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4 Introduction

Introduction

Let C be an algebraic curve defined over the field of all algebraic numbers Q̄,
x ∈ Q̄(C) non-constant, and Σ =supp(x)∞ the set of poles of x. Let K be an
algebraic number field such that both C and x are defined over K, and S a finite set
of valuations of K, containing the set S∞ of Archimedean valuations. (Such K and S
will be called suitable.) The main object studied in this thesis is the set of S-integral
points

C(x,K, S) = {P ∈ C(K) | |x(P )|v ≤ 1 for v 6∈ S } .

The classical theorem of Siegel [Sie29] (see [La83, Ch.8] for a modern proof) states
that C(x,K, S) is finite provided |Σ| ≥ 3 or g(C) ≥ 1. In the case g(C) ≥ 2 it is
covered by Mordell’s conjecture, proved by G. Faltings [Fa83], which asserts that
C(K) is finite provided g(C) ≥ 2. Unfortunately, existing proofs of Siegel’s theorem
and Mordell’s conjecture are non-effective, i.e. no explicit bound is given for the
heights of the points from C(x,K, S) (or C(K)).

Very roughly speaking, Siegel’s arguement may be divided into two steps: (i)
reduction to Diophantine approximations, and (ii) application of Diophantine ap-
proximations. Though S. Lang [La83] uses in the reduction step the non-effective
Mordell-Weil theorem, this step can be also carried out effectively. But for the second
step one needs a very strong result from Diophantine approximations (a generalized
Thue-Siegel theorem in the original Siegel’s argument, or Roth’s theorem in modern
expositions), for which no effective version is available.

A.O.Gelfond noticed in [Ge52] that certain Diophantine equations can be reduced
to a Diophantine inequality of a weaker (than Thue-Siegel theorem) type. This
inequality is a non-trivial lower bound for a linear form in logarithms of algebraic
numbers, i.e. the following statement:

0 <
∣∣∣αb1

1 . . . αbn
n − 1

∣∣∣
v
< e−εB =⇒ B = max(b1, . . . , bn) ≤ c(ε, α1, . . . , αn, v) (1)

(here αi ∈ Q̄, bi ∈ Z, ε > 0, and v is a valuation of Q(α1, . . . , αn)). (1) easily
follows from the results of Thue-Siegel type [Ge52, Th.1.3.3] but, of course, with a
non-effective c(ε, α1, . . . , αn, v). However, Gelfond had an effective proof of (1) for
n = 2, and conjectured that, using similar approach, one can prove (1) effectively for
an arbitrary n.

Indeed, in 1966 A.Baker [Ba66] obtained effective lower bounds for linear forms
in any number of logarithms. This enabled him to realize Gelfond’s idea of effective
solution of Diophantine equations. See [Ba68], [Ba68a], [Ba68b], [Ba69].

The investigations of A. Baker were supplemented and generalized by other au-
thors. We refer to [ShvPTSc77], [Sp80], [Sp82], [Fe82], [ShT86], [EGShT88], [EG88]
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for historical surveys and extensive bibliography. However, mainly studied were equa-
tions of two classical types. The first one is Thue equation

f(x, y) = A, (2)

f being a form having three distinct linear factors, and A 6= 0. The second is the
superelliptic equation

ym = f(x), (3)

where f(x) = a
ν∏

i=1

(x− αi)
ri and the ν-tuple

(
m

(m, r1)
, . . . ,

m

(m, rν)

)
is not of the type

(n, 1, . . . , 1) or (2, 2, 1, . . . , 1) (in particular, ν ≥ 2).
As was noticed already by Siegel, the case g(C) = 0, |Σ| ≥ 3 can be reduced

to (2). The case g(C) = 1 was considered by A. Baker and J. Coates [BaC70] by
reduction to (3). Thus, for curves of genus 0 and 1 Siegel’s theorem is effective. The
case g(C) ≥ 2 still remains open (except for particular cases discussed below).

V.G. Sprindžuk posed the problem of extending the method of Gelfond–Baker to
classes of Diophantine equations more general than (2) and (3). An attempt of such
an extension was made by H. Kleiman [Kl76], who considered a general equation
f(x, y) = 0, but made some strong assumptions about the polynomial f .

Another result of this type is Theorem 5F of this thesis (Section 5.6), originally
proved in [Bi88], [Bi88a]. Let C and x be as above, and consider the covering x :
C → P1. For any α ∈ P1 denote eα =g.c.d.(e1, . . . , es), where e1, . . . , es are the
ramification indices above α. (Obviously, eα = 1 for all but finitely many α).

Theorem 5F. Assume that ∑
α 6=∞

(
1− e−1

α

)
> 1

( the sum ranging over the finite part of P1). Then for any suitable K, S

max
P∈C(x,K,S)

hx(P ) ≤ c(C, x,K, S), (4)

c being effective.

It is clear that Theorem 5F covers equation (3). It also generalizes the above-
mentioned results of Kleiman (see Section 5.8).

A simple calculation with Hurwitz formula shows that Theorem 5F yields the
following Effective Siegel theorem for Galois coverings of the line.

Theorem 5G ([Bi88a] and Section 5.7). Let g(C) ≥ 1 and x : C → P1 be a Galois
covering. Then for any suitable K, S (4) is valid with an effective c.

To describe the main results of the thesis we need some more notations.
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Consider the group of Σ-units, i.e. functions z ∈ Q̄(C) that supp(z) ⊆ Σ. This
group is isomorphic to Q̄∗ ⊕ Zρ, where ρ = ρ(Σ) satisfies 0 ≤ ρ(Σ) ≤ |Σ| − 1.

In Chapter 1 we prove

Theorem 1B. If
ρ(Σ) ≥ 2

then for any suitable K, S

max
P∈C(x,K,S)

hx(P ) ≤ c(C, x,K, S,Λ),

c being effective.

Here Λ is a parameter characterising Σ , to be defined in Section 1.1. It can be
easily estimated in practical cases. Actually we get an explicit value for c provided
C is a non-singular model of a plane curve f(x, y) = 0.

The sketch of the proof is as follows. Fix Q ∈ C(x,K, S). Then for some v ∈ S
and P ∈ Σ the point Q is “close” to P in v-metric. We have ρ (Σ \ {P}) ≥ 1, hence
there exists a non-constant Σ \ {P}-unit z. Since x(Q) is S-integer, z(Q) should be
an S-unit (in a finite extension of K).

Since Q is “close” to P , the difference
∣∣∣(z(P ))−1 z(Q)− 1

∣∣∣
v

is small. Since z(Q)

is an S-unit, we get an inequality of the type (1). Now the theory of linear forms in
logarithms completes the proof.

Thus, as in Siegel’s argument, we have a reduction step, which is described above,
and a Diophantine approximation step – the use of linear forms in logarithms.

In previous proofs of effective theorems by the method of Gelfond-Baker the prob-
lem is reduced to linear S-unit equations, and the latter are then analysed by means
of linear forms in logarithms; see, for instance, [Sp82], [ShT86], [Schm92]. The new
feature of the proposed arguement is that the problem is reduced directly to linear
forms in logarithms, without intermediate use of S-unit equations. This way pos-
sesses a double advantage: the proof becomes more direct, and the result – more
general. Indeed, it does not seem that the proof of Theorem 1B can be carried out
via linear S-unit equations.

One more comment is needed here. There exist various ways to express exactly
the phrase “P is close to Q”. For example, the formalism of Weil functions may
be used, as in [Bo83]. However, we prefer the ”old-fashioned” techique of Puiseux
expansions, because it allows to carry out all the calculations in a very explicit form.
Fortunately, recently W.M. Schmidt [Schm91] obtained very precise estimates for
Puiseux expansions of Riemann-Roch bases, which essentially improve the previous
results of J. Coates [Co70].

P. Vojta [Vo87, §2.4] applied a similar approach to the study of integral points
on varieties of arbitrary dimension. He proves that under some conditions, similar to
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our condition ρ(Σ) ≥ 2, the set of integral points is not dense in the Zariski topology.
However, Vojta reduces the problem to the non–effective Roth–Schmidt theorem and
therefore his results are also non–effective.

Theorem 1B immediately yields effective theorems for Thue equations (2) and for
curves of genus 0 (see Chapter 5). A natural question arises: is it possible to deduce
other effective theorems, obtained by the Gelfond-Baker method, from a single general
principle?

Let us say that an effective Diophantine theorem is absolute if it has the following
form:

Assume that C and x satisfy some condition. Then for any suitable K, S we have
an effective upper bound for S-integral points.

In other words, the only assumption made about K and S is that they are suitable.
All effective theorems mentioned above (Thue and superelliptic equations, curves of
genus 0 and 1, Theorems 5F, 5G and 1B) are absolute. A typical example of a non-
absolute theorem is Runge theorem [Bo83, Section V]. In Chapter 5 we prove Theorem
5A, which covers most of the known absolute effective Diophantine theorems. But,
in order to formulate it in the most flexible form, we need some preliminary work,
which is done in Chapters 2 – 4.

In Chapter 2 we prove an effective upper bound for the height of an isolated
solution of a system of polynomial equations. We need such bound in Chapter 3. The
arguement is almost straightforward, but we were unable to find a suitable reference.

In Chapter 3 we prove a kind of an effective version of the Riemann existence
theorem. It is known that there exist finitely many finite algebraic coverings of the
projective line with given degree and ramification points. In Chapter 3 we give effec-
tive upper bounds for the height and degree of a defining polynomial of the covering
curve in terms of the degree of the covering and the heights of ramification points
(which are assumed to be defined over Q̄). This result seems to be of independent
interest.

In Chapter 4 we prove an effective version of Chevalley-Weil theorem for the case
of curves. Using the result of Chapter 3, it may be represented in the following form.

Theorem 4B (i). Let ϕ : C̃ → C be a finite covering of algebraic curves, unramified
over C \ Σ, Q ∈ C(x,K, S) and Q̃ ∈ ϕ−1(Q). Then Q̃ ∈ C̃(K̃), where

NKDK̃/K ≤ c(C, x,K, S, degϕ),

c being effective.

Actually, we give an expression for c, explicite almost in all parametres.
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Chapter 5 starts from already mentioned

Theorem 5A. Let ϕ : C̃ → C be a finite covering of algebraic curves, unramified
over C \Σ. Assume that ρ(Σ̃) ≥ 2, where Σ̃ = ϕ−1(Σ). Then for any Q ∈ C(x,K, S)

hx(Q) ≤ c
(
C, x, K, S, Λ̃, degϕ

)
,

c being effective.

(Here Λ̃ is defined for Σ̃ as Λ for Σ.)

This theorem is proved in Section 5.1. The rest of Chapter 5 consists of vari-
ous applications of Theorem 5A. We show that it covers most of classical absolute
Diophantine theorems: curves of genus 0 and 1, hyperelliptic curves (provided Σ con-
tains a fiber of the canonical double covering), Thue equation, etc. It also provides
alternative proofs for Theorems 5F and 5G, formulated above, and for the results of
H. Kleiman. As one more possible application of Theorems 1B and 5A, which is not
reflected in the thesis, we may mention modular curves (in view of Manin–Drinfeld
Theorem). See [Bi94, §7], where some results of D. Kubert and S. Lang [KuLa81,
Ch.8] are generalized.

It would be interesting to find such a generalization of Theorem 5A, which covers
also certain polynomial–exponential Diophantine equation, (e.g. Catalan type equa-
tions), equations containing products of consequtive integers, etc. The result of B.
Brindza, K. Györy and R. Tijdeman [BrGyT86] gives hope that for Catalan equation
such a generalization exists.
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Notations

We use the standard notations Z, Q, R and C for the ring of integers, and the
fields of rational, real and complex numbers, respectively.

All fields are assumed to be of characteristic zero, unless contrary is stated ex-
plicitly. The algebraic closure of the field k is denoted by k̄. In particular, Q̄ is the
field of all algebraic numbers.

Boldface letters K, L, M usually denote algebraic number fields (i.e. finite ex-
tensions of Q). Given an algebraic number field K fix once and for all an embedding
K ↪→ Q̄. Denote:

dK = [K : Q];

DK − the absolute discriminant of K;

RK − the regulator of K;

hK − the class number;

RK − the ring of integers;

RK(S) − the ring of S-integers

(here S is a finite set of valuations of K, including all Archimedean

valuations, and α ∈ K is S-integer if |α|v ≤ 1 for all v 6∈ S);

NK − the absolute norm map

(in particular, if I is a fractional ideal of K, thenNK(I)

is well-defined as a non-negative rational number).

For a finite extension L/K denote

dL/K = [L : K];

DL/K − the relative discriminant (which is an ideal of K);

NL/K − the relative norm map.

Valuations are assumed to be normalized so that their restrictions to Q coincide
with standard infinite or p-adic valuations. For a valuation v of K denote:

p(v) − the prime below v;

NK(v) − the norm of the corresponding prime ideal;

Kv − the v-adic completion of K;

dK(v) = [Kv : Qv] ;

eK(v) − the ramification index of v over Q;

fK(v) =
dK(v)

eK(v)
=

lnNK(v)

ln p(v)
.
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dL/K(v), eL/K(v) and fL/K(v) are defined similarly.

A K-system {a(v)} is a function on the set of valuations of K with the following
properties:

a(v) ≥ 0 for all v;

a(v) = 0 for all but finitely many v;

eK(v) a(v)

ln p(v)
∈ Z for non-Archimedean v.

Compare this with the K-system in [Schm91, p.187] and the MK-divisor in [La83].
Denote

nor{a(v)} =
1

dK

∑
v

dK(v) a(v).

If {a(v)} is a K-system and L an extension of K, then we have a well-defined
L-system, which is also defined by {a(v)}.

Pm denotes the m-dimensional projective space. The point (1 : α) of P1 is
frequently denoted by α, and the point (0 : 1) – by ∞.

For α = (α0 : . . . : αm) ∈ Pm(Q̄) denote by h(α) its absolute logarithmic height:

h(α) =
1

dK

∑
v

dK(v) max
0≤i≤m

ln |αi|v,

where K = Q (α0, . . . , αm), and the sum is over the valuations of K. If α =
(α1, . . . , αm) is a point in affine space, then h(α) = h (1 : α1 : . . . : αm). In particular,
for α ∈ Q̄ we have

h(α) =
1

dK

∑
v

dK(v) max (0, ln |α|v) ,

where K = Q(α). We have also h(∞) = 0.
Although we denote affine and projective heights with the same letter h, this does

not lead to confusion because it is always clear from the context what height is in
mind.

If C is a projective curve over Q̄ and x ∈ Q̄(C) then we also consider x as
a finite ramified covering x : C → P1. Then, as usual, we have the Weil height
hx : C(Q̄) → R≥0 defined by hx(P ) = h(x(P )).

We denote also by (x) the principal divisor, by (x)0 and (x)∞ – the divisors of
zeros and poles, and by supp(x)0, supp(x)∞ – the supports of these divisors, i.e. the
sets of zeros and poles of x.

Let f be a polynomial with algebraic coefficients and (α1, . . . , αm) be the vector
of its non-zero coefficients ordered somehow. Denote

|f |v = max
v
|αi|v ,

h(f) = h (α1 : . . . : αm)
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(so that h(αf) = h(f) for α 6= 0).

We define expk(x) by exp1(x) = expx and expk+1(x) = exp (expk(x)).

More specific notations are introduced in appropriate places. A list of such nota-
tions is provided below (together with pages they are introduced).

C(x,K, S) p. 3 h(D) p. 14
l(z) p. 11 KD p. 14
ρ(Σ) p. 11 L(z) p. 14
λr(Σ) p. 11 h(z) p. 14
xα p. 13 Kz p. 14
eP p. 13 dr(Σ) p. 18
xP p. 13 RK(S), R(S) p. 25
z(P ), z(P,i) p. 13 (n, h)− closed set p. 38
εP p. 13 (n, h)− system p. 38
l(D), L(D) p. 14 Ram (L/K) p. 58
L(D) p. 14



Chapter 1

Main theorem about integral
points

1 Introduction.

Let C be an irreducible non-singular projective curve over Q̄, and Σ a finite subset
of C(Q̄). For z ∈ Q̄(C) denote

l(z) =
∑

P∈C(Q̄)

|OrdP (z)|. (1)

A function z ∈ Q̄(C) is a Σ-unit if Supp(z) ⊆ Σ. Denote by UΣ the group of
Σ-units of the field Q̄(C). Then UΣ

∼= Q̄∗ ⊕ Zρ, where ρ = ρ(Σ) satisfies

0 ≤ ρ(Σ) ≤ |Σ| − 1. (2)

Denote

λ1(Σ) =

{
min

{
l(z)

∣∣∣ z ∈ UΣ \ Q̄∗
}
, ρ(Σ) ≥ 1

∞, ρ(Σ) = 0
(3)

λr(Σ) = max
Σ′⊂Σ

|Σ′|=|Σ|−r+1

λ1(Σ
′). (4)

In particular,

λr(Σ) <∞ ⇔ r ≤ ρ(Σ). (5)

Choose x ∈ Q̄(C) such that Σ ⊆ supp(x)∞, and y ∈ Q̄(C) such that Q̄(C) =
Q̄(x, y). Assume that x and y satisfy an irreducible (over Q̄) algebraic equation

f(x, y) = 0. (6)

12
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Denote:

m = degX f(X, Y ), n = degY f(X, Y ), (7)

N = max(2, deg f), (8)

h = max (1, h(f)) . (9)

Let K be an algebraic number field such that C, x and y are defined over K. In
particular, we may assume that f(X, Y ) ∈ K[X,Y ]. Let S be a finite set of valuations
of K, including the subset S∞ of all Archimedean valuations. Denote:

d = dK; d′ = max(d, 2);
D = DK; D′ = max(D, e);

D =
√
D (lnD′)

d ∏
v∈S\S∞

lnNK(v);

σ = |S|;
p = max( max

v∈S\S∞
p(v), ee);

η = max(lnh, pd′(ln ln p)3).

Finally, denote by K(Σ) the composite of the fields K(P ), where P ∈ Σ.
We prove in this chapter the following

Theorem 1A. Let ρ(Σ) ≥ 2, and assume that Σ ⊆ C(K). Put Λ = max(N, λ2(Σ)).
Then for any Q ∈ C(x,K, S)

hx(Q) ≤ c11(σ)Λ37(h+D) ηD2, (10)

where c11(σ) = 291σ+111σ19σ+24, and

hx(Q) ≤ c12(σ)Λ37pd′(ln ln p)3(h+D)D2, (11)

c12(σ) being effectively computable.

Remark. The right-hand side of (10) is non-linear in h (for large h we have η = lnh),
but has a better dependence on σ than the right-hand side of (11). However, the right-
hand side of (11) is linear in h. We do not calculate explicitly c12(σ), but it should be
roughly of the same order of magnitude as σcσ2

(see Remark after Proposition 5.3).

