abscissa of absolute convergence of the series obtained by the second iterations of the primitive
periodic rays. We show that at least one of the functions Zp(s), II(s) has a singularity at s = sa.
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1. INTRODUCTION

Let Q C R™, n = 2,3, be an open and connected domain with C* boundary 92 having the
form Q = R™\ K, where

K=U% \K;, K;NK; =0, for i #j (1.1)
and K are strictly convex compact obstacles for j = 1,...,Q, @ > 3. Throughout this paper we
suppose that K satisfies the following condition introduced by Ikawa ([6]):

(H) The convex hull of every two connected components of K does not have common points
with any other connected component of K.

Consider the reflecting rays in Q (see [6] and Chapter 2 in [19] for a precise definition). Under
the condition (H) every periodic ray is ordinary reflecting, that is v has no tangent segments.
Given a periodic reflecting ray v in Q with m., reflections, we denote by T, the primitive period
(length) of 7, by dy =T, | € N, the period of v and by P, the linear Poincaré map related to .
Setting |det(I — P,)| = |I — P,|, it is easy to prove (see [18], Appendix) that there exist constants
by >0, by >0, By > 0 so that

Boe?'h < |T — Py| < 22, (1.2)
Denote by Z the set of all reflecting periodic rays in £ and set
do = min dist;z; (K;, K;), Do =max dist;x;(K;, K;).
For the counting function of the lengths of periodic rays there exists a constant ag > 0 such that

H{ryeZ:d, <q} <e™ (1.3)
1
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(see [6], [22] and Chapter 2 in [19]). In this note we examine the dynamical zeta function

Zp(s) =Y (~1)™T|I - Py|7 e, s € C, (1.4)
yeE
where the summation is over all periodic rays v € Z. This zeta function is related to the trace
formula for the unitary group associated to the Dirichlet problem for the wave equation

(0?2 — Ay )u=0 in R x ©Q,
u=0 on R x 94, (1.5)
u(0,z) = fi(x), 0u(0,z) = fo(z).

The form of Zp(s) is obtained by the Laplace transformation of the distribution
Z(_l)mvau_Pﬂ_l/%(l&_dv) (1.6)

VEE

which in turn is the sum of the principal singularities of u(t) € D'(R™) given by

u(t) = Zem‘j, t>0.
Aj

Here \; € C are the poles of the scattering matrix S(z) related to the problem (1.5) and the sum-
mation is over all poles counted with their multiplicities. We refer to [7], [8], [18], [21] for a more
detailed description of this link and to [1], [28], [13], [5], [19], [21] for the trace formulas leading to
(1.6).

Following a result of Ikawa [7], [8], the existence of an analytic singularity of Zp(s) implies the
existence of § > 0 such that there are infinite number of poles {z; } jen of the scattering matrix S(z)
satisfying

0<Sz; <6, VjeN
and the last property is known as the modified Lax-Phillips conjecture. Another motivation for
the analysis of Zp(s) is the folklore conjecture that the singularities of Zp(s) should determine
approximatively the scattering poles.

By using (1.2) and (1.3), it is easy to see that there exists s; € R called abscissa of absolute
convergence such that for Rs > s; the series (1.4) is absolutely convergent. Despite many works in
physical literature and the numerical analysis results concerning n-disk problems (see for example
[3], [29], [12], [28] and the references cited there), to our best knowledge in the general case the
problem of the existence of at least one singularity of Zp(s) is still open. The existence of an analytic
non-real singularity has been proved by Ikawa [9] in the case when K is the union of several balls
with radius r < rg, provided ro > 0 sufficiently small. Recently, Stoyanov [25] generalized the
result of Tkawa for several obstacles satisfying some geometrical conditions and having diameters
less than rg. It was proved in [18] that Zp(s) has no singularities on the line s = s;. In fact we
have a stronger result and following the recent works of Stoyanov (see [23], [26]), we know that
there exists 0y > 0 such that Zp(s) is analytic for Rs > s; — o (see also [10] for the special case
s1 > 0.) This means that Zp(s) is analytic in a domain around Rs = s; and this phenomenon
of cancellations is typical for dynamical zeta functions (see [4], [16], [23], [24], [26]). On the other
hand, since Zp(s) is a Dirichlet series with real coefficients changing their signs, the situation is

very similar to that for the inverse Q(s) = ﬁ of the classical Riemann zeta function ((s). It is
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well known that Q(s) is analytic on the line ®s = 1 and @Q(s) has non-real singularities on the
critical line Rs = 1/2. Moreover, we have the representation

log ((s) = ZZ%%, Rs > 1, (1.7)

m=1peP p

where P denotes the set of prime numbers. Consequently, the analytic behavior of log((s) for
1/2 < s < 1 is characterized by the continuation of the function