From Theorem 1A we deduce easily the following theorem, which is the main
result of this chapter.

Theorem 1B. Let ρ = ρ(Σ) ≥ 2, and denote Λ = λ2(Σ). Let ε > 0. Then for any
Q ∈ C(x,K, S)

hx(Q) ≤ c(N, d, ε)Λ37

σ20σ D
3
2 pd

∏
v∈S\S∞

ln3NK(v)

ν+ε

e(4N)16+|Σ|−ρdh , (12)
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where ν = n(n− 1) . . . (n− |Σ|+ ρ− 1).

Among the parameters appearing in (10)–(12), the only ”unusual” is Λ. Using
[Ma88, Th.A], we may prove that Λ ≤ ec(N)d h with an effective c(N) (this yields, by
the way, that the condition ρ(Σ) ≥ 2 can be effectively verified). The proof consists
of long, but more or less straightforward, calculations and is omitted here. However,
as will be seen in Chapter 5, in practical cases Λ can be easily estimated in terms of
N , and hence Theorems 1A and 1B are sufficient for most applications.

2 Puiseux expansions.

Proposition 1 [Sil84, Th.2]. Let α = (α0 : . . . : αµ) ∈ Pµ(Q̄), and [K(α) : K] = δ.
Then

1

dK

lnNKDK(α)/K ≤ 2δ(δ − 1)h(α) + δ ln δ.

For α ∈ Q̄ ∪ {∞} denote

xα =

 x− α, α ∈ Q̄
1

x
, α = ∞.

For P ∈ C denote
eP = OrdPxα,

xP = x
1

eP
α ,

where α = x(P ). For any z ∈ Q̄(C) fix once and for all one of the eP equivalent
[Schm91, p.185] Puiseux expansions of z at P (with respect to x), which we denote
by

z(P ) =
∞∑

s=OrdP (z)

γs(P )xs
P .

We also fix a primitive root of unity of order eP , and denote it by εP . Then all eP

equivalent Puiseux expansions of z at P are

z(P,i) =
∞∑

s=OrdP (z)

γs(P )(εi
PxP )s (0 ≤ i ≤ eP − 1)

(in particular, z(P ) = z(P,0)).
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Let D =
∑
P∈C

m(P )P be a divisor on C, i.e. m(P ) ∈ Z and m(P ) = 0 for all but

finitely many P . Denote

l(D) =
∑
P∈C

|m(P )|,

L(D) = max(l(D), N),

L(D) = {z ∈ Q̄(C) | (z) +D ≥ 0}.

Assume that suppD ⊆ C(Q̄). Then we may define h(D) = max
P∈suppD

hx(P ). Denote by

KD the field of definition of D over K (i.e. KD = K̄GD , where GD is the subgroup
of Gal(K̄/K), consisting of the automorphisms preserving the divisor D).

The following proposition is a non-complete summary of Theorems A2, B2 and
C2 from [Schm91].

Proposition 2. Let D be a divisor on C with suppD ⊆ C(Q̄). Then there exist
g1, . . . , gn ∈ KD(C) and π1, . . . , πn ∈ Z with the following properties :

(i) For any P ∈ C(Q̄) the coefficients γis(P ) of the Puiseux expansions

g
(P )
i =

∞∑
s=OrdP (gi)

γis(P )xs
P

belong to a finite extension KP of KD(α) (where α = x(P )), satisfying

[KP : KD(α)] ≤ n.

(ii) For any P ∈ C(Q̄) there exist KD(α)-systems {cP (v)}, {c(i)P (v)} such that

ln |γis(P )|v ≤ scP (v) + c
(i)
P (v)

and we have

nor{cP (v)} ≤ 9L5(h+ h(α) + h(D) + 12 lnL)

nor{c(i)P (v)} ≤ 370L11(h+ h(α) + h(D) + 12 lnL),

where L = L(D).

(iii) The set {xkgi | 0 ≤ k ≤ πi, πi ≥ 0} forms a basis of the space L(D).

Let z ∈ Q̄(C). Denote by Kz the field of definition of the principal divisor (z),
and put

h(z) = max
P∈supp(z)

hx(P ), L(z) = max(N, l(z)). (1)

Proposition 3. Let z ∈ Q̄(C). Then there exists a non-zero β ∈ Q̄ such that, if we
replace z by βz, then :
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(i) z ∈ Kz(C).

(ii) For any P ∈ C(Q̄) the coefficients γs(P ) of the Puiseux expansions

z(P ) =
∞∑

s=OrdP (z)

γs(P )xs
P (2)

belong to a finite extension KP of Kz(α) ( where α = x(P )), satisfying

[KP : Kz(α)] ≤ n, (3)

1

dKz

lnNKzDKP /Kz ≤ 747L13d2(α)(h+ h(α) + h(z) + 12 lnL), (4)

where d(α) = [Kz(α) : Kz], L = L(z).

(iii) For any P ∈ C(Q̄) there exist Kz(α)-systems {cP (v)}, {c′P (v)} such that

ln |γs(P )|v ≤ scP (v) + c′P (v) (5)

and we have

nor{cP (v)} ≤ 9L5(h+ h(α) + h(z) + 12 lnL)

nor{c′P (v)} ≤ 370L11(h+ h(α) + h(z) + 12 lnL).

Proof. Apply Proposition 2 to the principal divisor (z). Then one of the numbers
πi should be 0, and the others are negative. Hence one of gi is equal to βz for some
non-zero β ∈ Q̄. This proves everything except (4).

Now prove (4). As can be easily deduced from [Co70, Lemma 3], KP is generated

over Kz(α) by γs(P ) (s ≤ κ), where κ = (2n− 2)
1

2
l(z)(n+ 1)eP ≤ L4. Therefore by

Proposition 1
1

dKz

NKzDKP /Kz ≤ 2n2d2(α)(h̃+ 1),

where

h̃ = h
(
1 : α : γOrdP (z) : . . . : γκ

)
≤ 373L11(h+ h(α) + h(z) + 12 lnL).

Hence we have (4), which completes the proof.

In this chapter we need only the simplest assertion (iii) of the following proposi-
tion, but we formulate it in all generality for the purposes of Chapter 2.
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Proposition 4.

(i) Let F1, . . . , Fµ ∈ Q̄[X1, . . . , Xν ] and F = F1 · . . . · Fµ. Then

h(F ) ≥ h(F1) + . . .+ h(Fµ)− ν degF.

(ii) Let F,G ∈ Q̄[X1, . . . , Xν ] and G|F . Then

h(G) ≤ h(F ) + ν degF.

(iii) Let F ∈ Q̄[X] and α ∈ Q̄ a root of F . Then

h(α) ≤ h(F ) + degF.

(All assertions are valid provided F 6≡ 0.)

Proof. (i) follows from the corresponding local estimates

|F |v ≥ (c(v))−1 |F1|v . . . |Fµ|v, (6)

where c(v) =

{
eν deg F , if v is Archimedean
1, if v is non-Archimedean.

The non-Archimedean case is well known as Gauss lemma (and the inequality in
(6) should be replaced by an equality). For the Archimedean case see [Ge52, Lemma
3.4.2].

(ii) follows from (i), and (iii) – from (ii), if we take G(X) = X − α.

We want to apply Proposition 3 to the case z = y.
Clearly, h(y) is the maximal height of roots of the polynomial f(X, 0)f̂(X, 0),

where f̂(X,Y ) = Y nf(X, Y −1). By Proposition 4, h(y) ≤ h + m, and, obviously,
l(y) = 2m, Ky = K.

Proposition 5. For any P ∈ C(Q̄) the coefficients βs(P ) of the Puiseux expansion

y(P ) =
∞∑

s=OrdP (y)

βs(P )xs
P (8)

belong to a finite extension KP of K(α) (where α = x(P )), satisfying

[KP : K(α)] ≤ n, (9)

1

dK

lnNKDKP /K ≤ 224N13d2(α)(h+ h(α) + 5N). (10)
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There exist K(α)-systems {bP (v)}, {b′P (v)} such that for any valuation v of KP

ln |βs(P )|v ≤ sbP (v) + b′P (v) (11)

and we have
nor{bP (v)} ≤ 576N5(h+ h(α) + 5N), (12)

nor{b′P (v)} ≤ 222N11(h+ h(α) + 5N). (13)

Proof. We cannot apply directly Proposition 3 because of the constant multiple β
occuring in its assertion. But in the case z = y we have β ∈ K, and hence we obtain
(9) and (10) immediately. We also have K(α)-systems {bP (v)}, {b′′P (v)} such that

ln |ββs(P )|v ≤ sbP (v) + b′′P (v)

and we have
nor{bP (v)} ≤ 576N5(h+ h(α) + 5N)

nor{b′′P (v)} ≤ 370 · 212N11(h+ h(α) + 5N).

Since |supp(y)| ≤ 2m, there exists µ ∈ Z such that |µ| ≤ m and

supp(xµ)0 ∩ supp(y) = ∅.

Choosing P ∈ supp(xµ)0, we obtain

h(βy(µ)) = h(ββ0(P )) ≤ nor{b′′P (v)} ≤ 370 · 212N11(h+ lnµ+ 5N).

On the other hand, from Proposition 4 (iii) it follows that

h(y(µ)) ≤ h(g) + deg g ≤ h+ n lnµ+ ln(m+ 1) + n ≤ h+ 2N2,

where g(Y ) = f(µ, Y ). Hence

h(β) ≤ 371 · 212N11(h+ lnµ+ 5N) ≤ 371 · 212N11(h+ 6N).

Therefore we have (11)–(13) with

β′(v) = β′′(v) + ln max(1, |β|v).

The proposition is proved.

Remark. A more direct proof with a better quantitative result follows from [Schm90,
Th.2].

If KP is the field defined in Proposition 5, then clearly K(P ) ⊆ KP (εP ), and we
get
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Proposition 6. For any P ∈ C(Q̄) we have

1

dK

lnNKDK(P )/K ≤ 224N14d2(α)(h+ h(α) + 6N).

For 0 ≤ r < |Σ| denote

dr(Σ) = max {[K(Σ′) : K] | Σ′ ⊆ Σ, |Σ′| = |Σ| − r} .

In particular, d0(Σ) = [K(Σ) : K].

Proposition 7. For 0 ≤ r < |Σ| we have

dr(Σ) ≤ n(n− 1) . . . (n− |Σ|+ r + 1) ≤ n|Σ|−r. (14)

Further

1

dK

lnNKDK(Σ)/K ≤ |Σ|d1(Σ)224N14(h+ 6N) ≤ 224N14+|Σ|(h+ 6N). (15)

Proof. Let M be a finite subset of C(K̄), defined over K (i.e. σM = M for any
σ ∈Gal(K̄/K)). Then, clearly, for any subset M ′ ⊆M we have

[K(M ′) : K] ≤ µ(µ− 1) . . . (µ− µ′ + 1),

where µ = |M |, µ′ = |M ′|. This proves (14) because the set supp(x)∞ is defined over
K.

Further, let Σ = {P1, . . . , P|Σ|}. Denote K0 = K, Ki = K(P1, . . . , Pi), so that
K|Σ| = K(Σ). Then for 0 ≤ i < |Σ|

δi = [Ki : K] · [K(Σ) : Ki+1] ≤ d1(Σ).

Hence by Proposition 6

1

dK

lnNKDK(Σ)/K =
|Σ|−1∑
i=0

δi
dKi

lnNKi
DKi+1/Ki

≤

≤ |Σ|d1(Σ)224N14(h+ 6N),

which proves the first inequality in (15). The second follows immediately from (14).

We also apply Proposition 3 to the case when z is a Σ-unit. In this case
Kz ⊆ K(Σ), and we get

Proposition 8. Let z be a Σ-unit. Then there exists a non-zero β ∈ Q̄ such that, if
we replace z by βz, then :
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(i) z ∈ K(Σ)(C).

(ii) For any P ∈ supp(x)∞, there exist K(Σ)-systems {cP (v)}, {c′P (v)} such that
for any valuation v of KP the coefficients γs(P ) of the Puiseux expansion (2)
satisfy (5), and we have

nor{cP (v)} ≤ 9L5(h+ 12 lnL), (16)

nor{c′P (v)} ≤ 370L11(h+ 12 lnL). (17)

We conclude this section with a general remark. Though it is almost obvious, we
include it because it is used further in the thesis several times.

Proposition 9. Let α ∈ Q̄ ∪ {∞}, Q ∈ C(Q̄) \ supp(x)∞ and v a valuation of Q̄.
Assume that the series

y(P )(Q) =
∞∑

s=OrdP (y)

βs(P ) (xP (Q))s (P ∈ supp(xα)0)

converge absolutely with respect to the v-metric. Then one of the sums y(P )(Q) equals

y(Q) for an appropriate choice of the value of the root xP (Q) = (xα(Q))
1

eP . (In
particular, y(Q) 6= ∞.)

Moreover, fix this P and assume further that x(Q) is not a root of ∆(X) (the
discriminant of f(X, Y ) with respect to Y ). Let z ∈ Q̄(C), and suppose that

supp(z)∞ ∩ supp(xβ)0 = ∅,

where β = x(Q). Assume that the series

z(P )(Q) =
∞∑

s=OrdP (z)

γs(P ) (xP (Q))s

converges in the v-metric. Then the sum z(P )(Q) is equal to z(Q) for an appropriate
choice of the value of xP (Q) (possibly other than before).

Proof. We write

f(X, Y ) = a(X)Y n + terms of lower degree in Y,

g(X, Y ) = Y nf(X, Y −1) = a(X) + terms containing Y.

Then in the field of fractional power series in xα [Wa50, §4.3] the polynomial f(x, Y )
splits as

f(x, Y ) = a(x)
∏

P∈supp(xα)0

eP−1∏
i=0

(
Y − y(P,i)

)
.
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From the absolute convergence we conclude that

f (x(Q), Y ) = a (x(Q))
∏

P∈supp(xα)0

eP−1∏
i=0

(
Y − y(P,i)(Q)

)
.

It is impossible that a (x(Q)) = 0, as otherwise f (x(Q), Y ) ≡ 0, which contradicts
the irreducibility of f(X, Y ). Hence y(Q) 6= ∞, because else y−1(Q) = 0 is the root
of g (x(Q), Y ), and this yields that a (x(Q)) = 0. Since f (x(Q), y(Q)) = 0, y(Q)
equals one of the y(P,i)(Q), which proves of the first part.

Since Q̄(C) = Q̄(x, y), we have z =
p(x, y)

q(x)
, where p(X, Y ) and q(X) are polyno-

mials. Moreover, we may suppose that each root of q(X) is either a root of ∆(X), or
equal to x(P ′) for some P ′ ∈ supp(z)∞ [Schm91, Th.A1]. In particular, q (x(Q)) 6= 0.

Now, for some j ∈ {0, . . . , eP − 1} we have z(P,j) =
p(x, y(P,i))

q(x)
. Hence

z(P,j)(Q) =
p
(
x(Q), y(P,i)(Q)

)
q (x(Q))

=
p (x(Q), y(Q))

q (x(Q))
= z(Q),

q.e.d.

3 Comparison of heights.

Let x, y, m, n be as in Section 1.1. Then we have the ”quasi-equivalence of heights”:
for any P ∈ C(Q̄) and ε > 0∣∣∣∣∣hx(P )

n
− hy(P )

m

∣∣∣∣∣ ≤ εhx(P ) + c(ε,N, h). (1)

In this section we establish weaker inequalities, but in a more explicit form. Of
course, it is not very difficult to prove (1) and even∣∣∣∣∣hx(P )

n
− hy(P )

m

∣∣∣∣∣ ≤ c(N)
(√

hx(P ) +
√
h
)

with explicit constants (using, for example, the methods of [Sp82, Ch.9] and [Sp83]).
However, for our purposes the trivial estimations of this section will be sufficient.

Proposition 1.For any P ∈ C(Q̄)

hy(P ) ≤ mhx(P ) + h+ n+ ln(m+ 1), (2)
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hx(P ) ≤ nhy(P ) + h+m+ ln(n+ 1). (3)

Proof. Replacing x by x−1 and/or y by y−1 if necessary, we may assume that P is
not a pole of x or y. Denote g(Y ) = f(x(P ), Y ). Then g(Y ) 6≡ 0 since f is irreducible
over Q̄, and we have

deg g ≤ n,

h(g) ≤ h+mhx(P ) + ln(m+ 1).

Since g(y(P )) = 0, Proposition 2.4 gives

hy(P ) = h(y(P )) ≤ h(g) + deg g ≤ h+mhx(P ) + n+ ln(m+ 1),

which proves (2). By symmetry, (3) follows as well.

Proposition 2.Let A = [aij] 1≤i≤µ
1≤j≤γ

be a matrix with entries in K, and denote

h(A) = h(. . . : aij : . . .).

Assume that the set of solutions b = (b1, . . . , bν)
t ∈ Kν of the system of linear equa-

tions

Ab = 0

forms an r-dimensional subspace of Kν. Then there exists a basis b(1), . . . , b(r) of this
subspace, satisfying

h(b(i)) = h
(
b
(i)
1 : . . . : b(i)ν

)
≤ (ν − 1)h(A) + ln(ν − 1)! (1 ≤ i ≤ r).

Proof. Without loss of generality µ = rankA = ν − r, and detB 6= 0, where
B = [aij]1≤i,j≤µ. Let B

(i)
j be the matrix obtained from B by replacing its j-th col-

umn by the (µ+ i)-th column of A. Define

b
(i)
j =


detB

(i)
j , 1 ≤ j ≤ µ

detB, j = µ+ i (1 ≤ i ≤ r)
0 , otherwise.

Then b(i) = (b
(i)
1 , . . . , b

(i)
ν ) are as desired.

Proposition 3. Let δ1, δ2, µ1, µ2 be non-negative integers,

zi =
∞∑

s=−δi

γist
s (i = 1, 2)
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power series with coefficients in a field k of characteristic 0, and v a valuation of k.
Let κ ≥ δ = µ1δ1 + µ2δ2, and assume that

ln |γis|v ≤ ĉi(v) (i = 1, 2, −δi ≤ s ≤ κ),

where ĉ1(v), ĉ2(v) ≥ 0. Put z = zµ1
1 zµ2

2 =
∞∑

s=δ

γst
s. Then

ln |γs|v ≤ ĉ(v) + ln max

(
1,

∣∣∣∣∣
(
δ + µ− 1

µ− 1

)∣∣∣∣∣
v

)
(−δ ≤ s ≤ 0), (4)

where µ = µ1 + µ2, ĉ(v) = µ1ĉ1(v) + µ2ĉ2(v).

Proof. We say that z =
∞∑

s=−δ

γst
s is dominated by ẑ =

∞∑
s=−δ

γ̂st
s, if γ̂s ∈ R≥0, and

|γs|v ≤ γ̂s. Domination is preserved by addition and multiplication of power series.

Clearly, γ−δ, . . . , γ0 depend only on γis, where i = 1, 2, and −δi ≤ s ≤ δ − δi.

Hence we may replace each zi by
δ−δi∑
s=δi

γist
s. Therefore we may assume that zi is

dominated by eĉi(v)
∞∑

s=δi

ts, and hence z is dominated by

eĉ(v)
µ∏

i=1

∞∑
s=δi

ts = eĉ(v)t−δ(1− t)−µ = eĉ(v)
∞∑

s=−δ

(
s+ δ + µ− 1

µ− 1

)
ts,

which implies (4) immediately.

Proposition 4.Let z1, z2 ∈ Q̄(C) be integral over Q̄[x], and κ ≥ 1

2
l(z1)l(z2). For

each P ∈ supp(x)∞ denote δi(P ) = −min (0,OrdP (zi)), and let

z
(P )
i =

∞∑
s=−δi(P )

γis(P )xs
P (i = 1, 2)

be the Puiseux expansions. Finally, assume that

ĉ(v) ≥ max (0, max {|γis(P )|v | i = 1, 2; P ∈ supp(x)∞; −δi(P ) ≤ s ≤ κ})

Then z1, z2 satisfy an irreducible equation g(z1, z2) = 0, where

degZ1
g(Z1, Z2) ≤

1

2
l(Z2), (5)

degZ2
g(Z1, Z2) ≤

1

2
l(Z1), (6)
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h(g) ≤ 3κ2 nor {ĉ(v)}+ 3κ2. (7)

Proof. Put λ1 =
1

2
l(z2), λ2 =

1

2
l(z1). If g(z1, z2) = 0 is the irreducible equation

satisfied by z1, z2, then

degZ1
g(Z1, Z2) =

[
Q̄(z1, z2) : Q̄(z2)

]
≤
[
Q̄(C) : Q̄(z2)

]
= λ1,

and similarly
degZ2

g(Z1, Z2) ≤ λ2.

This proves (5), (6). Now put g(Z1, Z2) =
λ1∑

µ1=0

λ2∑
µ2=0

bµ1µ2Z
µ1
1 Zµ2

2 . Then the vector

b = (b00, . . . , bλ1λ2) is determined up to a constant multiple by the system of linear
equations

OrdP

 λ1∑
µ1=0

λ2∑
µ2=0

bµ1µ2z
µ1
1 zµ2

2

 ≥ 0 (P ∈ supp(x)∞) .

As follows from the obvious inequality λ1δ1(P ) + λ2δ2(P ) ≤ κ and Proposition 3,
the matrix A of this system satisfies

h(A) ≤ (λ1 + λ2) nor {ĉ(v)}+ ln

(
κ+ λ1 + λ2 − 1

λ1 + λ2 − 1

)
.

Denote ν = (λ1 + 1)(λ2 + 1). Then by Proposition 2

h(g) = h(b00, . . . , bλ1λ2) ≤ (ν − 1)h(A) + ln(ν − 1)! ≤ 3κ2 nor {ĉ(v)}+ 3κ2 ,

q.e.d.

Proposition 5.Let z be Σ-unit, and β ∈ Q̄ \ {0} be as in Proposition 2.8. Then if
we replace z by βz, we obtain

hz(Q) ≤ 1

2
l(z)hx(Q) + 1113L17(h+ 14 lnL), (8)

hx(Q) ≤ nhz(Q) + 1113L17(h+ 14 lnL) (9)

for any Q ∈ C(Q̄), where L = L(z) is defined in (2.1). Moreover, there is a K(Σ)-
system {q(v)} such that for any Q 6∈ supp(x)

|ln |z(Q)|v| ≤ q(v) +
1

2
l(z) ln max(1, |x(Q)|v) (10)

and we have
nor{q(v)} ≤ 2226L17(h+ 15 lnL). (11)
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Proof. Apply the previous proposition to z1 = x, z2 = z. We have

κ =
1

2
l(x) l(z) ≤ nL,

and we may put
ĉ(v) = max

P∈supp(x)∞
c′P (v) + κcP (v),

where {c′P (v)}, {cP (v)} are from Proposition 2.8. We get an irreducible equation
g(x, z) = 0 such that

degX g(X,Z) ≤ λ =
1

2
l(z),

degZ g(X,Z) ≤ n,

h(g) ≤ 3n2L2 nor {ĉ(v)}+ 3n2L2 ≤ 1112L16(h+ 13 lnL).

By Proposition 1 we obtain (8) and (9). To prove (10) and (11) note that

g(X,Z) = θ1Z
λ1 + Zg1(X,Z) + θ0,

where degZ g1(X,Z) ≤ n− 2. Define

qi(v) = ln
∣∣∣θ−1

i g
∣∣∣
v
+ ln max (1, |λ+ 1|v) (i = 0, 1).

Then
ln |Z(Q)|v ≤ λ ln max (1, |x(Q)|v) + q1(v),

ln |Z(Q)|v ≥ −λ ln max (1, |x(Q)|v) + q0(v)

provided Q 6∈ supp(x), and therefore

nor{qi(v)} ≤ h(g) + ln |λ+ 1|.

This implies (10) and (11) with q(v) = max(q0(v), q1(v)).

4 Siegel’s construction of convenient units of alge-

braic number fields.

Propositions 2 and 6 of this section go back to Siegel’s paper [Sie69].

Proposition 1. Let Γ be a lattice in Rσ−1. Then there exist linearly independent
x(i) =

(
x

(i)
1 , . . . , x

(i)
σ−1

)
∈ Γ (1 ≤ i ≤ σ − 1) such that

σ−1∏
i=1

σ−1∑
j=1

|x(i)
j | ≤ (σ − 1)! det Γ.
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Proof. Apply Minkowski’s inequality on successive minima to the body

B =
{
x = (x1, . . . , xσ−1) ∈ Rσ−1 : |x1|+ · · ·+ |xσ−1| ≤ 1

}
.

Let now S = (v1, . . . , vσ) be a finite set of valuations of an algebraic number field
K. Let η1, . . . , ησ−1 be a fundamental system of S-units. The S-regulator is defined
by

R(S) = RK(S) = | detA|,

where

A = [aij]1≤i,j≤σ−1, aij = d(vi) ln |ηj|vi
. (1)

Here d(v) = dK(v). RK(S) is well-defined and coincides with the standard regulator
RK when S = S∞

Applying Proposition 1 to the lattice, generated by the columns of the matrix A,
we obtain

Proposition 2. There exist independent S-units θ1, . . . , θσ−1 satisfying

σ−1∏
i=1

∑
v∈S

v 6=vσ

d(v) |ln |θi|v| ≤ (σ − 1)!R(S). (2)

For an S-unit θ we have
∑
v∈S

d(v) ln |θ|v = 0. Hence

d(vσ) |ln |θ|vσ | ≤
∑
v∈S

v 6=vσ

d(v) |ln |θ|v| .

Therefore

h(θ) =
1

2d

∑
v∈S

d(v) |ln |θ|v| ≤
1

d

∑
v∈S

v 6=vσ

d(v) |ln |θ|v|

(here d = dK). We get

Proposition 3. The units θ1, . . . , θσ−1, defined in Proposition 2, satisfy

σ−1∏
i=1

h(θi) ≤
(σ − 1)!

dσ−1
R(S).

Denote by U the multiplicative group generated by θ1, . . . , θσ−1.
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Proposition 4 [Do79]. Let α ∈ K \ {0}. Then either α is a root of unity, or

h(α) ≥ 1

dξ
,

where
ξ = ξ(d) = 2400 ln3 d′, d′ = max(d, 2). (3)

Proposition 5. Let hi = max(h(θi), 1). Then

h1 · . . . · hσ−1 ≤ ξσ−1(σ − 1)!R(S).

In particular,
hi ≤ ξσ−1(σ − 1)!R(S) (1 ≤ i ≤ σ − 1).

Proof. Immediately from Propositions 3 and 4.

Proposition 6. For any α ∈ K there exists θ ∈ U such that β = αθ−1 satisfies

1

d

∑
v∈S

v 6=vσ

d(v) |ln |β|v| ≤ ξσ−1σ!R(S).

Proof. Denote
bij = d(vi) ln |θj|vi

, B = [bij]1≤i,j≤σ−1, (4)

ci = d(vi) ln |α|vi
, c = (c1, . . . , cσ−1)

t, (5)

x = (x1, . . . , xσ−1)
t = B−1c. (6)

For each xi let yi be the nearest integer. Take θ = θy1
1 · . . . · θyσ−1

σ−1 . Then β = αθ−1

satisfies

1

d

∑
v∈S

v 6=vσ

d(v) |ln |β|v| ≤
1

d

σ−1∑
i=1

∑
v∈S

v 6=vσ

|xi − yi|d(v) |ln |θi|v| ≤
1

2d

σ−1∑
i=1

∑
v∈S

v 6=vσ

d(v) |ln |θi|v| ≤

≤ 1

2d

σ−1∑
i=1

∑
v∈S

d(v) |ln |θi|v| ≤ (h1 + . . .+ hσ−1) ≤ ξσ−1σ!R(S),

q.e.d.

Proposition 7. Let θ = θy1
1 · . . . · θyσ−1

σ−1 . Denote Y = max(|y1|, . . . , |yσ−1|). Then

h(θ) ≤ Y ξσ−1σ!R(S) (7)

and
Y ≤ 2dξσ!h(θ). (8)
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Proof. We have

h(θ) ≤ Y (h1 + . . .+ hσ−1) ≤ Y ξσ−1σ!R(S).

To prove (8) we use the notations (4)–(6) with θ instead of α. Denote by Bj the
matrix obtained from B upon replacing its j-th column by c. Note that

σ−1∑
i=1

|bij| ≥
1

2

σ∑
i=1

|bij| = d h(θj) ≥
1

ξ
.

Hence by (1)

| detBj| ≤
σ−1∑
i=1

|ci|

σ−1∏
k=1

σ−1∑
i=1

|bik|

σ−1∑
i=1

|bij|
≤ 2 d ξ h(θ)(σ − 1)!R(S).

On the other hand, we have clearly

| detB| ≥ R(S).

Hence

|yi| =
| detBj|
| detB|

≤ 2d ξ(σ − 1)!h(θ),

which proves (8).

We conclude this section by evaluating R(S) in terms of more traditional parame-
ters of the field K. We write D, R, h, R, Nv instead of DK, RK, hK, RK, NK(v). By
h(S) = hK(S) we denote the class number of the ring R(S) = RK(S) of S-integers.

Proposition 8. Assume that S ⊇ S∞. Then

R(S) = R
h

h(S)

∏
v∈S\S∞

lnNv.

Proof. Denote by DivS the subgroup of the divisor group of the field K, generated
by the non-Archimedean points from S; by PrinS the subgroup of DivS, consisting of
principal divisors, and let ClS=DivS/PrinS. Denote also by Cl and Cl(S) the class
groups of the ringsR andR(S) respectively. Then we have an obvious exact sequence

0 −→ ClS −→ Cl −→ Cl(S) −→ 0,

which implies hS =
h

h(S)
, where hS = [DivS : PrinS].
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Now let S \ S∞ = {v1, . . . , vρ}, and S∞ = {vρ+1, . . . , vσ}. Define

ϕ : DivS −→ Rρ

by

ϕ

( ρ∑
i=1

nivi

)
= (n1 lnNv1, . . . , nρ lnNvρ).

Then ϕ(DivS) is a lattice in Rρ with discriminant
ρ∏

i=1

lnNvi and ϕ(PrinS) is a sub-

lattice of index hS. Note that for any S-unit η, the image of the principal divisor (η)
is (

−d(v1) ln |η|v1 , . . . ,−d(vρ) ln |η|vρ

)t
.

Now let ηρ+1, . . . , ησ−1 be a fundamental system of S∞-units, and complete it to
a fundamental system η1, . . . , ησ−1 of S-units. Then the matrix A defined in (1) will
be of the form

A =

(
A′ 0
∗ A′′

)
,

where A′′ is a (σ − ρ− 1)× (σ − ρ− 1) -matrix with detA′′ = R, and the columns of
the ρ× ρ -matrix A′ form a basis of the lattice ϕ(PrinS). Hence

|detA′| = hS

ρ∏
i=1

lnNvi =
h

h(S)

∏
v∈S\S∞

lnNv.

Finally

R(S) = |detA| = R
h

h(S)

∏
v∈S\S∞

lnNv,

q.e.d.

Proposition 9 [Lav70]. Let K 6= Q. Then

hR ≤ c
√
D(lnD)d−1,

where

c =

√
e
(
1 +

1

lnD

)d+1

d

(2
√
π)

d ≤ 5d

1.45d
≤ 5. (9)

Corollary 10. Let K 6= Q. Then

R(S) ≤ 5
√
D(lnD)d−1

∏
v∈S\S∞

lnNv. (10)
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5 Lower bounds for linear forms in logarithms.

After the first results of A. Baker [Ba66] considerable progress was made in estimating
linear forms in logarithms. See [Fe74], [Ba77], [vP77], [Fe82] for historical surveys,
and [PW88], [Wü88], [BaWü93], [Yu90] for further results. Recently a new method
was proposed by E. Bombieri [Bo93].

In this section K is an algebraic number field, and we fix an embedding K ↪→ C.
We denote by log z any value of the logarithm, and by ln z its principal value, i.e.

−π < Im ln z ≤ π.

Let α1, . . . , ασ−1, α ∈ K∗, b1, . . . , bσ−1 ∈ Z. Denote:

d = dK;
hi = max (h(αi), 1) (1 ≤ i ≤ σ − 1);
A′ = max (h1, . . . , hσ−1, e) ;
A = max (A′, h(α)) ;
B = max(b1, . . . , bσ−1).

Let logα1, . . . , logασ−1, logα be arbitrary but fixed non-zero values of logarithms,
and V1, . . . , Vσ−1 and V – any positive real numbers satisfying

Vi ≥ max

{
hi,

| logαi|
d

,
σ

d

}
(1)

V ≥ max

{
V1, . . . , Vσ−1,

| logα|
d

, A

}
(2)

Denote
Λ = b1 logα1 + . . .+ bσ−1 logασ−1 + logα.

Proposition 1 [PW88, Th.2.1]. Let Λ 6= 0. Then

|Λ| ≥ exp(−c51(σ)dσ+2V1 . . . Vσ−1V (lnB + 1 + ln dV )(1 + ln d)),

where c51(σ) ≤ 28σ+51σ2σ.

Remark. A better value for c51(σ) can be found in [BGMMS90]. I was informed
by Prof. R. Steiner that a better result is proved in [BaWü93], but this paper is not
available for me at the present moment.

Proposition 2. Let v be an Archimedean valuation of K, and 0 < ε ≤ 1. Suppose
that

0 < λ =
∣∣∣αb1

1 · . . . · αbσ
σ α− 1

∣∣∣
v
< e−εB (3)
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and that σ ≥ d

2
. Then

B ≤ c52(σ)
1

ε

(
ln

1

ε

)
h1 . . . hσA lnA (4)

with
c52(σ) = 211σ+94σ4σ+6. (5)

Proof. We follow [PW88, pp.285–286]. As proved there, the inequality λ <
1

3
yields

that there exists κ ∈ Z such that

|b1 lnα1 + . . .+ bσ−1 lnασ−1 + lnα− 2πiκ| < 3

2
λ.

Comparing the imaginary parts we get |κ| < σ − 1

2
B + 1 (recall that ln denotes

the principal value of the logarithm). Clearly,

| lnαi|
d

≤ |ln |αi||
d

+
π

d
≤ hi +

π

d
.

Hence, if we define

Vi =
2σ + π

d
hi (1 ≤ i ≤ σ − 1), (6)

Vσ =
2σ + π

d
, V =

2σ + π

d
A, (7)

we see that (1) is valid with σ replaced by σ+ 1. Hence by Proposition 1 (with σ+ 1
instead of σ)

εB ≤ c51(σ+1)·d2(1+ln d)(2σ+π)σ+1h1 . . . hσ−1A
(
ln(1 +

σ

2
B) + 1 + ln(2σ + π)A

)
,

(8)
which implies (3) after routine computations.

Note that the arguement in [PW88, pp.285–286] is slightly inaccurate. Namely,

the choise Vj = 7 logAj is incorrect, because the inequality Vj ≥
n

D
may fail.

Proposition 3. Under the assumptions of Proposition 2 we have also

B ≤ c53(σ)
1

ε

(
ln

1

ε

)
h1 · . . . · hσ−1 · A lnA′, (9)

c53 being effectively computable.

Proof. Similar to the proof of Theorem 1.3 in [PW88, pp.286]. One should only pay
attention on the dependence of the constants on ε.
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Remark. We do not present here a numerical value for c53 because it is essentially
worse than c52 (something like σcσ2

; see [PW88, pp.283–284]). If someone is interested
in a “good” dependence on σ rather then on A, he should use Proposition 2; otherwise
– Proposition 3. Unfortunately, in the Archimedean case there is still no version of
Propositions 2 and 3 “good” both in A and in σ. I am thankful to Prof. R. Steiner
for a useful correspondence on this matter.

In the non-Archimedean case the situation is better due to results of Kunrui
Yu. Let v be a non-Archimedean valuation of K, and p = max (p(v), ee). Let
V1, . . . , Vσ−1, V

′ and V satisfy

Vi ≥ max(hi,
| lnαi|
2πd

, ln p) (1 ≤ i ≤ σ − 1), (10)

V ′ ≥ max(V1, . . . , Vσ−1), (11)

V ≥ max(V ′,
| lnα|
2πd

, A). (12)

Denote

Φ = 7 · 105

(
10σd√

ln p

)2σ

pd′V1 · . . . · Vσ−1 · V ln (24σd(V ′ + 1)) ,

where d′ = max(d, 2).

Proposition 4 [Yu90, p.16]. Let 0 < δ ≤ 1. Then

λ = |αb1
1 · . . . · α

bσ−1

σ−1 · α− 1|v > exp

(
− ln p

ev

max
(
Φ ln

Φ

δA
, δB

))
(13)

(provided λ 6= 0).

Proposition 5. Under the assumptions of Proposition 2 but with a non-Archimedean
v we have

B ≤ c52(σ)
1

ε

(
ln

1

ε

)
pd′(ln ln p)h1 · . . . · hσ · A ln2A′, (14)

where c52 is from (6).

Proof. In Proposition 4 take δ = min

(
1,

ev

2 ln p
ε

)
. Then

B ≤ ln p

εev

Φ ln
2Φ ln p

εevA
.