77(5):2]%, Rs > 1

peEP

and the critical line s = 1/2 is related to m = 2 in the representation (1.7).

Denote by P the set of all primitive periodic rays. In this note we examine the analytic
singularities of Zp(s) close to the line s = s9, where s9 < s is the abscissa of the absolute
convergence of the series II5(s) obtained from Zp(s) when we sum only over the rays 2v, v € P,
that is over the second iteration of primitive rays (see Section 4 for a precise definition). We show
that the line Rs = sy plays a role in the investigation of the singularities of Zp(s). Similarly to
m(s), introduce the function

(s) = Y (=)™ Ty = P72 Rs > s,
yeP
where the summation is over the primitive rays v € P. Next let hy < s; be the abscissa of
holomorphy of II(s) given by

hir = inf{t € R: II(s) is analytic for s > t}.
Our main result is the following

Theorem 1. At least one of the functions Zp(s), I1(s) has a singularity at s = so and the difference
Zp(s) —1II(s) is analytic for

se{zeC: Rz > sa}.
Moreover, if so # hr1, then Zp(s) has a singularity at z with Rz > max{sq, hii} — €1, where e > 0
is sufficiently small.

Following the same way, we may show that if we consider the series obtained by summing over
all iterations of the primitive rays of order (2m — 1), the corresponding function will be singular
at s = Sop, if Zp(s) is analytic at s = s9,,. Here s is the abscissa of absolute convergence of the
series obtained by summing over all iterations of order £ > 2 and we show that s1 —h; < s < sp_1,
ht > 0 being the topological entropy of the billiard flow (see Proposition 2). Thus if Zp(s) is
analytic for $ts > s1 — hy, for any fixed M > 2 one obtains a singularity of the sum of series related
to the iterations m < M. This corollary yields some information for the numerical analysis since
in the numerical experiences one treats series with finite number iterations.

The existence of a singularity zy of II(s) such that Rzg > so — €g, €9 > 0, Szg # 0, is an
interesting open problem, but it seems that the difficulty of this problem could be compared with
that of the existence or the absence of singularities of 7(s) for 1/2 < Rs < 1. If fact, the dynamics of
the periodic orbits is chaotic and the random change of signs of the coefficients in (1.4) plays some
essential role. We conjecture that in general Zp(s) is not singular at sy and Theorem 1 shows that
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in this case II(s) must be singular at so. It is expected that there exist non-real singularities z of
I1(s) with Rz arbitrary close to line of holomorphy fs = Ay of II(s). This will lead to singularities
of Zp(s). In fact we have two possibilities:

(a) S92 7& hn, (b) S9 = hH.
Our analysis in Section 4 implies that in the case (a) the function Zp(s) must be singular either
at s = sy (s2 > hyy) or at a point z close to the line Rs = hry (s9 < hyy) and we obtain a solution
of the modified Lax-Phillips conjecture (see [8], [9], [25]). In the case (b) we have a phenomenon
similar to the famous Riemann conjecture for {(s) and the maximal domain Rs > ¢, where II(s) is

analytic, is determined by the line Rs = sy. Finally, it is not clear if the singularities found in [9]
and [25] lie in the domain Rs > sy and we will discuss this problem in Section 4.

Acknowledgments. The author is grateful to Lachezar Stoyanov for many helpful discussions
and comments.

2. SYMBOLIC DYNAMICS

We will write Zp(s) as a Selberg zeta function using the argument of Section 5, [18]. First
assume n = 3 and let A\, ;, i = 1,2, |\, ;| > 1, be the eigenvalues of the Poincaré map P, of the ray
v € P. Set

1
0~ = ~3 log(Ay,1Ay,2), vy = —log Ay 1, iy = —log A, 0.
The product Ay 1,2 and the sum A, 1 + A, 2 are positive and d, < 0. Given 7 € P, introduce

L Jo i my =2k,
Tl my, =2k + 1

Then for s > s1 we have
o0 [o¢] o0

Zp(s)=>_ 3 3 > T (~1)mrremtsTrtoythvytons), (2.1)

k=0 p=0 m=1~€P

We refer to [18] for the details of the proof of this representation. For n = 2 we have a simpler
formula since there is only one eigenvalue A, > 1 and we get

Zp(s) = i i > T (—1)mmrem Tt oyt (2.2)

k=0m=1~€P

where 6, = —1log Ay, v, = 26,. Consider the leading term of Zp(s) obtained for k =p = 0 (resp.
k = 0 for n = 2) and having the form
d o
Z(s) = ——2(s), Zo(s) =

y Z(_l)mrwem(—sTy—i—&Y).
S

1
m
m=1  ~y€eP
We will write Zy(s) by using a symbolic model. Let us recall some notations concerning the

symbolic dynamics. Given a @ x @ matrix A(7,j); j=1,.. ¢ such that

. 1 if @ #j,
A(Z’]):{o it =
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introduce the spaces
Ea={{={&}2 o G e{L,....Q} A&, &i+1) =1},
Sh={6= (&0, &- ) 0 A& &) = 1, Vi > 0}
Let 04 be the shift on X 4, ZA‘ given, respectively, by
(048)i = &1, Vi € Z, (04&)i = &1, Vi > 0.
For every £ € ¥4 there exists a unique ray (&) with successive reflection points on
oy OKj_1,0K;,0K 41, ...

(see [6], [19]). Let P;(¢) be the j™ reflection point of v(&) and let f(&) = ||Py(€) — Pi(¢)]. If
v =~(§) € P has m reflections and primitive period T, then

Ty =[(&) + [(0a8) + -+ [(04 7€) = Sm /().
Also (see [8], [9]), there exists a function g(£) such that
0y = 9(€) +9(0a&) + -+ + g(07 7€) = Smy(€).

For Rs large we may write Zy(s) as follows

oo

—1 m s
Zo(s) = Z% T eSmsS @),

m=1 olE=¢
Given a continuous function F'(§) € C(X4), introduce
var, F' = sup {[|F(§) — F(n)| : & = mi for [i] < n}
SIS
and for 0 < 6 < 1 consider the norms
var, F'

911

Let Fp(24) C C(Za), Fo(X}) C C(T}) be Banach spaces with norm ||.||g. It follows from the
exponential instability of the billiard ball map that with some constant 0 < 6 < 1, depending on
the geometry of K, we have f(§), g(&) € Fop(X4) (see for more details [8], [9], [18], [23], [25] ). We
introduce the suspended flow o/ over the space

Sh={(€1): €€, 0SS F(O)
with the identification (&, f(£)) ~ (04(§),0) (see [17]) and notice that the topological entropy h; > 0
of the suspended flow o/ over EQ is given by

|Flg = sup s [ lso = sup [F()], 1Fllo = [ Fllc + |Flo-
n EeEX

hu(oa)
hy = sup —+H——~.
! HEM ng fd:u

Finally, recall that the pressure P(F') of a function F' € C'(X4) is given by
P(F) = sup (h“(a,q) +/ Fd,u),
meM YA

where h,(04) is the measure entropy of 04 and the sup is taken over the set M of all probabilistic
measures on Y 4 invariant with respect to o 4.
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3. SUMMATION OVER THE ITERATED PERIODIC RAYS

It is well known (see [17]) that for every function ¢(§) € Fy(X4) there exists h, ¢ € Fyi/2(X4)
so that

p(&) = h(&) +P(0a(§)) —¥(&)

and the function h(£) depends only on the coordinates (&g, &1,...). In this case we will write ¢ ~ h.