Putting Vi = hi ln p, V
′ = A′ ln p and V = A ln p, we obtain (14).
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6 Proof of Theorem 1A.

Set
b(v) = max

P∈Σ
eP bP (v),

where {bP (v)} are from Proposition 2.5. Then

nor{b(v)} ≤ 576N6(h+ 5N). (1)

Fix Q ∈ C(x,K, S). Let w ∈ S be defined from

|x(Q)|w = max
v∈S

|x(Q)|v.

Fix a prolongation of w on Q̄, and denote it also by w. We have

hx(Q) ≤ σ

d
ln |x(Q)|w. (2)

Without loss of generality
ln |x(Q)|w > b(w), (3)

as otherwise
hx(Q) ≤ σ nor{b(v)} ≤ 576σN6(h+ 5N), (4)

which is much better than (1.10) and (1.11).
We use the notation (2.8). By (3), the series

y(P )(Q) =
∞∑

s=OrdP (y)

βs(P ) (x(Q))
− s

eP (P ∈ supp(x)∞) (5)

converge in w-metric. By Proposition 2.9 one of the sums y(P )(Q) should be equal to

y(Q) for an appropriate choice of the value of the root (x(Q))
1

eP . Fix this P up to
the end of the proof.

We have ρ(Σ \ {P}) ≥ 1, hence there exists a Σ \ {P}-unit z satisfying
L(z) ≤ Λ. We replace z by βz as in Proposition 2.8, and assume further that (i), (ii)
of this proposition are valid. Since K = K(Σ), we have z ∈ K(C).

Let {cP (v)}, {c′P (v)} be as in (ii) of Proposition 2.8, where P is the fixed one. We
may assume that

ln |x(Q)|w > eP (cP (w) + 1) (6)

since otherwise we again have a much better bound for hx(Q) than (1.10) and (1.11).
Hence the series

z(P,i)(Q) =
∞∑

s=0

γs(P ) (x(Q))
− s

eP (7)

converges in w-metric. We may suppose that x(Q) is not a root of ∆(x), the discrim-
inant of f(X, Y ) with respect to Y , as otherwise we again have a very good upper



34 Ch.1. Main theorem about integral points

bound for hx(Q). Hence by Proposition 2.9, for an appropriate choice of (x(Q))
1

eP

(possibly other than before) we have

z(Q) =
∞∑

s=0

γs(P ) (x(Q))
− s

eP . (8)

Note that since P 6∈supp(z), we start the summation from OrdP (z) = 0. We have
γ = γ0(P ) 6= 0, and

h(γ) ≤ nor{c′P (v)} ≤ 370Λ11(h+ 12 ln Λ). (9)

Denote µ = γ−1z(Q). Let θ1, . . . θσ−1 be the independent S-units, defined in
Section 4, and U – the multiplicative group generated by θ1, . . . θσ−1. By Proposition
4.6 there exists θ ∈ U such that µ0 = µθ−1 satisfies

1

d

∑
v∈S
v 6=v0

d(v) |ln |µ0|v| ≤ ξσ−1σ!R(S), (10)

where v0 is a fixed valuation from S, ξ is from (4.3), and R(S) = RK(S) is the
S-regulator, defined in Section 4.

On the other hand, by (3.10) and (3.11) we have

1

d

∑
v 6∈S

d(v) |ln |µ0|v| =
1

d

∑
v 6∈S

d(v) |ln |µ|v| ≤ h(γ) +
1

d

∑
v 6∈S

d(v) |ln |z(Q)|v| ≤

≤ h(γ) + nor{q(v)} ≤ 2227Λ17(h+ 15 ln Λ). (11)

By the Product formula

d(v0)

d
|ln |µ0|v0| ≤

1

d

∑
v 6=v0

d(v) |ln |µ0|v| . (12)

Combining (10)-(12), we get

h(µ0) =
1

2d

∑
v

d(v) |ln |µ0|v| ≤
1

d

∑
v 6=v0

d(v) |ln |µ0|v| ≤

≤ ξσ−1σ!R(S) + 2227Λ17(h+ 15 ln Λ). (13)

We have also
|h(θ)− hz(Q)| ≤ h(γ) + h(µ0). (14)

Write θ = θb1
1 · . . . · θ

bσ−1

σ−1 , and let B = max{|b1|, . . . , |bσ−1|}. Then, combining (9),
(13), (14), (3.8), (3.9) and Proposition 4.7, we get

B ≤ T (hx(Q) +W ), (15)
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hx(Q) ≤ T (B +W )R(S), (16)

where T = 216σσ4σΛ18 and W = h+R(S).
On the other hand, (6), (9), (2.17) and (2) imply that∣∣∣µ0θ

b1
1 · . . . · θbσ−1

σ−1 − 1
∣∣∣
w

=

∣∣∣∣∣γ−1
∞∑

s=1

γs(P ) (x(Q))
− s

eP

∣∣∣∣∣
w

≤

≤ |γ−1|w ec′P (w)+cP (w)|X(Q)|
− 1

eP
w

1− ecP (w)|X(Q)|
− 1

eP
w

≤

≤ e2d nor{c′P (v)}+d nor{cP (v)}

1− e−1
|X(Q)|

− 1
eP

w ≤

≤ exp

(
741Λ11d (h+ 13 ln Λ)− ln |x(Q)|w

eP

)
≤

≤ exp

(
d

(
741Λ11(h+ 13 ln Λ)− hx(Q)

σn

))
≤

≤ exp
(
d
(
W ′ − B

Tσn

))
,

where W ′ = 742Λ11(h+ 13 ln Λ) +R(S).
If B ≤ 2TσnW ′, then hx(Q) ≤ 3T 2σnW ′R(S). Combining this with (4.10), we

get a better result than (1.10) and (1.11). Hence assume that B > 2TσnW ′. Then∣∣∣µ0θ
b1
1 · . . . · θbσ−1

σ−1 − 1
∣∣∣
w
< e−

dB
2Tσn . (17)

If the left-hand side of (17) vanishes, then z(Q) = γ, which also implies an inequality
better then (1.10) and (1.11). Hence we may assume that the left-hand side of (7) is
non-zero. This allows us to use

linear forms in logarithms.
If w is non-Archimedean, we get by Propositions 5.5, 4.5 and inequality (13), that

B ≤ c61(σ)pd′(ln ln p)Λ19(h+R(S))R(S) ln2(1 +R(S)), (18)

where c61(σ) = 276σ+107σ15σ+19.
If w is Archimedean, then by Propositions 5.3, 4.5 and inequality (13) we have

B ≤ c62(σ)Λ19(h+R(S))R(S) ln(1 +R(S)), (19)

c62 being effectively computable.
If w is Archimedean, we may also use Proposition 5.2, and to get

B ≤ c61(σ)Λ19(h+R(S))R(S) ln(h+R(S)). (20)

Now, combining (18) or (20) with (16) and (4.10), we obtain (1.10). Replacing
in the previous sentence (20) by (19), we get (1.11). This completes the proof of
Theorem 1A.
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7 Proof of Theorem 1B.

Let Σ′ be a (|Σ| − ρ+ 2)-element subset of Σ. Then ρ(Σ′) ≥ 2 and d0(Σ
′) = dρ−2(Σ).

Now use Theorem 1A with Σ, K and S replaced by Σ′, K̃ = K(Σ′) and S̃, respectively.
Here S̃ is the set of valuations of K̃ lying above the valuations from S. By (1.10) we
have

hx(Q) ≤ c11(σ̃)(max(Λ, N))37
(
h+ D̃

)
D̃2η̃, (1)

where

σ̃ = |S̃|, (2)

D̃ =

√
D̃
(
ln D̃′

)d̃ ∏
v∈S̃\S̃∞

lnNK̃(v), (3)

η̃ = max
(
lnh, pd̃′(ln ln p)3

)
, (4)

d̃ = dK̃, d̃′ = max(d̃, 2), (5)

D̃ = DK̃, D̃′ = max(D̃, e), (6)

and S̃∞ – the set of Archimedean valuations of K̃.
Clearly, σ̃ ≤ σd0(Σ

′), hence

c11(σ) ≤ c(N)
(
σ20σ

)d0(Σ′)
. (7)

Further, d̃ = d d0(Σ
′), and by Proposition 2.7

D̃ ≤ D̃′ ≤ c(N, d)Dd0(Σ′)e2
24N14+|Σ′|d h. (8)

Therefore

D̃ ≤ c(N, d)

√D(lnD + h)d
∏

v∈S\S∞

lnNK(v)

d0(Σ′)

e2
23N14+|Σ′|d h ≤

≤ c(N, d, ε)

√D ∏
v∈S\S∞

lnNK(v)

d0(Σ′)+ε

e2
24N16+|Σ|−ρd h. (9)

Further, we may assume that K̃ 6= Q, because if K̃ = Q then (1.10) holds. Hence
d̃′ = d̃, and we have

η̃ ≤ max
(
lnh, pd d0(Σ)(ln ln p)3

)
≤ max

(
lnh, c(N, ε)pd(d0(Σ)+ε)

)
. (10)

Substituting (7), (9), and (10) in (1), we obtain

hx(Q) ≤ c(N, d, ε)Λ37

σ20σD
3
2pd

∏
v∈S\S∞

ln3NK(v)

dρ−2(Σ)+ε

e(4N)16+|Σ|−ρd h. (11)

Since dρ−2(Σ) ≤ n(n−1) . . . (n−|Σ|+ρ−1) by Proposition 2.7, the proof is complete.



Chapter 2

Bounds for isolated solutions of
systems of algebraic equations

1 Introduction

Let K be an algebraic number field, X = (X1, . . . , Xm), f1, . . . , fk ∈ K[X],

max
1≤i≤k

deg fi ≤ n, max
1≤i≤k

h(fi) ≤ h. (1)

Theorem 2A. Let A be a Zariski–closed subset of Q̄m, defined by

fi(X) = 0 (1 ≤ i ≤ k) , (2)

and B – another Zariski–closed subset of Q̄m. Assume that the set A \ B is finite.
Then for any α ∈ A \B we have

(i) [K(α) : K] ≤ nm;

(ii) h(α) ≤ c11(n,m)h + c12(n,m), where c11(n,m) = (2n)4m2

and c12(n,m) is
effectively computable.

(Here h(α) is the affine height of α.)

Instead of Theorem 2A, we shall prove an equivalent Theorem 2B, formulated
below.

Let X = (X0, . . . , Xm), and assume that f1, . . . , fk ∈ K[X] are homogeneous in
X.

37
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Theorem 2B. Assume that α ∈ Pm(Q̄) is a zero-dimensional component of the
Zariski-closed set defined by (2). Then we have (i), (ii) of Theorem 2A (now with
projective height instead of affine height).

By component we always mean a Q̄-irreducible component.
It is clear that each of the two theorems immediately follows from the other.
It will be convenient to use the following

Definition 1. Let A ⊆ Pm be a Zariski-closed set, and assume that A may be
defined ( set-theoretically !) by the system of polynomial equations (2), where the
polynomials f1, . . . , fk satisfy (1). Then A is called an (n, h)-closed set.

The system of polynomial equations (2) is then an (n, h)-system.

2 A projection.

For α, β ∈ Pm denote by l(α, β) the line passing through α and β.

Proposition 1. Let A be (n, h)-closed, and β = (β0 : . . . : βm) ∈ Pm(Q̄) satisfy
β 6∈ A and βm 6= 0. Denote

ϕβ : Pm \ {β} −→ Pm−1,
x −→ l(β, x) ∩Pm−1,

where we identify Pm−1 with the hyperplane Xm = 0. Then ϕβ(A) is (n0, h0)-closed,
where

n0 = 2mn2m−1,
h0 ≤ n0h+ c(n,m)(h(β) + 1).

Proof. Define ψ : Pm → Pm by

ψ(x0 : . . . : xm) = (βmx0 − β0xm : . . . : βmxm−1 − βm−1xm : βmxm).

Then γ = ψ(β) = (0 : . . . : 0 : 1), and ϕβ = ψ−1 ◦ ϕγ ◦ ψ.
Clearly, B = ψ(A) is (n, h1)-closed, where

h1 ≤ h+ c(n,m)(h(β) + 1).

Let
fi(X) = 0 (i = 1, . . . , k)

be an (n, h1)-system of polynomial equations, defining B. Denote Y = (Y0, . . . , Ym−1),
and δp,q(X,Y ) = XpYq −XqYp.
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Note that
ϕγ(x0 : . . . : xm) = (x0 : . . . : xm−1).

Since γ 6∈ B, the point y = (y0 : . . . : ym−1) ∈ Pm−1 belongs to ϕγ(B) if and only if
the system of polynomial equations

fi(X) = 0 (i = 1, . . . , k),

∆pq(X, y) = 0 (0 ≤ p < q ≤ m− 1)

has a solution x = (x0 : . . . : xm).
Let g1(Y ), . . . , gν(Y ) be a resultant system for the polynomials fi(X), ∆pq(X, Y ),

as defined in [Schm76, p.179]. Then ϕγ(B) is defined by the system of polynomial
equations

gi(Y ) = 0 (1 ≤ i ≤ ν).

By Theorems 1A and 1D from [Schm76, ChV] we may assume that the following
conditions hold :

max
1≤i≤ν

deg gi ≤ 2mn2m−1 = n0,

h2 = max
1≤i≤ν

h(gi) ≤ n0h1 + c(n,m) ≤ n0h+ c(n,m)(h(β) + 1).

Hence, ϕγ(B) is (n0, h2)-closed. Therefore ϕβ(A) = ψ−1 ◦ϕγ(B) is (n0, h0)-closed,
where

h0 ≤ h2 + c(n,m)(h(β) + 1) ≤ n0h+ c(n,m)(h(β) + 1),

q.e.d.

3 A construction of a small point in general posi-

tion.

Proposition 1. Let f be a non-zero polynomial in X0, . . . , Xm over a field of char-
acteristic zero. Denote n = deg f . Then there exist β0, . . . , βm ∈ Z \ {0} such that

max
0≤i≤m

|βi| ≤
n

2
+ 1 and f(β0, . . . , βm) 6= 0.

Proof. Simple induction in m.

Proposition 2. Let A be a closed set in Pm defined by a system of polynomial
equations of degree ≤ n. Assume that dimA ≤ m − 2 and let α ∈ A. Then there
exists β ∈ Pm(Q), β 6= α, such that h(β) ≤ ln(n2 + 1) and l(α, β) ∩ A = {α} (in
particular, β 6∈ A).
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Proof. Among the polynomials of degree ≤ n, defining A, there are two (say, f1,
f2) such that the algebraic set f1(X) = f2(X) = 0 is of dimension m − 2. Fix a
coordinate vector for α and denote

gi(T0, T1, X) = fi(αT0 +XT1) (i = 1, 2).

Note that gi 6≡ 0, because gi(0, 1, X) = fi(X).
Let gi = T σi

1 g̃i, where g̃i(1, 0, X) 6≡ 0, and let R(X) be the resultant of g̃1, g̃2 with
respect to (T0, T1). We have degR ≤ 2n2.

For any x ∈ Pm, if l(α, x) ∩ A containes a point γ 6= α, then R(x) = 0. Hence,
taking β ∈ Pm(Q) which satisfies

h(β) ≤ ln

(
degR

2
+ 1

)
≤ ln(n2 + 1)

and R(β) 6= 0 (which is possible by Proposition 1), we obtain β as desired.

4 A bound for the number of components.

The degree deg V of an irreducible projective variety V of dimension d is the number
|L ∩ V |, where L is the generic hyperplane of codimension d. The same definition is
valid when V is reducible, but all its components are of the same dimension.

For any closed set A ⊆ Pm denote

δ(A, T ) =
∑
V

(deg V )T dim V , (1)

the sum being taken over the set of irreducible components of A. Note that

δ(∪Ai, T ) =
∑

δ(Ai, T ) (2)

provided Ai and Aj have no common components when i 6= j.

Proposition 1 Let A be a closed set and f(X) be a polynomial of degree n. Then

δ(A ∩ Vf , n) ≤ δ(A, n), (3)

where Vf is defined by f(X) = 0.

Proof. Take first an irreducible V . Consider two cases:
(i) V ⊆ Vf . Then

δ(V ∩ Vf , n) = δ(V, n). (4)



5. Proof of Theorem 2B 41

(ii) V 6⊆ Vf . Then all components of V ∩ Vf are of the same dimension, equal to
dimV − 1. We get

δ(V ∩ Vf , n) = deg(V ∩ Vf )n
dim V−1 ≤ n · deg V · ndim V−1 = δ(V, n), (5)

where the inequality follows from Bezout theorem.

Thus, for irreducible V
δ(V ∩ Vf , n) ≤ δ(V, n). (6)

In the general case (2) and (6) yield

δ(A ∩ Vf , n) =
∑
V

δ(V ∩ Vf , n) ≤
∑
V

δ(V, n) = δ(A, n),

where the sum is over the components of A. This proves the proposition.

Since δ(Pm, n) = nm, we get immediately the following

Corollary 2. Let A be defined by a system of polynomial equations of degree ≤ n
with coefficients in K. Then

δ(A, n) ≤ nm.

In particular, A has at most nm components, and each component is defined over a
field L with [L : K] ≤ nm.

As a particular case of the last statement we get the proof of part (i) of Theorems
2A and 2B.

Remark. It is easy to see that if V is a component of dimension d, then V is defined
over a field L with [L : K] ≤ nm−d. We do not need this fact.

5 Proof of Theorem 2B.

Part (i) was already proved at the end of the previous section. Now prove (ii). We
use induction in m. Assume that c12(n,m − 1) is defined for all n ∈ N. Replacing

fi by fi

g.c.d.(f1, . . . , fk)
(and h by h + mn, by Proposition 1.2.4), we may assume

that dimA ≤ m − 2. Let β = (β0 : . . . βm) be the point from Proposition 3.2, i.e.,
h(β) ≤ ln(n2 + 1) and l(α, β) ∩A = {α}. Without loss of generality βm 6= 0, and we
choose a coordinate vector for β so that βm = 1.

Let ϕβ be the map defined in Proposition 2.1. Then γ = ϕβ(α) is a zero-
dimensional component of B = ϕβ(A). By Proposition 2.1, ϕβ(A) is (n0, h0)-closed,
where

n0 = 2mn2m−1,
h0 ≤ n0h+ c51(n,m).
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By induction

h(γ) ≤ (2n0)
4(m−1)2

h0 + c12(n0,m− 1) ≤

≤ (2n)4m2−2h+ c52(n,m),

with
c52(n,m) = (2n0)

4(m−1)2 · c51(n,m) + c12(n0,m− 1).