Obviously, if F' ~ F', we have P(F) = P(F). Passing to functions f ~ f, g ~ g, we get

oo

—1)ym Vs
Z(s =3 m) T eSmsf@40),

m=1 oé=¢

The function
R>s— P(—skf+kg)
is strictly decreasing and given an integer k£ > 1 we may introduce the number s; € R determined
uniquely by the equality
P(—sikf + kg) = 0.
It follows easily from the results in [17] that sj is the abscissa of absolute convergence of the series
1 _
Pk(S) _ E Z(_l)kmﬂ,e ksTy+ké~y
vEP

Indeed, si is the abscissa of absolute convergence of the series

= 1
m=1"" oTE=¢

On the other hand, for Rs > s; we have

Gk(S) — Z e—skTA,—i-kéA, +
YEP m=

0o
Z em(—skTA, +kdy)
yEP

and as in [17], Chapter 6 and [18], Section 4, we deduce that the series

o0
Z 1 Z o~ KTy ko)
m=2 m

= YeP

1
5 m

is absolutely convergent for s > s — € for some small € > 0. Next we will prove the following
Lemma 1. For all k > 1 we have sipy1 < Sg.

Proof. The pressure of the function —sik f+kg is zero, so we may find a function h € Fyi/2 (Zj)
so that h ~ —sikf + kg, P(h) = 0 and we may choose h (see for more details [17]) so that

> =1, veext
oan=¢§

This implies h(n) < oy, < 0 for all n € T} and

k/ (=sif +g)du < oy,
YA



DYNAMICAL ZETA FUNCTION FOR SEVERAL STRICTLY CONVEX OBSTACLES 7

for each p € M. It is clear that

hu(o) + /2 (=sp(k+1)f +(k+1)g)du

< sup [hu(a) +/ (—spkf+ k:g)d,u} + % = % <0, Vp e M.
HEM Ya

This implies
@
P(—Sk(k‘ +1)f+ (k+ 1)9) = sup [hu(a) —I—/ (—sp(k+1)f + (B + 1)g)d,u] <=k

pEM PN k

On the other hand, P(—sk+1(k +1)f+(k+ 1)g) = 0 and since the function
R>s— P(—s(k:—i— Df+(k+ 1)g>
is strictly decreasing, we get sg11 < Sg.
To study the convergence of the series over the iterated rays we need the following

Proposition 1. For every k > 1 there exists €,(k) > 0, depending on k, such that the series

- - (=1)™™ 5
IRSCED IB IS
m=k+1 m=k+1~vy€P

is absolutely convergent for Rs > sp — €,(k).

Proof. As in the proof of Lemma 1, we choose h so that h ~ —ksif + kg, h(n) < 0, for all
n e EX. First, assume that s; < 0. We choose ¢ = €(k) > 0 small enough in order to arrange the
inequality
sup h(n) = ap < (k + 1)kesg||f]loo-
7762:

Let n € EX correspond to a primitive periodic ray v € P with m reflections as it has been explained
in Section 2. We obtain

Sm(=kspf +kg)(n) = —kspTy + ko, .
On the other hand, it is clear that 7., < m|| f||c and we get
Smh(n) < m(k + Dkesg| flloo < (k+ 1kes; T
From the equality Sy, (—ksif + kg)(n) = Smh(n), we deduce
—sp Ty + 6, < (k+ 1)esi Ty, Vy € P.

Now let 0 <u < kil' Then

—sp(1 +u)Ty + 6, < (k + 1)esp Ty — spuT

€
< ((/-c + 1)e — T 1)skT7 <espTy
and we get the lower bound
1 > 1— e_sk(l+u)T’y+6’y Z 1— eESkT»\/ Z 1— €2Sked0 _ C]- > 0
€,k

)
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Thus for 0 <u < kil the series

i (s (0T, 45,) _ (k1) (=sk (1+u)Ty+6y)

m=k+1

Cﬁ ke(k+1)(_sk(1+u)T’Y+6"/) (31)

<
1 — e—se(I+u)Ty+oy  —

is convergent.
Next we obtain

—(k+1)sk(1+uw)Ty + (k+1)0,
< —spkTy + kéy + (K + Vesp Ty — (kK + Dusp T, < —sp(1 — €)kT, + k5.
Since s;, is the abscissa of absolute convergence of the series of k iterated rays, we deduce
Z oSk (1—RTy+kdy o
YEP

Thus we conclude that

i Z em(_sk(l+“)TW+6’Y) < 00

m=k+1~y€P
and the series
i Z (—1”):”” om(—sTy+65)
m=k+1~y€P

€

71, We obtain the result in this case.

is absolutely convergent for $ts > s, — 55 Setting €,(k) =

Passing to the case si > 0, choose € = ¢(k) > 0 to arrange the inequalities

sup h(n) < —(k +1kesy| flloo,
nEng

—s Ty + 6y < —(k+ 1)es, Ty, VI, € P.