Note that ϕβ(x) = (x0−β0xm : . . . : xm−1−βm−1xm). We may choose a coordinate
vector for α so that one of the numbers

γi = αi − βiαm (0 ≤ i ≤ m− 1)

will be 1. Define

gi(Y0, . . . , Ym−1, X) = fi(Y0 + β0X, . . . , Ym−1 + βm−1X,X).

Since ϕ−1
β (γ) consists of only one point α, for at least one i we have

pi(X) = gi(γ0, . . . , γm−1, X) 6≡ 0.

Since one of the γj’s is 1, we have

h(pi) ≤ nh(γ) + h(gi) + c53(n,m) ≤

≤ nh(γ) + h+ nh(β) + c54(n,m) ≤

≤ nh(γ) + h+ c55(n,m).

Since pi(αm) = fi(α0, . . . , αm) = 0, we obtain

h(1 : αm) ≤ h(pi) + n ≤ nh(γ) + h+ c56(n,m).

Finally,

h(α) = h ((γ0 + β0αm) : . . . : (γm−1 + βm−1αm) : αm) ≤

≤ h(γ) + h(β) + h(1 : αm) + c57(n,m) ≤

≤ (n+ 1)h(γ) + h+ c58(n,m) ≤

≤ (2n)4m2

h+ c12(n,m),

with c12 = c52 + c58.



Chapter 3

An effective version of Riemann
existence theorem

1 Introduction

Let C be a non-singular algebraic curve over Q̄, and let x ∈ Q̄(C) be non-constant.
We define xα, eP and xP as in Chapter 1. Define:

n = [Q̄(C) : Q̄(x)];

M =
{
x(P )

∣∣∣P ∈ C(Q̄) and eP > 1
}

;

µ = |M |; h = max
α∈M

h(α).

Note that

g = g(C) = 1 +
1

2

∑
P∈M

(eP − 1)− n ≤
(

1

2
µ− 1

)
(n− 1).

Let K be an algebraic number field, and suppose that M \ {∞} ⊆ K.

Theorem 3A. There exists y ∈ Q̄(C) such that Q̄(C) = Q̄(x, y) and x, y satisfy an
absolutely irreducible equation

f(x, y) = 0

with the following properties:

(i) f(X, Y ) ∈ L(X,Y ), where

[L : K] ≤ exp(n6µ3), (1)

1

dK

lnNKDL/K ≤ c11(n, µ)h+ c(n, µ), (2)

with c11(n, µ) = exp2(2n
11µ5).

43



44 Ch.3 An effective version of Riemann existence theorem

(ii) degY f(X, Y ) = n.

(iii) degX f(X, Y ) ≤ g + 1 ≤ 1

2
n(µ− 1).

(iv) h(f) ≤ c11(n, µ)h+ c(n, µ).

The proof presented here is influenced by [Zv85], [Zv87]. See also [FrV91] for a
much deeper approach, oriented to applications in inverse Galois problem.

Sometimes it is known a priori that C is defined over a certain algebraic number
field K0 and x ∈ K0(C). In this case we can choose y ∈ K0(C).

Theorem 3B. Let C be defined over an algebraic number field K0, and x ∈ K0(C).
Then there exists y0 ∈ K0(C) such that K0(C) = K0(x, y0) and x, y0 satisfy an
irreducible equation f0(x, y0) = 0 with the following properties:

(i) f0(X,Y ) ∈ K0(X, Y );

(ii) degY f0(X, Y ) = n;

(iii) degX f0(X, Y ) ≤ n(g + 1) ≤ 1
2
n2(µ− 1);

(iv) h(f0) ≤ c11(n, µ)h+ c(n, µ).

I am thankful to S. Brodsky for a useful talk.

2 Some properties of algebraic power series.

Let f(X, Y ) ∈ k[X,Y ] be an irreducible polynomial over a field k, m = degX f(X, Y )
and n = degY f(X,Y ).

Proposition 1. Let

y(i) =
∞∑

s=δi

βisx
s/ei
α (i = 1, 2)

be two distinct power series, satisfying

f(x, y(i)) = 0 (i = 1, 2).

Then
Ordα(y(1) − y(2)) ≤ (3n− 4)m.

In other words, there exist s1, s2 such that

s1

e1
=
s2

e2
≤ (3n− 4)m, β1s1 6= β2s2 .
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Proof. Let y(1), . . . , y(n) be all distinct roots of f(x, Y ) in the field of fractional power

series in xα, and r(X) – the resultant of f(X, Y ) and
∂f

∂Y
(X, Y ) with respect to Y .

We have
Ordα(y(i)) ≥ −Ordαfn(x) (1 ≤ i ≤ n),

where we put f(X, Y ) = fn(X)Y n + . . .+ f0(X).
On the other hand,

a(X)f(X, Y ) + b(X)
∂f

∂Y
(X,Y ) = r(X)

for some polynomials a(X), b(X), whence

Ordα
∂f

∂Y
(x, y(i)) ≤ Ordαr(x) ≤ deg r(X) = (2n− 1)m.

Since
∂f

∂Y
(x, y(1)) = fn(x)(y(1) − y(2)) . . . (y(1) − y(n)),

we obtain

Ordα(y(1) − y(2)) ≤ (2n− 1)m+ (n− 2)Ordαfn(x)−Ordαfn(x) ≤ (3n− 4)m,

q.e.d.

Corollary 2. Let C, x, y and f(X, Y ) be as in Section 1.1, and

y(P ) =
∞∑

s=−OrdP (y)

βs(P )xs
P

the Puiseux expansion of y at P . Then for any prime q|eP there exists s ≤ (3n−4)ePm
such that βs 6= 0 and s 6≡ 0 (modq).

Proof. Use Proposition 1 for the series y(P,0) and y(P,q), as defined in Section 1.1.

We say that

yk =
k∑

s=−δ

βsx
s
e
α

is a beginning of an algebraic power series y if

Ordα(y − yk) >
k

e
. (1)

Proposition 3. Let
k > (3n− 2)me. (2)
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Then the following conditions are equivalent.

(i) yk is a beginning of a power series y, satisfying f(x, y) = 0.
(ii)

Ordαf(x, yk) >
k

e
+ Ordα

∂f

∂Y
(x, yk). (3)

Proof. (i) =⇒ (ii). As we have already seen in the proof of Proposition 1,

Ordα(y) ≥ −m, (4)

Ordα

(
∂f

∂Y
(x, y)

)
≤ (2n− 1)m. (5)

From (1), (2), (4), (5) and Taylor’s formula

∂f

∂Y
(x, yk) =

∂f

∂Y
(x, y) +

1

2

∂2f

∂Y 2
(x, y)(yk − y) + . . .

we deduce that

Ordα

(
∂f

∂Y
(x, yk)

)
= Ordα

(
∂f

∂Y
(x, y)

)
≤ (2n− 1)m.

Hence by another Taylor’s formula

0 = f(x, y) = f(x, yk) +
∂f

∂Y
(x, yk)(y − yk) + . . .

we get (3).

(ii) =⇒ (i). Let r(X) be as in the proof of Proposition 1. Then

Ordα f(x, yk) > (3n− 2)m− (n− 1)m = (2n− 1)m ≥ Ordα r(x).

Hence

Ordα

(
∂f

∂Y
(x, yk)

)
≤ (2n− 1)m. (6)

(3) and (6) yield that

Ordα

(
∂f

∂Y
(x, yk)

)
<

1

2
Ordαf(x, yk).

Therefore, by Hensel’s lemma [CF67, Ch.II, App.B] there exists a root y of f(x, Y )

in the field of formal power series Q̄
((
x

1
e
α

))
such that

Ordα(y − yk) ≥ Ordα f(x, yk)−Ordα

(
∂f

∂Y
(x, yk)

)
>
k

e
,
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q.e.d.

Proposition 4. Let C be an algebraic curve defined over a field k of characteristic
0, and x ∈ k(C) be non-constant. Assume that y ∈ k̄(C) satisfies the following
conditions:

(i) y has a unique pole P , and P is unramified over k̄(x);

(ii) the Puiseux expansion of y at P is of the form

y(P ) = x−m
α +

∞∑
s=−m+1

βsx
s
α,

where α = x(P ).

Let y ∈ K(C), where K is a finite extension of k. Then k(C) = k(x, y0), where
y0 = TrK/k(y).

Proof. Clearly, k(P ) ⊆ K. Replacing y by
1

[K : k(P )]
TrK/k(P )(y), we may assume

that K = k(P ) = k(βi | i ≥ −m+ 1). Let

{P1, . . . , Ps} = supp(xα)0,

and assume that P1 = P , P2, . . . , Pr are the points conjugate to P over k. Then
y0 has a pole of order m at each of the points P1, . . . , Pr and has pairwise distinct
Puiseux expansions at these points, because the coefficients βi generate K over k.
Further, y0 has no poles among Pr+1, . . . , Ps. We see that the Puiseux expansion of
y0 at P does not coincide with any of expansions at P2, . . . , Ps. Hence y0 generates
k(C) over k(x), q.e.d.

3 Proof of Theorem 3A.

Without loss of generality,we may assume that C is unramified over ∞. Indeed, there

exists b ∈ Z such that |b| ≤ 1

2
µ+ 1 and b 6∈ M . Replacing x by

1

x− b
, we get the

desired situation.
When n = 1 we may take y = x, and when n = 2 we may take

y =
√ ∏

α∈M

(x− α).

Hence assume further that n ≥ 3.
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Let P be a fixed pole of x. Define m through the conditions

dimL(mP ) = 2,
dimL ((m− 1)P ) = 1.

(1)

In particular,

m ≤ g + 1 ≤ 1

2
n(µ− 1). (2)

There exists a uniquely defined y ∈ Q(C) such that the Puiseux expansion of y
at P looks as

y(P ) = xm + terms of lower degree in x,

and y has no other poles except P .
It is clear that Q̄(C) = Q̄(x, y). Let f(x, y) = 0 be an irreducible algebraic

equation for x, y. Then

f(X, Y ) = Y n + fn−1(X)Y n−1 + . . . f0(X), (3)

where deg fj(X) ≤ m (0 ≤ j ≤ n − 1). So, we have (ii) and (iii), and it remains to
prove (i) and (iv).

Denote

f(X, Y ) = Y n +
n−1∑
j=0

m∑
i=0

θijX
iY j. (4)

Let d(X) be the discriminant of f(X, Y ) with respect to Y . Then

d(X) = γ
ν−1∏
i=1

(X − αi)
σi , (5)

where γ ∈ Q̄, σi > 0,
αi 6= αj (1 ≤ i < j ≤ ν − 1), (6)

ν − 1 ≥ µ and M = {α1, . . . , αµ}. Denote also αν = ∞.
For each i = 1, . . . , ν we have n distinct power series

y(i,j) =
∞∑

s=−δij

βijsx
s

eij
αi (1 ≤ j ≤ n), (7)

such that

f(x, Y ) =
n∏

j=1

(Y − y(i,j)). (8)

Here

δij =

{
m, i = ν and j = n
0, otherwise,

and eij have minimal possible values. In particular, eij ≤ n, and eij = 1 for i ≥ µ.
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Put κ = (3n− 2)nm, and consider

ϕ = (γ, θ, α, β) ∈ Q̄× Q̄n(m+1) × Q̄ν−1 × Q̄ν·n(κ+1)+m,

defined as follows:
θ = (. . . , θij, . . .) 0≤i≤m

0≤j≤n−1
, (9)

α = (α1, . . . , αν−1), (10)

β = (. . . , βijs, . . .) 1≤i≤ν
1≤j≤n
−δij≤s≤κ

. (11)

We shall define two Zariski-closed subsets V , W of Q̄m1 , where

m1 = 1 + n(m+ 1) + ν − 1 + νn(κ+ 1) +m,

such that ϕ ∈ V \W . Then we shall prove that the set V \W is finite. This will
enable us to estimate [L : K] and h(f) with the help of Theorem 2.

By Φ = (Γ,Θ,A,B) we denote an indeterminant vector such that Γ is a scalar
indeterminant, and

Θ = (. . . ,Θij, . . .) 0≤i≤m
0≤j≤n−1

,

A = (A1, . . . ,Aν−1),

B = (. . . ,Bijs, . . .) 1≤i≤ν
1≤j≤n

−δij≤s≤κ

.

We put V = V1 ∩ V2 ∩ V3 ∩ V4, and below we describe each of these sets.
V1 is defined by

Ai = αi (1 ≤ i ≤ µ). (V1)

V2 is defined by

D(X) = Γ
ν−1∏
i=1

(X − Ai)
σi , (V2)

where D(X) is the discriminant with respect to Y of the polynomial

F (X, Y ) = Y n +
n−1∑
j=0

m∑
i=0

ΘijX
iY j.

Denote

Y (i,j)
κ =

κ∑
s=−δij

Bijs(X − Ai)
s

eij (1 ≤ i ≤ ν, 1 ≤ j ≤ n),

where eij come from (8), and for i = ν one should replace X − Ai by X−1. Then V3

is defined by

OrdAi

[
F (X,Y (i,j)

κ )
]
>

κ

eij

+ OrdAi

[
∂F

∂Y
(X, Y (i,j)

κ )

]
(1 ≤ i ≤ ν, 1 ≤ j ≤ n) (V3)
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(for i = ν replace OrdAi
by Ord∞ ).

Finally, V4 is defined by
Bν;n;−m = 1. (V4)

Now define W . We put
W = W1 ∪W2 ∪W3, (12)

where
W1 =

⋃
1≤i≤ν

1≤j1<j2≤n

W1(i, j1, j2), (13)

W3 =
⋃

1≤k≤m−1

W3(k). (14)

Below we describe each of the sets occuring in (12)–(14).

Let 1 ≤ i ≤ ν, and 1 ≤ j1 < j2 ≤ n. Then W1(i, j1, j2) is defined by

OrdAi

(
Y (i,j1)

κ − Y (i,j2)
κ

)
> (3n− 4)m (W1(i, j1, j2))

(replace Ai by ∞ for i = ν).
For W2 we need the following wellknown fact.

There exist polynomials p1(Θ), . . . , pρ(Θ) with the following property. For any
specialization θ̃ of Θ, the polynomial

f̃(X, Y ) = Y n +
n−1∑
j=0

m∑
i=0

θ̃ijX
iY j (15)

is reducible (over the algebraic closure of the field, generated by its coefficients ) if
and only if

pi(θ̃) = 0 (1 ≤ i ≤ ρ). (16)

Then W2 is defined by

pi(Θ) = 0 (1 ≤ i ≤ ρ). (W2)

A specialization ϕ̃ = (γ̃, θ̃, α̃, β̃) of Φ is called suitable if ϕ̃ ∈ (V2∩V3)\ (W1∪W2).
Fix a suitable specialization ϕ̃ and define f̃ as in (15). Let

ỹ(i,j)
κ =

κ∑
s=δij

β̃ijx
s
ei
α̃i

(1 ≤ i ≤ ν, 1 ≤ j ≤ n) (18)

(we set α̃ν = ∞). Since ϕ ∈ V3 \ W1, and by Proposition 2.3 the expressions
ỹ(i,1)

κ , . . . , ỹ(i,n)
κ are the beginnings of n distinct power series ỹ(i,1), . . . , ỹ(i,n) satisfy-

ing

f̃(x, Y ) =
n∏

j=1

(
Y − ỹ(i,j)

)
(1 ≤ i ≤ ν). (19)



3. Proof of Theorem 3A 51

Let ỹ be a root of f̃(x, Y ) = 0. Denote by P̃ (i,j) the point of the field Q̄(x, ỹ),
corresponding to the Puiseux expansion ỹ(i,j) of ỹ. Let k ∈ {1, . . . ,m − 1}. We say
that k is essential for ϕ̃ if

dimL
(
kP̃ (ν,n)

)
> dimL

(
(k − 1)P̃ (ν,n)

)
. (20)

Proposition. Let k ∈ {1, . . . ,m− 1}. Then there exist polynomials
qk1(Φ), . . . , qkτk

(Φ) such that k is essential for a suitable ϕ̃ if and only if

qki(ϕ̃) = 0 (1 ≤ i ≤ τk). (21)

Proof. Fix a suitable ϕ̃. Let z ∈ L
(
kP̃ (ν,n)

)
. Then z =

p(x, ỹ)

d̃(x)
, where d̃(X) is the

discriminant of f̃(X, Y ) with respect to Y , and p satisfies

degY p(X, Y ) ≤ n− 1. (22)

To estimate degX p(X, Y ) we use the inequality

OrdP̃

∂f̃

∂Y
(x, ỹ) ≤ (2n− 1)meP̃ ,

proved in section 3.2, and the explicite formula

pj(x) = d̃(x)Tr

z
n∑

i=j+1

f̃i(x)ỹ
i−j−1

∂f̃

∂Y
(x, ỹ)

, (23)

which follows easily from [La70, Prop. 3.2]. Here

f̃(X, Y ) = f̃n(X)Y n + f̃n−1(X)Y n−1 + . . .+ f̃0(X),

p(X, Y ) = pn−1(X)Y n−1 + . . .+ p0(X)

(of course, f̃n(X) = 1) and Tr : Q̄(x, ỹ) → Q̄(x) is the trace map. We have

degX p(X, Y ) = max
0≤j≤n−1

deg pj(X) ≤ deg d(X)+

+ max
0≤j≤n−1

max
P̃∈supp(x)∞

−
1

eP̃

OrdP̃

z
n∑

i=j+1

f̃i(x)ỹ
i−j−1

∂f̃

∂Y
(x, ỹ)

 ≤
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≤ deg d̃(X) + k +m+ (n− 1)m+ (2n− 1)m = deg d̃(X) + k + (3n− 1)m ≤

≤ deg d̃(X) + k(n− 1) + κ, (24)

where the last inequality follows from n ≥ 3.
Thus, k is essential for ϕ̃ if and only if there exists a polynomial p(X, Y ) satisfying

(22), (24) and the conditions

Ordαi
p
(
x, ỹ(i,j)

)
≥ Ordαi

d̃(x) (1 ≤ i ≤ ν, 1 ≤ i ≤ n, (i, j) 6= (ν, n)), (25)

Ord∞
(
p
(
x, ỹ(ν,n)

)
− xkd̃(x)

)
≥ 1− k − deg d̃(X). (26)

The conditions (25), (26) are equivalent to a (non-homogeneous) system of linear
equations for the coefficients of p(X, Y ). The coefficients of these linear equations are
polynomials in γ̃, α̃ and β̃. For the equations (25) this follows from the inequality

Ordαi
d̃(x) ≤ deg d̃(X) ≤ (2n− 2)m ≤ κ

eij

. (27)

For the equations (26) this follows from (24).
The solvability of this system is equivalent to vanishing of certain determinants,

which are polynomials in γ̃, α̃ and β̃. This proves the Proposition.

Now we define W3(k) (where 0 ≤ k ≤ m− 1) by

qki(Φ) = 0 (1 ≤ i ≤ τk). (W3(k))

The next step is to prove that the set V \W is finite.
So, let ϕ̃ ∈ V \W . We define f̃ , ỹ, ỹ(i,j), P̃ (i,j) as above. As follows from (V2),

Q̄(x, ỹ) can be ramified only over α̃1, . . . , α̃ν−1, α̃ν = ∞. By Corollary 2.2,

eP̃ (i,j) = eij (1 ≤ i ≤ ν, 1 ≤ j ≤ n). (28)

But for i > µ we have
eij = 1 (1 ≤ j ≤ n). (29)

Hence the field K = Q̄(x, ỹ) is ramified only over α̃1, . . . , α̃µ, which are equal to
α1, . . . , αµ respectively.

Thus, the extension K/Q̄(x) has fixed degree and fixed ramification points
α1, . . . , αµ. Hence we have only finitely many possibilities for the field K.

Fix one such possibility. Since ϕ 6∈ W3, we have

dimL
(
mP̃ (ν,n)

)
= 2, (30)
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dimL
(
(m− 1)P̃ (ν,n)

)
= 1. (31)

Hence ỹ is defined uniquely by (V4). Therefore f̃ is defined uniquely. Finally, we have
finitely many possibilities for numerating α̃µ+1, . . . , α̃ν−1 and finitely many possibili-
ties for numerating ỹ(i,1), . . . , ỹ(i,n) when i is fixed.

Thus, V \W is finite. Obviously ϕ ∈ V1 ∩ V2 ∩ V4 \ (W2 ∪W3). Further, ϕ ∈ V3

by Proposition 2.3, and ϕ 6∈ W1 by Proposition 2.1. Hence ϕ ∈ V \W , and we may
use Theorem 2A.

Equations (V1) form a (1, h)-system of algebraic equations (see Definition 2.1.2)
with coefficients in K ⊇ Q(α1, . . . , αµ). Equations (V2)–(V4) form a (n1, h1)-system,
where

h1 ≤ c1(n, µ), (32)

n1 ≤ 2nm ≤ 2n(g + 1) ≤ µn2. (33)

Denote h′ = max(h, h1). Then (V1)–(V4) is an (n1, h
′)-system of algebraic equations

in m1 indeterminants. We have ν − 1 ≤ deg d(X) ≤ (2n− 2)m, hence

m1 ≤ 6n3m2 ≤ 3

2
n5µ2. (34)

By Theorem 2 ϕ ∈ Lm1 , where

[L : K] ≤ nm1
1 ≤ exp(n6µ3), (35)

(recall that n ≥ 3). This proves (1.1). Further,

h(ϕ) ≤ (2n1)
4m2

1h′ + c(n1,m1) ≤
[
exp2(1.2n

11µ5)
]
h+ c(n, µ). (36)

Hence

h(f) = h(θ) ≤ h(ϕ) ≤ c11(n, µ)h+ c(n, µ),

which proves (iv). Finally, by Proposition 1.1.2

1

dK

lnNKDL/K ≤ 2[L : K]2h(ϕ) + [L : K] ln[L : K] ≤

≤ c11(n, µ)h+ c(n, µ),

which proves (1.2). The proof of Theorem 3A is complete.
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4 Proof of Theorem 3B.

Let K = K0(α |α ∈M). The divisor

(dx) =
∑
P∈C

(eP − 1)P − 2(x)∞ (1)

is defined over K0, hence the set supp(dx) is also defined over K0 (this means that
it is preserved by the automorphisms from Gal(K̄0/K0) ). Therefore the set

M ∪ {∞} = {x(P ) | P ∈ supp(dx)} (2)

is defined over K0. This yields that

[K : K0] ≤ µ!. (3)

Let now y, κ, ϕ and L be as in the previous section. Like in the previous section,
we may suppose that C is unramified over ∞. In this case y is integral over Q̄[x]

– this follows immediately from the definition of y. Hence y0 =
1

[L : K0]
TrL/K0(y)

is also integral over Q̄[x]. For any P ∈ supp(x)∞ we have clearly OrdP (y0) ≥ −m,
hence l(y0) ≤ 2mn. Therefore the irreducible equation

f0(x, y0) = 0 (4)

satisfies (ii), (iii) of Theorem 3B. Let

y
(P )
0 =

∞∑
s=OrdP (y0)

β0s(P )xs
P (P ∈ supp(x)∞) (5)

be the Puiseux expansions of y0 at the poles of x, and L1 – the field generated by
their coefficients. Define L1 -system

{
b̂(v)

}
by

b̂(v) = max (0, max { ln |β0s(P )|v | −OrdP (y0) ≤ s ≤ κ, P ∈ supp(x)∞}) . (6)

Then by (3.35) and (3)

nor
{
b̂(v)

}
≤ [L : K0]h(ϕ) + c ([L : K0]) ≤

[
exp(n6µ3)

]
µ!h(ϕ) + c(n, µ) (7)

(like in the previous section, we suppose that n ≥ 3).

Since κ = (3n− 2)nm ≥ 2n2m ≥ 1

2
l(y0)l(x), we may use Proposition 1.3.4. We

get

h(f0) ≤
3

2
κ nor

{
b̂(v)

}
+ 3κ lnκ ≤ c11(n, µ)h+ c(n, µ),

as follows from (3.36) and (7).

Finally, by Proposition 2.4 K0(C) = K0(x, y0). Theorem 3B is proved.



Chapter 4

An effective Chevalley-Weil
theorem for curves

1 Introduction.

Let C, C̃ be non-singular projective curves over Q̄ of genus g = g(C), and ϕ : C̃ → C
a finite covering of degree ν. Choose x, y ∈ Q̄(C) such that Q̄(C) = Q̄(x, y). Denote
x̃ = x ◦ ϕ ∈ Q̄(C̃), and choose ỹ ∈ Q̄(C̃) such that Q̄(C̃) = Q̄(x̃, ỹ). Let f(x, y) = 0
and f̃(x̃, ỹ) = 0 be the absolutely irreducible algebraic equations for x, y and x̃, ỹ
respectively. Denote

n = degY f(X, Y ); ñ = degY f̃(X, Y ) = nν;

N = max(2, deg f); Ñ = max(N, deg f̃);

h = max (1, h(f)) ; h̃ = max
(
h, h(f̃)

)
.

Theorem 4A. Let K be an algebraic number field such that C, C̃ and ϕ are defined
over K, x, y ∈ K(C) and x̃, ỹ ∈ K(C̃). ( In particular, we may assume that f and
f̃ have coefficients in K.)

(i) Assume that ϕ is unramified over C \ Σ, where Σ is a subset of supp(x)∞.

Then for any Q ∈ C(x,K, S) and Q̃ ∈ ϕ−1(Q) we have

[K(Q̃) : K] ≤ ν, (1)
1

dK

lnNK(DK(Q̃)/K) ≤ ν − 1

dK

∑
v∈S\S∞

lnNK(v) + (4Ñ)22h̃+ c(Ñ). (2)

55
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(ii) Assume that ϕ is unramified over C. Then for any Q ∈ C(x,K) and

Q̃ ∈ ϕ−1(Q) we have (1) and

1

dK

lnNK(DK(Q̃)/K) ≤ (4Ñ)22h̃+ c(Ñ). (3)

If only C, x and y are defined over K, we have the following version of Theorem 4A.

Theorem 4B. Let C, x and y be defined over an algebraic number field K.

(i) Assume that ϕ is unramified over C \ Σ, where Σ ⊆ supp(x)∞. Denote

n1 = max(2g, |Σ|).

Then for any Q ∈ C(x,K, S) and Q̃ ∈ ϕ−1(Q) there exists a finite extension
K̃/K with the following properties:

(a) C̃ and ϕ are defined over K̃;

(b) we have

[K̃ : K] ≤ n|Σ| exp
(
10n12

1 ν
6
)
, (4)

1

dK

lnNK(DK̃/K) ≤
(
exp2(66n

21
1 ν

11)
)
N |Σ|+14h+

+
ν − 1

dK

∑
v∈S\S∞

lnNK(v) + c(N, ν); (5)

(c) Q̃ ∈ C(K̃).

(ii) Assume that ϕ is unramified over C. Then for any Q ∈ C(K) and Q̃ ∈ ϕ−1(Q)
there exists a finite extension K̃/K with the following properties :

(a) C̃ and ϕ are defined over K̃;

(b) we have

[K̃ : K] ≤ n exp
(
216g12ν6

)
, (6)

1

dK

lnNK(DK̃/K) ≤
(
exp2(2

28g21ν11)
)
N14h+ c(N); (7)

(c) Q̃ ∈ C(K̃).
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2 Upper bounds for local and global discrimi-

nants.

In this section L/K is a finite extension of algebric number fields. The letter v
will always denote a non-Archimedean valuation of the field K, and w – of the field L.
We denote e(w) = eL/K(w), f(w) = fL/K(w). For any non-Archimedean valuation v
of K the function | . . . |v is well-defined on the set of fractionl ideals of K, as well as
on the set of fractionl ideals of the v-adic completion Kv. In particular, the assertion
of [CF67, Ch.1, Prop.4.5(ii)] may be written as

ln
∣∣∣DL/K

∣∣∣
v

=
∑
w|v

ln
∣∣∣DLw/Kv

∣∣∣
v
. (1)

Proposition 1. Let w|v. Then

− ln
∣∣∣DLw/Kv

∣∣∣
v
≤
(
−e(w) ln |e(w)|v + (e(w)− 1)

lnNK(v)

dK(v)

)
f(w). (2)

Proof. Without loss of generality we may assume f(w) = 1. Let Π be a primitive
element of Lw. Then g(Π) = 0 for a polynomial g(X) ∈ Kv[X] of the form

g(X) = aeX
e + ae−1X

e−1 + . . .+ a0,

where e = e(w) and
ae = 1,
|ai|v ≤ 1 (1 ≤ i ≤ e− 1),
|a0|v = 1.

For 1 ≤ i < j ≤ e we have ∣∣∣iaiΠ
i
∣∣∣
w
6=
∣∣∣jajΠ

j
∣∣∣
w
.

Hence
|g′(Π)|w = max

1≤i≤e

∣∣∣iaiΠ
i
∣∣∣
w
≥
∣∣∣eΠ e−1

∣∣∣
w
.

Therefore ϕ = NLw/Kv(g
′(Π)) satisfies

|ϕ|v ≥ |e|ev · |π|e−1
v ,

where π = NLw/Kv(Π) is a primitive element of Kv. Since ϕ ∈ DLw/Kv , we get

− ln
∣∣∣DLw/Kv

∣∣∣
v
≤ − ln |ϕ|v ≤

≤ −e ln |e|v − (e− 1) ln |π|v = −e ln |e|v + (e− 1)
lnNK(v)

dK(v)
,
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q.e.d.

Remark. It is well-known that when |e|v = 1, the inequality (1) turns to equality .

Denote by Ram (L/K) the set of all non-Archimedean valuations of K, ramified
in L.

Proposition 2. Denote ν = [L : K]. Then

1

dK

lnNKDL/K ≤ ν − 1

dK

∑
v∈Ram(L/K)

lnNK(v) + ν ln ν! .

Proof. By (1), (2)

− ln
∣∣∣DL/K

∣∣∣
v

=
lnNK(v)

dK(v)

∑
w|v

(e(w)− 1) f(w)−
∑
w|v

e(w)f(w) ln |e(w)|v ≤

≤ ν − 1

dK(v)
lnNK(v)− ν ln |ν! |v .

(For the last inequality we used that each of the numbers

∏
w|v
e(w),

∏
w|v
e(w)!,

∑
w|v

e(w)

!, ν!

divides the next one.) Hence

lnNKDL/K =
∑

v∈Ram(L/K)

dK(v)
(
− ln

∣∣∣DL/K

∣∣∣
v

)
≤

≤ (ν − 1)
∑

v∈Ram(L/K)

lnNK(v) + dK ν ln ν! ,

q.e.d.

3 A neighbourhood of a fixed point.

In this section we make some preparations for the proof of Theorem 4A. We use the
notations of Section 1.2.

Fix P ∈ C(Q̄), and let x(P ) = α. Then we have the Puiseux expansion

y(P ) =
∞∑

s=OrdP (y)

βs(P )xs
P . (1)
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Let the field KP and K(α)-systems {bP (v)}, {b′P (v)} be from Proposition 1.2.5. De-
fine the following sets of non-Archimedean valuations of the field KP :

T ′
1 = {v | bP (v) + b′P (v) > 0}; (2)

T ′
2 =

{
{v | |α|v > 1|}, α 6= ∞,
∅, α = ∞;

(3)

T ′
3 = {v | 0 < |βs|v < 1 for some s ≤ 3N3}; (4)

T ′
4 = {v | v is ramified over K}. (5)

Further, let Ti include the restrictions to K of the valuations from T ′
i :

Ti = Ti(P ) = { v|K, where v ∈ T ′
i} (i = 1, 2, 3, 4). (6)

Define also T5(P ) = {v | |eP |v < 1} and put

T (P ) = T1(P ) ∪ . . . ∪ T5(P ).

By Proposition 1.2.5

1

dKP

∑
v∈T ′1∪T ′2∪T ′3

lnNKP
(v) ≤ nor{bP (v)}+ nor{b′P (v)}+ h(α) +

3N3∑
s=OrdP (y)

h(βs) ≤

≤ 224N14(h+ h(α) + 5N). (7)

Hence by the same proposition

1

dK

∑
v∈T (P )

lnNK(v) ≤ [KP : K] · 224N14(h+ h(α) + 5N) +
1

dK

lnNK(DKP /K) + eP ≤

≤ 225N15d2(α)(h+ h(α) + c(N)), (8)

where d(α) = [K(α) : K].
Fix a valuation v of K and a prolongation of v on Q̄, which we also denote by v.

Definition 1. We say that Q ∈ C(Q̄) \ supp(x)∞ is close to P in v-metric, if

(i) |xα(Q)|v < 1;

(ii) the series

y(P )(Q) =
∞∑

s=OrdP (y)

βs(P ) (xP (Q))s (9)

converges in v-metric;

(iii) for an appropriate choice of the value of the root xP (Q) = (xα(Q))
1

eP the sum
y(P )(Q) is equal to y(Q).



60 Ch.4 An effective Chevalley-Weil theorem for curves

Proposition 2. Let v be non-Archimedean and v 6∈ T (P ). Suppose that Q is close
to P in v-metric, and that

x(Q) ∈ K (10),

∂f

∂Y
(x(Q), y(Q)) 6= 0. (11)

Denote L = K (xP (Q)). Then for the fixed prolongation of v we have

eL/K(v) = eK(Q)/K(v). (12)

Remark. Since v 6∈ T5(P ), v is unramified in the extension L(εP )/L. Hence the
assertion of Proposition 2 does not depend on the particular choice of the root

xP (Q) = (xα(Q))
1

eP . Further in the proof we assume that xP (Q) is defined as in
Definition 1 (iii).

Proof. We denote ε = εP , e = eP , βs = βs(P ), λ = xP (Q), µ = y(Q).
Since v 6∈ T4, it is unramified in KP . Hence, replacing K by KP , we may assume

that α and the coefficients βs belong to K. Under this additional assumption we shall
prove that Lv is an unramified extension of Kv(Q), which, of course, implies (12).
Note that by (11) K(Q) = K(x(Q), y(Q)) = K(λe, µ).

By the assumption, µ =
∞∑

s=OrdP (y)

βsλ
s. In particular,

Kv(Q) = Kv(λ
e, µ) ⊆ Kv(λ) = Lv,

and we should prove only that Lv/Kv(Q) is unramified.
Let π be a primitive element of Kv(Q). Then λe = ηπr for some v-adic unit

η ∈ Kv(Q) and r ∈ Z. Since v 6∈ T5, the field Mv = Kv(Q)(η
1
e , ε) is unramified over

Kv(Q). Hence it is sufficient to prove that λ ∈ Mv.

Denote e1 =
e

(e, r)
, r1 =

r

(r, e)
. Let a, b ∈ Z satisfy ar1 + be1 = 1. Then

Π = λaπb

satisfies
Πe1 = πη

a e1
e εi, Πr1 = λη

−b e1
e εj, (13)

for some i, j ∈ Z. As follows from (13), Π is a primitive element of the field Mv(λ).
Assume now that e1 > 1. Then there exists a prime q|e1. Denote

s0 = s0(q) = min{s | s 6≡ 0 modq and βs 6= 0}.

By Corollary 3.2.2 s0 ≤ 3N3, and we have |βs0|v = 1 because v 6∈ T3. Therefore for
any s > s0

|βs0λ
s0|v > |βsλ

s| ,
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because |λ|v < 1 and v 6∈ T1. Hence ω =
∞∑

s=s0

βsλ
s satisfies

OrdΠ(ω) = OrdΠ(βs0λ
s0) = s0r1.

On the other hand,

ω = µ−
s0−1∑

s=OrdP (y)

βsλ
s ∈ Mv(Π

q),

hence q|OrdΠ(ω). We see that q|s0r1, which is a contradiction. Thus e1 = 1, and
λ ∈ Mv. The proof of Proposition 2 is complete.

4 Proof of Theorem 4A.

Let ∆(x) be the discriminant of f(X, Y ). We write

f(X, Y ) = a(X)Y n + terms of lower degree in Y, (1)

∆(X) = γXdeg ∆(X) + terms of lower degree. (2)

Without loss of generality suppose that the leading coefficient of a(X) is 1, i.e.

a(X) = Xdeg a(X) + terms of lower degree. (3)

In particular, one of the coefficients of f(X, Y ) is 1. This yields that

h(f) = nor {max (0, ln |f |v)} , (4)

h(γ) ≤ (2n− 2)h+ C(N). (5)

Let now M be a finite subset of Q̄ ∪ {∞} which will be specialized later. Define

T =

 ⋃
x(P )∈M

T (P )

 ∪ {v | |f |v > 1} ∪ {v | |γ|v 6= 1} . (6)

where the sets T (P ) are defined in the previous section. Then, using (3.8), (4) and
(5), we get

1

dK

∑
v∈T\S∞

lnNK(v) =
1

dK

∑
x(P )∈M

∑
v∈T (P )

lnNK(v) + h(f) + 2h(γ) ≤

≤ 226N15
(
max
α∈M

d2(α)
)(

|M |(h+ c(N)) +
∑

α∈M

h(α)

)
. (7)
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Replacing C by C̃, we define similarly X̃, ∆̃(X), γ̃, and the sets T̃i(P̃ ), T̃ (P̃ ) and
T̃ . In particular, we have

1

dK

∑
v∈T̃\S∞

lnNK(v) ≤ 226Ñ15
(
max
α∈M

d2(α)
)(

|M |(h̃+ c(Ñ)) +
∑

α∈M

h(α)

)
. (8)

Now define M as the set of the roots of the polynomial a(X)∆(X)ã(X)∆̃(X). Then
we have

|M | ≤ 2N2 + 2Ñ2 ≤ 4Ñ2, (9)

max
α∈M

d(α) ≤ 2Ñ2, (10)

∑
α∈M

h(α) ≤ h(a(X)∆(X)ã(X)∆̃(X)) + c(Ñ) ≤

≤ 2Nh+ 2Ñ h̃+ c(Ñ) ≤ 4Ñ h̃+ c(Ñ), (11)

where (11) follows from Proposition 1.2.4. Substituting this to (7), (8), we get

1

dK

∑
v∈(T∪T̃ )\S∞

lnNK(v) ≤ 232Ñ21h̃+ c(N). (12)

Proposition 1. Let Q ∈ C(K)\supp(x)∞, Q̃ ∈ ϕ−1(Q), |x(Q)|v ≤ 1 and v 6∈ T ∪ T̃ .
Then v is unramified in K(Q̃).