For 0 < u < 55 we deduce

—sp(1 —u)Ty + 0y < —(k + Vesp Ty + spully < —es Ty
which yields

oo

Z o (—sk(1=u)Ty+6y) < C€7ke(k+1)(—5k(1_u)T"/+6’Y)_ (3.2)
m=k-+1
On the other hand,

—(k4+1)sp(1 —u)Ty + (K +1)0y < —sp(1 4+ €)kTy + kdy
and this leads to

N o= sk (—u)Ty48,) oo
> 2 <

m=k+1~y€EP
Finally, in the case s = 0, we arrange

sup fu(n) < —(k + ke[| floc,
nGEX

8, < —(k +1)eTy, VT, € P.
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€

k+1

i Z em(uT,Y—l—éA,) < 00,

m=k+1~y€P

Repeating the above argument, we establish for 0 < u < the convergence of the series

and this completes the proof.

To compare s and s1, consider the measure v € M for which we have

Posif+9) =hu(on) + [ (=s1f +g)iv =0

This measure is called equilibrium state of —s;f + ¢ (see [17]). Then we obtain

kE—1
P( k(1 ~ S0 + kg) > hu(oa) + k:/ (=51 + g)dv + (k — 1)ht/ Fdv
k Xa Za
— (k—1) [ht Fdv — hy(aA)} > 0.
za
Comparing this with P(—ksf + kg) = 0, we deduce
k—1
Sk > 81 — hy. (3.3)

Thus we have proved the following
Proposition 2. The sequence si is convergent and limy_,o, Si > S1 — hy.

It is interesting to note that the abscissa ¢y of simple convergence of the Dirichlet series Zy(s)
satisfies the estimate
co > s1— hy,
but it is difficult to compare ¢y with s.

4. SINGULARITIES ON THE LINE s = s9

Consider the Dirichlet series

1
PQ(S) _ 5 Z e—2sTA,+25fy
YEP

with positive coefficients. According to a classical result, this series has an analytic singularity at
s = 85. On the other hand, Proposition 1 implies that the sum over all iterated rays kvy,~y € P,k > 3,

given by
> Pils),
k=3

is analytic for $s > s2 — €,(2) for some €,(2) > 0. It is clear that the singularities of Zy(s) for
Rs > s9 are related to those of the series obtained by summing only over the primitive rays

Pi(s) = Y (1)
yEP

Let h, be the abscissa of holomorphy of the Dirichlet series P;(s). More precisely, hy, is the minimal
real number ¢ such that Pj(s) is analytic for Rs > t. We have three possibilities:



10 V. PETKOV

(Z) hp > 89, (Z’l) hp = S9, (ZZZ) hp < 89.

In the case (i), the function P;(s), and hence Zy(s), has either a singularity on the line Rs = h,,
or there exists a sequence of singularities z; with Rz; — hy, |3z;| — oo. In the case (iii), the
function P5(s) produces a singularity of Zy(s) at s = so. In the case (i) we must examine the
singularities of the sum P;(s) + P5(s). Of course, if P;(s) is analytic at s = s, we have the same
situation as in the case (iii). Thus a cancellation of the singularities of Pj(s) + P»(s) at the point
s9 is possible only if P;(s) is singular at s = s3. Thus we have the following

Theorem 2. At least one of the functions Zy(s), Pi(s) has a singularity at s = so. Moreover, the
difference Zy(s) — P1(s) is analytic for
se{zeC: RNz > sa}.