Proof. If ỹ(Q̃) = ∞, then x̃(Q̃) is a root of ã(X). If
∂f

∂Y
(x̃(Q̃), ỹ(Q̃)) = 0, then x̃(Q)

is a root of ∆̃(x). In the both cases x̃(Q̃) ∈ M , and the assertion becomes trivial,
because v 6∈ T̃4(Q̃). Hence we may assume further that

ỹ(Q̃) 6= ∞,
∂f

∂Y
(x̃(Q̃), ỹ(Q̃)) 6= 0. (13)

Denote β = x(Q) = x̃(Q̃). We have v 6∈ T2(P ) for any P such that x(P ) ∈ M .
Hence |α|v ≤ 1 for any α ∈ M . Therefore |β − α|v ≤ 1 for any α ∈ M . Assume first
that for any α ∈M we have |β − α|v = 1. Then

|ã(β)|v = 1, (14)

|∆̃(β)| = 1, (15)

because the leading coefficients of ã(x) is 1, and |γ̃|v = 1. Since |f̃ |v ≤ 1, the
conditions (14) and (15) imply that v is unramified in K(Q̃) = K(y(Q̃)).
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Assume now that
|β − α|v < 1 (16)

for some α ∈ M . Then by Proposition 1.2.9 Q̃ is close to some P̃ ∈ supp(xα)0. By
Proposition 3.2

eK(Q̃)/K(v) = eL̃/K(v), (17)

where

L̃ = K
(
(β − α)

1
e
P̃

)
.

On the other hand, it is clear that Q is close to P = ϕ(P̃ ). (To see this one should
consider y as an element of Q̄(C̃), and then apply the second part of Proposition
1.2.9.) Hence

eL/K(v) = eK(Q)/K(v) = 1, (18)

where

L = K
(
(β − α)

1
eP

)
.

But P̃ is unramified over P , hence

eP = eP̃ , (19)

and we get finally
eK(Q̃)/K(v) = 1, (20)

q.e.d.

Now we may complete the proof of Theoerm 4. Assume that ϕ is unramified over
C \ Σ and Q ∈ C(x,K, S). Inequality (1.1) is obvious. Further, by Proposition 1

Ram
(
K(Q̃)/K

)
⊆ T ∪ T̃ ∪ S, (21)

where Ram is defined in Section 2. Then (1.2) follows immediately from (12), (21)
and Proposition 2.2.

Assume now that ϕ is unramified over C and Q ∈ C(K). Then we should replace
the set M by M ∪{∞}. For this modified M we still have (9) – (11), and hence (12)
also holds.

We are going to prove that

Ram
(
K(Q̃)/K

)
⊆ T ∪ T̃ . (22)

If x(Q) = ∞ then x̃(Q̃) = ∞ ∈M , hence

Ram
(
K(Q̃)/K

)
= T̃5(Q̃) ⊆ T̃ .

Let now β = x(Q) ∈ K, and v 6∈ T ⋃ T̃ . If |β|v ≤ 1, then v is unramified in K(Q̃) by
Proposition 1. If |β|v > 1, then we may repeat the arguement of Proposition 1 with
α = ∞, and prove again that v is unramified in K(Q̃). This completes the proof of
(22). Now (1.3) follows from (12), (22) and Proposition 2.2. The proof of Theorem
4A is complete.
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5 Proof of Theorem 4B.

The proofs of cases (i) and (ii) are very similar. We shall consider case (i), which
is more important for our further purposes, and indicate during the proof the minor
changes necessary for the case (ii).

Fix an arbitrary P1 ∈ Σ (or P1 ∈ supp(x)∞ in the case (ii) ), and put

n1 = max (|Σ|, 2g) .

(Note that except the trivial case degϕ = 1, we have certainly n1 ≥ 2; for if g = 0,
then ϕ should be ramified and |Σ| ≥ 2.) Define the following divisor D :

D =
∑
P∈Σ

P + (n1 − |Σ|)P1. (1)

Then degD = n1, and D is defined over the field K1 = K(Σ), defined in Section 1.1.
By Proposition 1.2.7

[K1 : K] ≤ n|Σ|, (2)
1

dK

lnNKDK1/K ≤ 224N |Σ|+14(h+ 6N). (3)

(In the case (ii) D = n1P1, K1 = K(P ), and we have

[K1 : K] ≤ n,
1

dK

lnNKDK1/K ≤ 224N14(h+ 6N). )

Since D is non-special, the space L(D) generates the field Q̄(C). Hence for
any basis x1, . . . , xµ of this space, there exist a2, . . . , aµ ∈ Z such that x1 and y1 =
a2x2+. . . aµxµ generate Q̄(C) over Q̄, and max

2≤i≤µ
|ai| ≤ (n1 − 1)!. (We suppose that x1

is non-constant.) Indeed, denote by K1 the minimal extension of K = Q̄(C), normal
over Q̄(x1). Consider the polynomial G(A2, . . . , Aµ) ∈ K1[A2, . . . , Aµ], defined by

G(A2, . . . , Aµ) =
∏

σ∈Gal(K1/K)

σ 6=Id

µ∑
i=2

Ai(σxi − xi). (4)

Then
deg G(A2, . . . , Aµ) ≤ (n1 − 1)!,

and by Proposition 2.3.1 there exist a2, . . . , aµ ∈ Z such that

max
2≤i≤µ

|ai| ≤
(

1

2
(n1 − 1)! + 1

)
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and G(a2, . . . , aµ) 6= 0. These a2, . . . , aµ are as desired.
As follows from Proposition 1.2.2, the basis x1, . . . , xµ can be chosen so that the

coefficients of the Puiseux expansions

x
(P )
i =

∞∏
s=OrdP (xi)

αis(P )xs
P (5)

satisfy
ln |αis(P )|v ≤ a′(v) + s a(v), (P ∈ supp(x)∞) (6)

where

nor{a(v)} ≤ 9n1L
5(h+ 12 lnL), (7)

nor{a′(v)} ≤ 370n2
1L

11(h+ 12 lnL), (8)

L = max(N, n1). (9)

If y1 is defined as above, then the coefficients of its Puiseux expansions

y
(P )
1 =

∞∏
s=OrdP (y1)

β1s(P )xs
P (10)

satisfy
ln |β1s(P )|v ≤ b′(v) + s b(v), (P ∈ supp(x)∞)

where
b′(v) = a′(v) + max (0, n1 ln |n1|v) . (11)

Let the pairs x, x1 and x1, y1 satisfy absolutely irreducible algebraic equations

g(x, x1) = 0, (12)

f1(x1, y1) = 0 (13)

respectively. Then

degX g(X, X1) ≤ n1, (14)

degX1
g(X, X1) ≤ n, (15)

deg f1(X1, Y1) ≤ n1, (16)

and we may suppose that the coefficients of g(X, X1) and f1(X1, Y1) belong to K1.
Finally, we use Proposition 1.3.4 in order to estimate h(g) and h(f1). In the both
cases we may put κ = 2Ln1 and ĉ(v) = b′(v) + κ a(v). Then by (1.3.7)

h(g), h(f1) ≤ 6L2n2
1 (nor{a′(v)}+ n1 lnn1 + 2Ln1nor{a(v)}) + 6L2n2

1 ≤

≤ 2223n4
1L

13(h+ 12 lnL). (17)

We summarize all above in the following

Proposition 1. There exist :
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(i) a finite extension K1/K satisfying (2), (3);

(ii) x1, y1 ∈ K1(C) such that K1(C) = K1(x1, y1);

(iii) absolutely irreducible polynomials f1(X1, Y1) and g(X, X1) with coefficients in
K1, satisfying (12)–(17).

The next step is to find a “small” generator of Q̄(C̃) over Q̄(x̃1), where x̃1 = x1◦ϕ.

Proposition 2. There exist :

(i) a finite extension K̃1/K1 satisfying[
K̃1 : K

]
≤

(
exp(9n12

1 ν
6)
)
n|Σ|, (18)

1

dK

lnNKDK̃1/K ≤
(
exp2(65n

21
1 ν

11)
)
N14+|Σ|h+ c(N, ν); (19)

(ii) ỹ1 ∈ K̃1(C) such that K̃1(C) = K̃1(x̃1, ỹ1) ;

(iii) an absolutely irreducible polynomial f̃1(X1, Y1) with coefficients in K̃1 such that

f̃1(x̃1, ỹ1) = 0, (20)

degX1
f̃1(X1, Y1) ≤ n3

1ν, (21)

degY1
f̃1(X1, Y1) ≤ n1ν, (22)

h(f̃1) ≤
(
exp2(65n

21
1 ν

11)
)
N13h+ c(N, ν). (23)

(In the case (ii) of Theorem 4B, we should replace |Σ| by 1 in (18) and by 0 in
(19).)

Proof. Let ∆1(X) be the discriminant of f1(X, Y ) with respect to Y ,

M = {α1, . . . , αµ−1,∞} = { the roots of ∆1(X)} ∪ {∞}

and K1(M) the splitting field of ∆1(X) over K1. Then we have

µ = |M | ≤ deg ∆1(X) + 1 ≤ (2n1 − 2)n1 + 1, (24)

[K1(M) : K1] ≤ (µ− 1)! , (25)

1

dK1

lnNK1DK1(M)/K1 ≤ ((µ− 1)!)2 (h(1 : α1 : . . . : αµ−1) + 1) ≤

≤ (µ− 1)2µ−2
(
(µ− 1)h(∆1) + (µ− 1)2 + 1

)
≤

≤ µ2µ ((2n1 − 2)h(f1) + c(n1)) ≤
≤ (2n1)

4n2
1 L13h+ c(N). (26)
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The covering x1 : C → P1 is unramified over P1 \M . Hence the covering

x̃1 : C̃ → P1

is also unramified over P1 \M . Its degree ñ1 is less or equal to ν n1. Therefore, by
Theorem 3A Q̄(C̃) = Q̄(x̃1, ỹ1), where x̃1 and ỹ1 satisfy an absolutely irreducible
equation f̃1(x̃1, ỹ1) = 0 with the following properties. First of all,

f̃1(X1, Y1) ∈ K̃1(X1, Y1),

where [
K̃1 : K

]
≤ n|Σ| · (µ− 1)! · exp

(
ñ6

1µ
3
)
≤

≤ n|Σ| exp
(
9n12

1 ν
6
)
, (27)

1

dK

lnNKDK̃1/K ≤
(
exp

(
9n12

1 ν
6
))

224N14+|Σ|(h+ 6N) +

+
(
exp

(
ñ6

1µ
3
)) (

(2n1)
4n2

1 L13h+ c(N)
)

+

+
(
exp2

(
2ñ11

1 µ
5
))

max
α∈M

h(α) + c(ñ1, µ) ≤

≤
(
exp2

(
65n21

1 ν
11
))

N14+|Σ|h+ c(N, ν). (28)

Further,

degY1
f̃(X1, Y1) ≤ ñ1 ≤ n1ν, (29)

degX1
f̃1(X1, Y1) ≤ 1

2
ñ1(µ− 1) ≤ n3

1ν, (30)

h(f̃) ≤
(
exp2

(
2ñ11

1 µ
5
))

max
α∈M

h(α) + c(n1, µ) ≤

≤
(
exp2(65n

21
1 ν

11)
)
N13h+ c(N, ν). (31)

Proposition 2 is proved.

Now we are able to complete the proof of Theorem 4B. Consider first (i). We
assume further that

g(X, X1) = X
degX1

g(X,X1)

1 + the terms of lower degree in X1. (32)

Define the set S̃1 of valuations of K̃1 by

S̃1 = { v | v|K ∈ S or |g|v > 1 } . (33)
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Then
1

dK̃1

∑
v∈S̃1\S̃∞

lnNK1(v) =
1

dK

∑
v∈S\S∞

lnNK(v) + h(g) ≤

≤ 1

dK

∑
v∈S\S∞

lnNK(v) + 2223n4
1L

13(h+ 12 lnL). (34)

Now let Q ∈ C(x, K, S). Then Q ∈ C(x1, K̃1, S̃1). Denote K̃ = K̃1(Q). Then
by Theorem 4A (i)[

K̃ : K
]
≤ ν ·

[
K̃1 : K

]
≤ n|Σ| exp

(
10n12

1 ν
6
)
, (35)

1

dK

lnNKDK̃/K ≤ ν
1

dK

lnNKDK̃1/K +
1

dK̃1

lnNK̃1
DK̃1(Q)/K̃1

≤

≤
(
exp2

(
65n21

1 ν
11
))

ν N14+|Σ|h+
ν − 1

dK̃1

∑
v∈S̃1\S̃∞

lnNK̃1
(v) +

+
(
4Ñ1

)22
h̃1 + c(Ñ1) ≤

≤
(
exp2

(
65n21

1 ν
11
))

ν N14+|Σ|h+
ν − 1

dK

∑
v∈S\S∞

lnNK(v) +

+2223n4
1L

13(h+ 12 lnL) +

+
(
5n3

1ν
)2 (

exp2

(
65n21

1 ν
11
))
N13h+ c(N, ν) ≤

≤
(
exp2

(
66n21

1 ν
11
))
N14+|Σ|h+

+
ν − 1

dK

∑
v∈S\S∞

lnNK(v) + c(N, ν). (36)

Here
Ñ1 = max

(
2, deg f̃1

)
≤ 5n3

1ν, (37)

and
h̃1 = max

(
1, h(f̃1)

)
. (38)

This completes the proof of part (i). The proof of part (ii) is absolutely similar and
even simpler, because we need not care about the sets S and S1.



Chapter 5

A generalization of the Main
Theorem and applications

In this chapter we use the notations of Section 1.1.

1 A generalization of Theorem 1B.

Theorem 5A. Assume that there exists a finite covering ϕ : C̃ → C, defined over
Q̄, unramified over C \ Σ and such that

ρ(Σ̃) ≥ 2, (1)

where Σ̃ = ϕ−1(Σ). Denote Λ̃ = max
(
λ2(Σ̃), N

)
. Then for any Q ∈ C(x,K, S)

hx(Q) ≤ c(N, d, ν)Λ̃37
(
σσDpd

)c11(n1,ν) n|Σ|

×

×

 ∏
v∈S\S∞

NK(v)

c12(n1,ν) n|Σ|

ec13(n1,ν) N(ν+1)|Σ|+28d h, (2)

where n1 = max(2g, |Σ|) and

c11(n1, ν) = exp
(
11n12

1 ν
6
)
,

c12(n1, ν) = νν|Σ|+1,

c13(n1, ν) = exp2

(
67n21

1 ν
11
)
.

Proof. Fix Q̃ ∈ ϕ−1(Q). Then Q̃ ∈ C̃(K̃), where K̃ is from Theorem 4B. Since
x̃(Q̃) = x(Q) is S-integer, Q̃ ∈ C̃(x̃, K̃, S̃), where x̃ = x ◦ ϕ and S̃ is the set of

69
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valuations of K̃ lying above S. Let x̃1, ỹ1 be from Section 4.5. Then K̃(C̃) =
K̃(x̃1, ỹ1), as follows from the definition of the field K̃ in Section 4.5. The same
arguement as in the beginning of Section 4.5 shows that K̃(C̃) = K̃(x̃, ỹ), where
ỹ = ax̃1 + bỹ1, and a, b ∈ Z, max(|a|, |b|) ≤ c(N, ν). Further, we have b 6= 0, because
K̃(x̃, x̃1) is a proper subfield of K̃(C̃), except maybe the trivial case degϕ = 1.

Let g (X,X1) and f̃1 (X1, Y1) be as in Section 4.5. Denote

g1 (X1, Y ) = f̃1

(
X1,

1

b
(Y − aX1)

)
.

Then by (4.5.21)–(4.5.23)

degX1
g1 (X1, Y ) ≤ 2n3

1ν, degY g1 (X1, Y ) ≤ n1ν, (3)

h(g1) ≤
(
exp2

(
65n21

1 ν
11
))
N13h+ c(N, ν). (4)

Let x̃, ỹ satisfy an absolutely irreducible equation f̃(x̃, ỹ) = 0. Then f̃(X,Y ) divides
R(X, Y ), the resultant of g (X,X1) and g1 (X1, Y ) with respect to X1. We have

h(f̃) ≤ h(R) + degR ≤ 2ν n3
1h(g) + nh(g1) + c(N, v) ≤

≤
(
exp2

(
66n21

1 ν
11
))
N14h+ c(N, ν), (5)

deg f̃ ≤ 3ν n4
1n. (6)

Now we may apply Theorem 1B, but we prefer to use a more exact formula
(1.6.11). Putting in it ε = 1, we get

hx(Q) = hx̃(Q̃) ≤ c(Ñ , d̃)Λ̃37

σ̃20σ̃D̃
3
2pd̃

∏
v∈S̃\S̃∞

ln3NK̃(v)


dρ−2(Σ̃/K̃)+1

×

×e(4Ñ)14+|Σ̃|d̃ h̃, (7)

where ρ = ρ(Σ̃),

d̃ = dK̃ ≤ d n|Σ| exp
(
10n12

1 ν
6
)

; (8)

D̃ = DK̃ ≤ c(N, ν, d)e(exp2(66n21
1 ν11))N |Σ|+14d h

 ∏
v∈S\S∞

NK(v)

ν−1

×

×Dn|Σ| exp(10n12
1 ν6); (9)

σ̃ = |S̃| ≤ σ n|Σ| exp
(
10n12

1 ν
6
)

; (10)
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∏
v∈S̃\S̃∞

ln3NK̃(v) ≤ c(N)

 ∏
v∈S\S∞

ln3NK(v)

n|Σ| exp(10n12
1 ν6)

; (11)

ñ = degY f̃(X,Y ) = n ν; (12)

Ñ = max
(
2, deg f̃(X, Y )

)
≤ 4ν n3

1n; (13)

|Σ̃| ≤ ν |Σ|;

h̃ = max
(
1, h(f̃)

)
≤
(
exp2

(
66n21

1 ν
11
))
N14h+ c(N, ν). (14)

Note also, that, as follows from the definition of the field K̃,

Σ ⊆ C(K̃).

Hence
dρ−2

(
Σ̃/K̃

)
≤ d0

(
Σ̃/K̃

)
=
[
K̃(Σ̃) : K̃

]
≤ ν |Σ|. (15)

Substituting (8)–(15) to (7), we get (1) after easy calculations.

2 Curves of genus 0.

Assume that g(C) = 0 and |Σ| ≥ 3. Then it is wellknown that the set C(x,K, S)
is effectively bounded. However, as much as we know, the first explicite bound was
computed only recently in [Po93]. In this section we show that such a bound also
follows from our Theorem 1B.

Theorem 5B. Assume that g(C) = 0 and |Σ| ≥ 3. Let ε > 0. Then for any
Q ∈ C(x,K, S) we have

hx(Q) ≤ c(N, d, ε)

σ20σD
3
2pd

∏
v∈S\S∞

lnNK(v)

n3−3n2+2n+ε

e(4N)17d h. (1)

Proof. Since g(C) = 0, we have

ρ(Σ) = |Σ| − 1,

λ2(Σ) = 2,

Λ = max (λ2(Σ), N) = N,

and we obtain (1) immedeately from Theorem 1B.
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3 Curves of genus 1.

The first effective upper bound for integral points on elliptic curves is due to A. Baker
and J. Coates [BaC70], only for the case K = Q and S = S∞. This bound was very
large and was sharpened by S.V. Kotov and L.A. Trelina [KTr79], who also restricted
themselves only to K = Q, but considered arbitrary S. In our terms, they proved
that, provided g(C) = 1, for any Q ∈ C(x,Q, S)

hx(Q) ≤ c(N)σ84+N8
(σ+1)e(8

6+4N6+N8)(σ+1)hp82+N6

.

A rather sharp bound was recently obtained by W. Schmidt [Schm92] for arbitrary
K and S = S∞. He proved that, provided g(C) = 1, for any Q ∈ C(x,K, S∞)

hx(Q) ≤ c(d,N)D433Ne(4N)13d h.

Our Theorem 5A implies, for arbitrary K and S, a bound of the same type that
Schmidt’s.

Theorem 5C. Assume that g(C) = 1. Then for any Q ∈ C(x,K, S) we have

hx(Q) ≤ c(N, d)
(
σσDpd

)c31n

 ∏
v∈S\S∞

NK(v)

1024n

ec32N33d h, (1)

where c31 = exp (2 · 108), c32 = exp2 (1015).

Proof. Without loss of generality |Σ| = 1. Let Σ = {P}, and assume that P is
the origin of the group law on the elliptic curve C. Following [La78, Sec.6.3], take
in Theorem 5A C̃ = C, and ϕ – the multiplication by 2. Then Σ̃ =Kerϕ, ρ(Σ̃) = 3.
Hence we may use Theorem 5A with Λ = λ2(Σ̃) ≤ 4, ν = 4 and n1 = 2. Substituting
this data to (1.1), we get (1).

4 Hyperelliptic curves.

Let C be a hyperelliptic curve. Then we have the canonical double covering

κ : C → P1,

ramified at 2g + 2 Weierstrass points of C. Each fiber of κ may be considered as a
set or as a divisor; it will be clear from the context in what sence the word “fiber” is
used.
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J.-P. Serre [Se89] noted that if Σ contains a fiber of κ, then C(x,K, S) is effectively
bounded. A corresponding explicite bound was obtained by D. Poulakis [Po92] in
the case S = S∞. He proved that, if C is hyperelliptic and Σ contains a fiber of κ,
then for any Q ∈ C(x,K, S∞)

hx(Q) ≤ c(N, d)Dc41(g)N3d2

ec42(g)N18d2h, (1)

where c41, c42 are of the type gcg. However, one may expect here a bound of of the
same type, as Schmidt’s bound for elliptic curves (see the previous section), i.e. the
bound of the type c(N, d)Dc(N)ec(N) d h. We shall see that such a bound follows easily
from our Theorem 5A, though we get a worse, than in (1),dependence in g.

When C is defined by a canonical equation y2 = f(x), where deg f = 2g + 1 or
2g + 2, then the canonical covering is given by x, and supp(x)∞ is exactly a fiber
of κ. Of course, in this case effective bounds for integral and S-integral points were
obtained much earlier. See [Ba69], [Sp76], [Tr78], [Sp82], and bibliographies in [Sp82]
and [ShT86]. We do not consider this case separately because it is covered by our
Theorems 5D and 5F.

Theorem 5D. Assume that C is hyperelliptic and Σ contains a fiber of κ. Then for
any Q ∈ C(x,K, S)

hx(Q) ≤ c(N, d)
(
σσDpd

)c43(g) n2

 ∏
v∈S\S∞

NK(v)

c44 n2

ec45(g)N38d h,

where c43 = exp (2 · 108g12), c44 = 218, c45(g) = exp2 (1015g21).

We need some elementary properties of hyperelliptic curves.

For any (ramified) covering C → P1 its fibers form a linear system on C, and we
say that the covering is special if the corresponding linear system is special.

Lemma 1. Let κ : C → P1 be as above, and ϕ : C̃ → C – an unramified double
covering. Then κ ◦ ϕ : C̃ → P1 is special.

Proof. If g(C) ≥ 3, then g(C̃) = 2g(C) − 1 ≥ 5, and κ ◦ ϕ is special because its
degree is 4. If g(C) = 2, than the fibers of κ ◦ ϕ belong to the canonical class of C̃,
which is special.

Lemma 2. [Wa50, Th.6.7.1] Let C be hyperelliptic, and ψ : C → P1 be special. Then
there exists a ramified covering δ : P1 → P1 such that ψ = δ ◦ κ.

Proof of Theorem 5D. Without loss of generality assume that Σ is a fiber of κ.
It is well known that there exists a double unramified covering ϕ1 : C1 → C by
another hyperelliptic curve C1. By Lemma 1 κ ◦ ϕ1 is special. Hence by Lemma 2
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κ◦ϕ1 = δ ◦κ1, where κ1 : C1 → P1 is the canonical double covering of P1 by C1, and
δ : P1 → P1. This yields that ϕ−1

1 (Σ) consists of two fibers of κ1. Further, consider
a double unramified covering ϕ2 : C̃ → C1, where C̃ is one more hyperelliptic curve.
Hence Σ̃ = ϕ−1(Σ) consists of four fibers of κ̃, where ϕ = ϕ1 ◦ ϕ2 and κ̃ : C̃ → P1 is
the canonical covering of P1 by C̃. Since the fibers of κ̃ are linearly equivalent, we
have ρ

(
Σ̃
)
≥ 3, Λ̃ = λ2

(
Σ̃
)
≤ 4. Now applying Theorem 5A, we get (1).

5 The Thue equation.

By Thue equation we mean the Diophantine equation

f(X, Y ) = A, (1)

where A and the coefficients of the binary form f belong to an algebraic number field
K, A 6= 0 and f has at least 3 pairwise distinct linear factors. This equation and its
generalizations were effectively studied in numerous papers of A. Baker, J. Coates,
J.-H. Evertse, N.I. Feldman, K. Györy, S.V. Kotov, Z.Z. Papp, T. Shorey, V.G.
Sprindžuk, R.J. Stroeker, N. Tzanakis, B.M.M. de Weger and many other authors;
see [Sp74], [Sp80], [Sp84], [ShT86] and [EG87] for historical accounts and extensive
bibliography.

In this section we show that Theorem 1B implies effective bounds for S-integral
solutions of Thue equation. Since we study S-integral solutions, we do not consider
separately Thue–Mahler equation. Of course, such or better bound can also be de-
rived using classical methods; the goal of this section, as well as of Sections 2–4, is
not so much to obtain new results, but to show that Theorems 1B and 5A generalize
some classical facts.

Theorem 5E. Let f(X, Y ) ∈ K[X,Y ], and assume that f(X, Y ) is of the form

f(X,Y ) = f1(X, Y )
3∏

i=1

(αiX + βiY + γi)− A, (2)

where f1(X, Y ) ∈ Q̄(X, Y ) is an arbitrary polynomial, and

A ·
∣∣∣∣∣ α1 β1

α2 β2

∣∣∣∣∣ ·
∣∣∣∣∣ α1 β1

α3 β3

∣∣∣∣∣ ·
∣∣∣∣∣ α2 β2

α3 β3

∣∣∣∣∣ 6= 0. (3)

Then each solution (X0, Y0) ∈ RK(S)×RK(S) of

f(X, Y ) = 0 (4)
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satisfies

h(X0), h(Y0) ≤ c(N, d)

σ20σD
3
2pd

∏
v∈S\S∞

ln3NK(v)

N !

e(14N)N+14d h. (5)

In particular, we have an effective bound for S-integral solutions of the equation

NL/K(X + βY + γ) = A,

where L = K(β), [L : K] ≥ 3 and A ∈ K \ 0. In the case S = S∞, such a bound
follows from a theorem of Sprindžuk [Sp74a], [Sp82, §4.5].

Proof. Fix a solution (X0, Y0). Then for some K–irreducible factor g(X,Y ) of
f(X, Y ) we have

g(X0, Y0) = 0.

It is wellknown that, if the polynomial g(X, Y ) ∈ K[X,Y ] is irreducible over K, but
reducible over Q̄, then the solutions (X0, Y0) ∈ K×K of g(X, Y ) = 0 satisfy

h(X0), h(Y0) ≤ c(deg g)(h(g) + 1) (6)

(see [Sp82, §9.6] ). Hence we may assume that g(X, Y ) = 0 is absolutely irreducible.
Let C be a non-singular model of the plane curve g(X,Y ) = 0, and x, y ∈ K(C)

correspond to the coordinate functions of this plane curve. Denote

Σ = supp(x)∞ ∪ supp(y)∞.

Clearly, zi = αix+βiy+γi are Σ-units. We shall prove that z1 and z2 are multiplica-
tively independent mod Q̄∗ and hence ρ(Σ) ≥ 2.

Indeed, we have α3x+ β3y+ γ3 = αz1 + βz2 + γ, where αβ 6= 0 by (3). Hence we
have ϕ(z1, z2) = 0, where

ϕ(Z1, Z2) = Z1Z2 (αZ1 + βZ2 + γ)ϕ1(Z1, Z2)− A,

for some polynomial ϕ1(Z1, Z2).
Now suppose that z1, z2 are multiplicatively dependent. Then Φ (z1, z2) = 0,

where Φ (Z1, Z2) is a polynomial of one of the types Zp1
1 Z

p2
2 − µ or Zp1

1 − µZp2
2 . Here

µ ∈ Q̄∗, p1, p2 ≥ 0 and (p1, p2) = 1.
Clearly, ϕ (Z1, Z2) and Φ (Z1, Z2) have a common factor. But Φ (Z1, Z2) is irre-

ducible, hence Φ|ϕ. However, if Φ = Zp1
1 − µZp2

2 and p1, p2 > 0, then Φ(0, 0) = 0,
and ϕ(0, 0) = −A 6= 0. If Φ = Zp1

1 Z
p2
2 − µ and p1 > 0, then, taking δ1 satisfying the

equation
(−1)p2 (α δ1 + γ)p2 δp1

1 = βp2µ,
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and defining
δ2 = −β−1 (α δ1 + γ) ,

we have Φ (δ1, δ2) = 0, ϕ (δ1, δ2) = −A 6= 0. In the both cases we get a contradiction.
Hence ρ(Σ) ≥ 2, and clearly λ(Σ) ≤ c(N).

There exists a ∈ Z, |a| ≤ N such that supp(x− a y)∞ = Σ. By Theorem 1B

h(X0 − aY0) ≤ c(N, d)

σ20σD
3
2pd

∏
v∈S\S∞

ln3NK(v)

N !

e(4N)N+14d h′ , (7)

where h′ = h(g) ≤ h(f) +N . From (4), (7) one easily gets (5).

6 Strongly ramified coverings.

The following result is due to the author [Bi88a], where it is proved by another method
(for S = S∞).

Theorem 5F. For α ∈ P1 denote

eα = g.c.d. {eP | x(P ) = α} . (1)

Suppose that ∑
α 6=∞

(
1− e−1

α

)
> 1. (2)

Then for any Q ∈ C(x,K, S) we have

hx(Q) ≤ c(N, d)

σσDpded h
∏

v∈S\S∞

NK(v)

c(N)

. (3)

Proof. We have two possible cases. Either

(i) eα ≥ 3, eβ ≥ 2 for distinct α, β ∈ Q̄, or

(ii) eα1 = eα2 = eα3 = 2 for distinct α1, α2, α3 ∈ Q̄.

In the case (i), put p = eα, q = eβ and denote by εp, εq primitive roots of unity of
degrees p and q respectively. Put also

γ = (α− β)
1
q , t = (x− β)

1
q ,

ui =
(
t− εi

qγ
) 1

p (0 ≤ i ≤ q − 1).
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The extension Q̄(C) (t, u0, u1) /Q̄(C) corresponds to a covering ϕ : C̃ → C un-
ramified over C \ Σ, where Σ = Σ(x). Functions u0, u1 satisfy the equation

up
0 − up

1 = (εq − 1)γ γ.

By the method of the previous section we can prove that zi = u0 − εi
pui (i = 0, 1)

are Σ̃–units multiplicatively independent mod Q̄∗, where Σ̃ = ϕ−1(Σ).

In the case (ii) denote ti =
√
x− αi (i = 1, 2, 3), and zi = ti − t3 (i = 1, 2).

Again, the extension Q̄(C) (t1, t2, t3) /Q̄(C) corresponds to a covering ϕ : C̃ → C
unramified over C \Σ, and z1, z2 are Σ̃–units. If they are multiplicatively dependent
then Φ (z1, z2) = 0, where Φ (Z1, Z2) is as in the previous section. The functions z1,
z2 also satisfy g (z1, z2) = 0, where

g (Z1, Z2) = Z2
1Z2 − Z1Z

2
2 + (α1 − α3)Z2 − (α2 − α3)Z1.

If we prove that g is irreducible, we shall obtain Φ = λ g (λ ∈ Q̄), which is a
contradiction. Hence z1, z2 are multiplicatively independent mod Q̄∗.

To prove that g (Z1, Z2) is irreducible consider its discriminant with respect to
Z1:

∆ (Z2) = Z4
2 + Z2

2 (−4α1 + 2α2 + 2α3) + (α2 − α3)
2 .

The discriminant of ∆ (Z2) is

4096 (α1 − α2)
2 (α2 − α3)

2 (α3 − α1)
2 6= 0.

Hence ∆ (Z2) is not a square, and therefore g (Z1, Z2) is irreducible.

Thus, in the both cases ρ(Σ̃) ≥ 2. We have also ν ≤ max(8, n2), Λ̃ ≤ c(N),
n1 ≤ N2. By Theorem 5A we get (3).

7 Galois coverings.

Theorem 5G. Assume that x : C → P1 is a Galois covering, and g(C) ≥ 1. Then
for any Q ∈ C(x,K, S) we have (6.3).

Proof. For any α ∈ P1 and P ∈ supp(xα)0 we have eP = eα. Hence we may write
Hurwitz formula as

2g − 2 + 2n =
∑

α∈P1

n

eα

(eα − 1) .

Then ∑
α 6∈∞

(
1− e−1

α

)
= 1 +

2g − 2

n
+ e−1

∞ > 1,

and we may apply Theorem 5F.
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8 The results of H. Kleiman.

Let G be the monodromy group of the covering x : C → P1, i.e. G = Gal
(
K/Q̄(x)

)
,

where K is the smallest extension of Q̄(C), normal over Q̄(x). We use here the
standard representations of G by permutations of the set {1, . . . , n}. A permutation
σ is stabilizing if σ(i) = i for some i ∈ {1, . . . , n}.

Let ∆(X) be the discriminant of f(X, Y ) with respect to Y . Although the fol-
lowing assertion is not stated explicitly in [Kl76], it can be easily deduced from the
argument on p. 129 of Kleiman’s paper.

Proposition 1. If

(i) all stabilizing permutations of G are even and

(ii) ∆(X) has at least 3 distinct roots of odd order,

then C(x,K, S) is effectively bounded.

Kleiman proves also

Proposition 2 [Kl76, Th.4]. Let K0 be the smallest field containing the coefficients
of f(X, Y ). Asume that G is imprimitive with two sets of imprimitivity, and all K0-
irreducible factors of ∆(X) are of degree at least 3. Then C(x,K, S) is effectively
bounded.

We shall prove that Propositions 1 and 2 follow from Theorem 5F. In particular,
we have a bound (6.3) for Q ∈ C(x,K, S).

Proof of Proposition 1. A permutation σ is of the type (e1, . . . , es) if it is a product
of s commuting cycles ξ1, . . . ξs of lenghts e1, . . . , es, respectively. Let now α ∈ P1,
supp(xα)0 = {P1, . . . , Ps} and ei = ePi

(1 ≤ i ≤ s). Then there exists σ = σα ∈ G of
the type (e1, . . . , es) [Che48, §41].

The condition (i) implies now that, if σα is an odd permutation then all the num-
bers ei are even and thus eα ≥ 2. (If some ei is odd, then σei

α is an odd permutation,
stabilizing the elements of the cycle ξi.) The condition (ii) means that for at least
three distinct α 6= ∞, the permutation σα is odd. Thus

∑
α 6=∞

(
1− e−1

α

)
≥ 3

2
,

i.e. (6.2) holds.

Proof of Proposition 2. Let I1 and I2 be the imprivitivity sets and

H = {σ ∈ G | σI1 = I1} .
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Then [G : H] = 2, therefore
[
KH : Q̄(x)

]
= 2, where K is defined in the beginning of

the section. Since H containes all stabilizing permutations from G, KH is subfield of
Q̄(C).

There exists at least one α ∈ P1 \ {∞} ramified in KH . This implies that 2 | eα.
Let α = α1, . . . , αm be all conjugates of α over K0. Then eαi

= eα ≥ 2 for 1 ≤ i ≤ m.
We get ∑

α 6=∞

(
1− e−1

α

)
≥ m

2
≥ 3

2
,

and (6.2) is again satisfied.
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[EGST88] J.-H. Evertse, K. Györy, C.L.Stewart, R. Tijdeman, S-unit
equations and their applications, New advances in Transcendence The-
ory, Cambridge Univ. Press, 110–174.

[Fa83] G. Faltings, Endlichkeitssätze für abelche Varietäten über Zahl-
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