We may compare the functions Zy(s) and Zp(s). As it was shown in [8], [18], [25] there exists
u1 > 0 such that Zp(s)—Zy(s) is analytic for Rs > s1—puq. The number p; depends on the geometry
of obstacles (see Appendix in [18] and [25]). In some cases we may show that so > s; — uy. For
example this is true if n = 2 and so < 0. Nevertheless, it is more natural to deal with the function

II(s) introduced in Section 1. As above, let Ay be the abscissa of the holomorphy of the Dirichlet
series I1(s) introduced in Section 1. We consider again three cases:

(Z) hro > so, (ZZ) hio = s9, (ZZZ) ho < so.

For m > 2 and n = 3 the analysis of the series

o o
() = 3030 3 L (caymemoatots bt g > 5,
k=0 p=0~€P m

is completely similar to that of P,,(s). In fact the abscissa of absolute convergence of II,,(s)
coincides with that of P, (s) and we may apply Proposition 1 for the series

i T (s) = i ii > i(—1)"””em(‘STﬁ‘SﬁkVﬁpuw)
m

m=j+1 m=j+1 k=0 p=0 yeP

assuming j > 1. The case n = 2 is treated in a similar way and repeating the argument of the proof
of Theorem 2, we obtain Theorem 1.

Following the same way, we may consider the function
Il5(s) = T(s) + Ma(s) + M3(s) = Y (=)™ T,[I = P[P, Rs > sy,
YEE3
where the summation is over all rays v € Z3 C = which are either primitive or they are obtained by

two or three iterations of primitive periodic rays. Then at least one of the functions Zp(s), II3(s)
has a singularity at s = s4 and it is possible to iterate this argument.

Let us mention that from our results it is not clear if the analytic singularity z of II(s) or Zp(s)
given by Theorem 1 is a pole. In fact, it is known that the function Zy(s) is meromorphic for

_ |logd]
2[[flleo”

s > 51



DYNAMICAL ZETA FUNCTION FOR SEVERAL STRICTLY CONVEX OBSTACLES 11

0 < 6 < 1 being the constant introduced in Section 2. On the other hand, we have sy > h;/2 and s
lies in the above domain if h || f||co < |log 8. It is expected that Zy(s) and Zp(s) are meromorphic
in a more larger domain or in the whole complex plan. For n = 2 some results in this direction are
obtained by Morita [15].

It is interesting to mention that for all k¥ € N we have
1)
sk > by = sup —. (4.1)
veP Ty

In [18] it was established that by < 0, so we need to check (4.1) only for s; < 0. In this case the
argument of the proof of Proposition 1 shows that

—SkT,y + (57 < EkT,y, VyeP

with some € < 0 and we obtain (4.1). The number by has been introduced in [18] and it is related
to the sequence of poles

1) 2mm . ) (2m + )7,
Sm;y:?:/—’_T’yl, rmW:T—:—le,mEZ

obtained from the series formed by all iteration of a fixed periodic primitive ray ~.

For several strictly convex small obstacles Ikawa [9] and Stoyanov [25] established the existence
of a non-real singularity

LT
Zo=a+i—, a€R
dy

of Zp(s) with d; sufficiently close to Dy. Following the analysis in Section 7, [25], we conclude that
s1 — brg < a < s; with

1 .
by > —1n(1 + “mmDo).
DO 140
Here kmin > 0 is the minimal normal curvature of 9K and vy > 0 is a constant depending on dy,
the diameter of K and

Xo = min{dist (Kj, convex hull (K; U Kl)) cjF i #ELLA5>0.

For obstacles having sufficiently small diameters, we may arrange the inequality bx > hy.
Indeed, it is sufficient to have

do Kmin
h < —In(l Dy )< d
o) < prin(14 SD0) < b [ fd

for every o4 invariant measure p € M. If the diameters of the obstacles are sufficiently small, then
Kmin 18 large enough, while g)—% and xo remain bounded from below. Thus in this case we have

d :
sup hy(oa) < D—O ln(l + KmmDo)
HEM 0 o

which implies bxg > h;. Combining this with (3.3), we obtain immediately

s1—br <s1—hy < s, Vk €N,
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Consequently, the line s = s; lies in the domain where we have complex singularities and this
agrees with the conjecture that we must have complex singularities of Zp(s) close to the line
Rs = hry or close to the line Rs = ss.

(1]

27]

(28]
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